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A\
=

1.1 FwERN
BEFmCEALMHAZEE T 5.
Definition 1.1.1.
1. Zo0@m#E p, ¢ 1%, TOEMBP -T2 ERBEAMTHLIEV->T, p=gq &
<.

2. AICEHZE D= DDGEE P, Q 1%, REUZED LS REZRALTH, TDEM
N—HT 5L EMEAMETHLL VLT, P=Q EL.

1.11 e RERS

EZon7Z 12502 00MENPSH L WmEEEL L 2F X 5. TOB, HkK
T MEDEMBIZE L OMBEOEMBIZIITEET L EITEVZW. UF1LIZER, 0 1X5E%
HobHd.

1 DOME p DEBITIG U TERAEZED D FIEIXIRD 22 =4380. (1) & p DEMHIZE

rlol@]e|w

1 1 1 0 0
0 1 0 1 0
#1.1

5FEL (4) 13 p DEBIC & 5P, (2) W p L UEDSHZIC4HT% DT 2 EEAH
257501 (3) ThH2.



Bl1E £E

Definition 1.1.2. (XOEHERCTEMBANE L S8 —p 2 p DEE (negation) &\ 5.

Thbb, plEpPEDL EMH, pPMBDEETETHS.

—p 1XEE [p TRV EED.

p|p
110
0] 1

2 ODME p,q DEMIZIE U THBZED D HIEIZRD 24 =16 58D .

r dJwlale|lwlele|n]|s
1 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 0 0 0 0
0 1 1 1 0 0 1 1 0 0
0 O 1 0 1 0 1 0 1 0
p & [ [e o) @ ]e]w
1 1 0 0 0 0 0 0 0 0
1 O 1 1 1 1 0 0 0 0
0 1 1 1 0 0 1 1 0 0
0 O 1 0 1 0 1 0 1 0
#1.2

EOBD (n) & FOBD (n) REWCMOEE 25 LOBETEZ LS. (1) R
B (4) 13 p QEBEEFAL, (6) 1k q DEBLAL, (3) ¥ (5) & p,q B ANDAIHDFEH
SH - IT K% DT BTERAH D % 5 B0 (2), (5),(7),(8) D4 .

Definition 1.1.3. IROEHEXZZ X 5.

p oqa| @) ]G] [ ]®B)
1 1 1] 1] 11
1 of 1]o0]o01]o0
0 1 1] 1]o0]0
0 0 0] 1] 1]0

1. (2) TEHEDEE D @MBEEZ pVqg & E, p & q DAl (disjunction) & %\ i

AT A
=

1%:12:\/\5.




1.1 GwHEsl

pVqldEdE Tp 721k q) i

2. (8) THEHMEMNEELZ2MmEE pAq &NE, p & q DR (conjunction) & 2\ i
#’th‘/\/
HE WD,

pAq \FXEE Tp D ql LHD
3. b) CTEMMPELDmEE p — q &m0 <. £hid5 — Ci%%z(lmphcatmn)%& B3
N5,
p—q @ p o ql D
4. (7) CEBPEL D8 %Z p + q & <.
pq @ Tp & g XFAE] 2HED

Caution! . SHEEM > TWBHHEE [7] ® 2014 FEOHFFimDEHRTCIIEEEZH 6D
THEELT =] ZHVWTWVWEY, ZO#FEETIE =) 2ZHWS

ZO#HETIE Ip=ql 2 [p—gBETHB] , TH80OE, phAEOLTIE g BT
DEWSFERTHES.

Remark . BT TRKRZH D Z572D1F (2), (5),(7),(8) D4 D] &FE WM

1. EBUZIIMO £ DIZE AR DVT WA, flZIE (8) 136 iR, NANDE & &
N, plg LWV oilEThHhobINS.

2. INSIFHWIHEARZDITTER, fIRAEpo qgldANE - 2T (p —
OAN(q@—p EdHobEs.
FEIZINAND Zi32HWTE 1.1, 12 ICHTLK 23022 THhobT T L HHKS.
BIZE —p = plp, p A g = (plg)l(plg) Vo7 B A,

Definition 1.1.4. 0 & 1 572 5%A6% [2] &2 <:

2] := {0,1}.

Def. 1.1.2, 1.1.3 DBEHERE AD L, VA, —, < FEA 2] Bz (RUBEPHITED X
5 7%) —JHEHHA (binary operation) %, — X HIHEHE (unary operation) Z €D TW\W5 &
ARBZENTESL. OVI=1-0=10no7zEA.

pVyq PAQq p—q p<q
P\ |0 1 p\g |0 1 P\ |0 1 p\a | 0

0 0 1 0 0 O 0 1 1 0 1 0
1 1 1 1 0 1 1 0 1 1 0 1

HESDPIZp = q2BRVTp & qIZBELULTHIRTHS.

Theorem 1.1.5. p,q,r ZEEL T 5. IXMBKD LD,



H
s
A
op

1. (RHEHI, commutative law)
(i) pVag=qVp.
(ii) pAg=qAp.
2. (kEEERI, associative law)
(i) pV(gvr)=(Vvag Vr.
(i) pA(gAT) = (A AT
3. (4 EdVER], distributive law)
() pA(gVr)=({@AgV(pAT).
(ii) pV(gAr) =@V APVr).
4. =(—-p) = p.
(i) pV(=p) =1
(ii) p A (—p) = 0.
6. (R - EILH DAL de Morgan’s law)
(i) =(pVa) = (=p) A (=q).
(ii) =(p A q) = (=p) V (mq).

Theorem 1.1.6. p,q B L T 5. IRMBEL D LD,

l.p—=qg=(—p)Vgq.
2. p—=q=(-q) — (—p).
3. 2lp—=q) =pA(—9).

Proof. W EHIEZ BT DN 5.
7B, Thm. 1.1.5.6 IZD2WTI, 4 221X, — A2 RmEEMGIET <ho»rs.
F72 Thm. 1.1.6.2,3 1%, Thm. 1.1.5 & Thm. 1.1.6.1 2ffioCTxRI &L TEZS. O

Caution! . MEZ B AR LS WVWED p = ¢ DEEE pA (—q) TH->T, p— (—q) Tl
AN

Remark . §<HOP2 L5112 = FA#TIERL (p > ¢ # q — p), BAEWTHRY
(p—>(q—=r)Z((p—q —r). Thm. 1.1.5 & Thm. 1.1.6.1 221X - 2ELXz2
ANALERTES.

Remark . p,q,r € [2] ={0,1} £ 9% & Thm. 1.1.5 & Thm. 1.1.6 DAT=%2 =& L
7=HDDEALT B.



1.1 GwHEsl

-

1.12 #BEFEEELF

[z MBEHRTH D] FOLIIZLEB z 2E5LXT, o ITEZ2RAT D t?i\%fﬁﬂﬁ’@%%
£ D% b FE (predicate) £ WS DTH -7z, Thm. 1.1.5

BRIZER D 37D,

Theorem 1.1.7. p,q,r ZBRFEE T D, IRV D LD,

1. (LR
(i) pVg=qVp.
(i) pAg=qAp.

2. (F5GEAD)

(i) pVi(gVvr)

3. (DECHEHD)

(pVag)Vr.
(i) pA(gAT)= (DA AT

(i) pA(gVr)=(Aqg) V(pAT).
(ii) pV(gAr) =@V A(pVrT).

4. =(=p) =p.
(i) pV(-p) =1
(ii) pA (=p) = 0.

6. (K - EJLH Y (de Morgan) DEHI)

(i) ~(pVaq) = (=p) A (—9).
(ii) ~(pAq) = (=p) V ().

Theorem 1.1.8. p,q ZikGEL 3 5. IKAED LD.

I.p—=qg=(—p) Vg
2. p—q=(—q) = (—p)
3. 2(p—=q) =pA(—9).

FEIFZERBITHEERAT D ML R 5D, 3
(2B BbEE P(x) 12X U, 2 ITRALZZE &I

EATHD.

Example 1.1.9. z € {1,2,3,4,5} IZ

DX EEERD.

IR G

B9 %k Gk

-

Yo

( ) 3

P(x) =

, Thm. 1.1.6 {X

XU TE A

E%f’%ﬁﬂ@ﬁ(ﬁﬁ%é =
HenbEkd%a D, HE%E

z (XMEETH B |

X UBR



Pla) BEE A5 557z € {1,2,3,4,5} X 1IHTH 5.
Pla) BEE A DX 5% 2 € {1,2,3,4,5} X 2{HTH 5.
Pla) BEEHRB 5% 2 € {1,2,3,4,5} B2TTH 5.
(z)
(2)

T

NE
AN

Px) WEE3B L5 re{1,2,3,4,5} IF7R\.
Plx) WEE3B &K re{1,2,3,4,5} WA ed 1MElEdH 5.

A A

P(z) BE Y %5 z € {1,2,3,4,5}, D% 0 1,2,3,4,5 D5 HEBTHBDIE 2,4 D 2 {i
7Zh 6 1,3, 41344, 2, 5 IZFETHS. FFIZINO6DOXEIFETMETDHS.

TDEDITHEE P(x) I L, ZNHREL R 25550 2 OREIBET 5 Z L Tz
LZeNTEL. BEETHIRELUTREEANTHEDIE 27T & W] THAS. E
BRUZEETH S BRI TV K DIEZDBRETHS (A es 1K) 5] OF
BEVWEW., 20 [2T) & THs] ZO0TIEEEVHEINTWS.

Definition 1.1.10. P(z) 228 z 2B 5RFEL T 5.
1. 2Tz LT P(x) WETHD] LW0WHmE%
Va : P(x)

ERU, Tl TERED 2 TR UT, P(z) RO D] & EED ¢ ITH LT,
P(x)l &5,
2. [P(x) BETHD L% e WD ed 1HEZH L] LSz

Jz : P(x)

ERU, Tl THD o WFELT, Pla) DD ] &2 THD o BWFEL T,
P(z))] &L

Remark . ZD XS ITRFEPEL LD LD f‘ﬁéﬁw)%’ﬁ:?E*ﬁ@'6%6%%%{?¥(quantiﬁer)
0. i%%’]ﬁigﬂgﬁ?b(umversal quantifier), » % WIZ M5 EIFENS. T &

%A/é‘\b“ﬂxjﬁ L

fi1E b1 (existential quantifier), & % WIIIFERLE L IEIEN 5.

Definition 1.1.11. P(z), Q(z) 2% x ZET 2 h5EL 5.
1. Vz: P(x) = Q(x) WO and %
va(P(z)) - Q(z)

LI ENBB. 5D INE [Pr) B DD &S REED ¢ (KH LT,
Q(z)] Hr it



1.1 GwHEsl

2. dz: P(x) ANQ(x) WD %

Fx(P(x)) : Q)

EMKZEeNHD. SD5INE [Pla) WEONDES b b o BWFEAELT,
Qz)] F L.

Remark . ZED2 DL EHBRBFEIZOVWTHFABR I L 2EOEL THEEELZ N
TE50, BERROBC L2235, HIZIX Pr,y) BWEK x,y (BT 5lFET
hbLE,

Yy : P(z,y)

BB x IZBT5BFETH D,
Vo : (Yy: P(x,y))

BETHL. ZomEx
Vo, Vy : P(x,y) &5 VaVy: P(x,y)

Ly hL<.
FELFV, 3 DIEFIZDWTIRDR D LD,
Theorem 1.1.12. P(z,y) 28 z, y \CET2RFEL T 5. KA D LD,

1. Vo,Vy : P(x,y) =Vy,Va : P(x,y).
2. 3z,3y : P(x,y) =y, 3z : P(x,y).

Proof. ElF% % Z IXHH S D, O

Caution! . —fZ Va,Jy : P(x,y) £ Jy,Va : P(x,y) TH 5.
BTV, 32 ETHEDOEREITDWTIRAE D VLD,

Theorem 1.1.13. P(z),Q(z) 2Z& M « 2B 5b5EL §5. IRHBED LD,

1. =(Vz : P(z)) =3z : =P(x)
2. =(3z : P(z)) =V : = P(z).
3. =2(Vz(P(z)) : Q(z)) = Fz(P(x)) : =Q(x)
4. =(Fz(P(2)) : Q(z)) = Va(P(2)) : ~Q(2)

Proof. 1,2 BEKEEZNEWS . 3 LEKkEEZNEbY S5 LESH, S LRI
®3e,
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=(Vz(P(z)) : Q(z)) = ~(Vz : P(z) — Q(z))

4 % Ak, O

B7 YV, I EMEMAET V, A, = OBERICOVWTREFEFMD / — b (http:
//www.math.u-ryukyu.ac.jp/~tsukuda/lecturenotes/joron-note.html, §12) IZ
DLEEDTHED, ZOBRTIMBITHAS LD, FREVPBELREDEZ WL DNZEIFT
b<.

Theorem 1.1.14. P(z), Q(z) 22 x (BT 2 zE, r 2®E (b2 WILEK 2z 24
ERWIREE) &9 5. IRAKD L.

LVr:rvQ(x)=rV (Vr:Q(x)).
2. dx:r AQ(x) =r A3z Q(x)).
3. Va(P(z)) : rV Q(z) = rV (Va(P(x)) : Q).
4. Jz(P(z)) :r ANQ(z) =r A (Fz(P(x)) : Q(x)).
5. Vo : P(z)ANQ(z) = (Vo : P(z)) AN (Vo : Q(x)).
6 P(x)VvQ(z) = (Fz: P(x)) VvV (3z: Q(x)).

Proof. 1,2 3E%%5 2%, HE5WEr OEBTHENT U THIDOESZE LR Z%E TN
W, 3BFEBRIZEZTE JWA,

p=> (Vg =(p)Vrvg=rVv((-p)Vg=rV(p—q)

WZEETE L 2T

Vz(P(z)) : rV Q(z) = Va : P(z) — (r vV Q(z))

=Vr:rV(Px) = Qx))

=rV (Vz: Plx) = Q(z))

=7V (Yz(P(z)) : Q(x))
4 HFEBRZVRESDLPI L. 56 EEKREEZEZS, HD5WVIXALDERE LR SETH
Xk, -

Caution! . E®D 5,6 TV & 3ZANDPAT2HDIE—MBITIFIEL < 7R\,


http://www.math.u-ryukyu.ac.jp/~tsukuda/lecturenotes/joron-note.html
http://www.math.u-ryukyu.ac.jp/~tsukuda/lecturenotes/joron-note.html

1.2 &4

1.2 &4&

HEDREFOEELEPNRTTI v LD/ T Ny 7 X (Russell’s paradox) % #H /T U
£5.

Definition 1.2.1.

L HxDEEDOHRTREDIFSED LB DDEED ZES (set) & L.
2. S EEALTILE, S AMETHADEDE S OLE 7 1EEH (element) &
w9,
e s MMSDILTHDZ,%, leMNSITETS), e SITEEND], [SH
rREL] FewoT,xeSEFHIXS>r &Y.
e 1 (z€S)THBEIL, Thbba N SDILTHRVWILE, lzlXSITESXXR
W, Tz lx SizEEnRY], [Sikez2EFR0v] FvwoT, g S £/
XS Fx LET.

Definition 1.2.2. A, B #%4&+ 3 5%.

Lfui3®%ﬁ%é@mmwﬁ%é§3A®E%@ﬁxaﬁbfyxeB@%é.
A EH>TEHEITIX,Ve:2 € A >z e B (MoEFEZHZ2TNIEXVre Az €
B) ETHD WS Z &,

ZDrE ACBFZIEIBOALERT.

2. BFHEALES BIRELL (%AC B»D BCAT»H»5.

ZnkE, A=B EL.

Definition 1.2.3. £60FE L f.

HOZATE

1. AMER(extensional) GLik
EADILETANTHIEL, T2l {} T3,
TR H 5556, H5WIEARMETS 2 T2IFELRLWEGG, 3
BErnMEIF NI ... 2ES.

i
=

2HEU B

p={{

BWAATE

2. WIEM (intensional) Fhik
P ORME AT EDRIKE UTHEEERT TR Pr) 228 o I 54k
LTS, P(x) PELIRDBEIBRTIRTD e o d%E6% {z | Pla)} £&R7.
e DEBMEPDHEEU ITHIRINT WD L&, P(x) BWELKRD XD TAR
TOx (IEZLxelU) »oidEe% {rcU | Px)} £XT.
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Example 1.2.4. n e NIZH U n K O/NSWIFEBHERAERDLTESE [n] £FHL:
n]={0,1,...,n—-1}={i€Z|0<i<n}.

n) i n HOEE B OEETHS. IR
[n]

[1] = {0}
2] ={0,1}
[3] = {07 L, 2}

EWVoBE n=0D58bI0RTEMI ZLNDH5.
0={iecZ|]0<i<0}=0.
Example 1.2.5 (7 v )L D/X7 Fv 27 X Russell’s paradox). IROES
S={X|X&X}

2525, DFVEEX THoT, X HERZ X DT BRVWEIREDZEDEFZ A
STH?. BIZENENEZNSGNe S ThHS. T, 5220 TiESesSeSgses
SO DL DIZA DD ?

SeStTsrL, SOEDIMOL SESLinsd SE€SeTrL, SOED/HINS
SeSe&ihd. $4bb SIESDILTHYND, SOILTIERNEVNS ZEIZHE->TL
£5.

DL IZEARTOEREEZHEVRINIFATVWEI LRSI ENBETLES.
BAETIE I NS OWEE % [HES 5 72 O ABNES R (axiomatic set theory) IZX D EHZ
HOMD I ENL . FTH Zermelo-Fraenkel D ANFLR +ENAH (ZFC) &\ 5 AHER
(BB ZEHONITHDI =)L) B—BINZHNSNT WS, (DY, Ttz 223785, /i
DD 5.) ZFCIZOWTIHFEEGHROARIZIZNTH-oTWA L, [1] FIZEEN RSN D 5.
WEOBFEZRLIDICEDHED IOV I L2 EBTILERIENL, TO5WVWIKEE
DRV, ZOHBTIIRIIGTREZH D0 S H, EBRABIZOWTIFDLINS.




1.3 RADHE 11

1.3 £50DEE
B CHAREEAOHBEZRWEES.
Definition 1.3.1. 1. A, B#E/BL LI E, A BOARLEE—HILET 5EE
z2fEDZbDE A L BOAHES (£7I3HESR (union) , #Y) &W-oT,

AUB TRY.
DFD

AUB={z|ze€ AVz e B}.

2. AL BOWMAIZET 2 EHE2 2 EDzbD%E A& BOMLEES (F72138, &
Y (intersection) ) £\WoT, ANB THT.
e

|3

ANB={z|z€ ANz € B}.

ANB=0on& &, AL BIFHWIFH (disjoint) &\ 5.

3. AlCBLUT, BIZBIHMWERDEAEEZ AN S B 25\ E%EA (difference) &
WoT,A— B £k A\ B THT.
DED

A-B={z|zec ANz & B}.

4. HHPEEHE X 2ETLT, X OWDESIZODVWTODAERLLE, X A% AD
(X BT 5) #itES (complement) &\ o T A THOHDLT. T2b5

A={rzeX|z¢gAl={zecX|-(xeA)}.

ZDeE X ZEE%ES (universal set) 2 WIERERES L NS,

Thm. 1.1.7 25X B0 D 5.
Theorem 1.3.2. A, B,C Z28&& 9 5. IRDVKD LD,

1. (Z#EHT, commutative law)
(i) AUB=BUA.
(i) AnB=BnA.

2. (KEGIERN, associative law)
(i) AuU(BUC)=(AuB)uUC.
(ii) An(BNC)=(AnB)nC.



3. (4BdikRY], distributive law)
(i) AN(BUC)=(ANnB)U(ANC).
(ii)) AU(BNC)=(AuB)Nn(AUCQC).

Proof. 3(i) 2/ RUTAEKS.

AN(BUC)={z|z€ ANze BUC}
={zx|z€eAN(zeBVvVzel)}
={z| (x€e ANz eB)V(ze Anze ()}
={z| (x€eAnNB)V(zre AnC)}
=(ANB)UANC).

HEEETHS. EHAA, PO Lem. 1.3.5 F %2> T, £UDPELIZE TN, HUAWE
BWIZEENDEWVWS 2R RLTHE KW O

Theorem 1.3.3. X 2 2KHEA, A/ BC X 95, IRHED LD.

1. (A9)° = A,
2. (i) AUA® =X,
(i) AN Ac=0.

3. (N - EIH>DEH] de Morgan’s law)
(i) (AUB)¢ = A°n B“.
(ii) (AN B)c = A° U B-.

Proof. 2(i) 2/ RUTHALS.

AUA={ze X |ze€e AV e A%
={reX|zcAVv-(ze A}

r €AV (xe ) FHWIZEENS
= X.
LAk TH 5. 0

Theorem 1.3.4. A, B,C Z8EHL T 5. IR LD,

1. A-(BNnC)=(A-B)U(A-C)
2. A—(BUC)=(A-B)n(A-0C).
3. A—-(B-C)=(A-B)U(An<Q).



1.3 RADHE
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Proof. 1.

reA—-(BNC)sxe ANz g BNC
r€(A-B)UA-C)erxecA-BVzeA-C

TH5.

reANzgBNC=cec AN-(xe BNO)
=rxecAN-(zeBAxeC)
=rxcAN(x € BV-zel)
=zcAN(x ¢ BV gQO)
=xecANxgB)V(re ANz &)
=rxc€cA-BVvzeA-C

reA-(BNnO)sxze(A-B)u(A-0)

reEANzEB-C

=rcAN-(zxeB-C)
reAN-(reBAx¢gC)
re€AN(—zeBV-x¢C)
re€AN(x g BVzel)
=(rx€eANzgB) V(e ANz el)
=rxc€A-BVvzeAnC

O

Remark . ZOEHETIIRLS © WAL HANFETH S Z & 2KRT. Txbb, AN

O SETIREEB O NS, GAPEO L TELELE KD IDE WS e, Stz g

[/ < Hill] LWHMENRETHDIENWS T L.

ROMEIZESDLEHEBREEZEZ DL ZIZHAKTH Y, I b0 L ffi>.

Al

BEBENPOIFLALDEONTHD. (EZUmMADOEETIEHL &5 &9 % &5

BTHd. OTRHRWIEIRIVAD.)

Lemma 1.3.5. A, B,C 285295, IRHEKD 3LD.
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1. AcB»»BCC=AcC.
2. AcCh»>»Bc(C=AUBCC(C.
3. ADCH»>B>C=ANnBD>C.

exercise 1. E®D 2, 3 TIEWELED LD Z & 2RE.

exercise 2. U,N,—, ¢ OMOEFKREZKRT (Thm.1.3.2, 1.34FDE>%R) AR 21E->
T, FNEHTE X,

FIEEE . 4(1), 6, 7(1)(2)(3)(4)

Definition 1.3.6. X 2845275, X OMPEAGOETEERL L TEOHEA%Z X O
HRNEZ)EA (power set) L\Wo> T P(X) TXY. DF D

P(X)={A|AcC X}.
TEHENS D E S MITIRAED 7.

Theorem 1.3.7. . AcX e AeP(X).
2. D e P(X).
3. X e P(X).

Example 1.3.8. 1. P([1]) = P({0}) = {0, {0} }.

2. P([2])) = P({0,1}) = {0, {0}, {1}, {0, 1} }.
3. P(0) = {0}, HBEEEATER . ZEALEVS 1% 1 DB OBEATHS.

exercise 3. P([3]) &Ko &.

Definition 1.3.9. 2 DDOXR a,b 12X U, ZNZIRICH R THEIRTL K 2725 D (a,b)
LAl E2W
% a & b DJEF X (ordered pair) &\ 5.
2 DDEFX (a,b), (@, b)) & a =a Db =VTHdLZITEFELLVEWVST,

(a,b) = (', ') &<

Remark . 2 DDXNENSREHEE {a,b} IZDWTIX, {a,b} ={b,a} TH5B. —7H, lEF
HDEE, a#bThHiE, (a,b) # (bya) TH5.

Remark . £&HTlE a & b DIEFN % (a,b) := {{a},{a,b}} ITLDERT B &N
%\,

Definition 1.3.10. X, Y 2586275, RCTHEAONZEAE X XY 2 X LY OTH



1.3 RADHE

)V bR (Cartesian product) W5 . THNVMEDZ L ZEBEL WS ZLHLL.

XxY ={(z,y) |lre X NyeY}.

X=YDr% XxX%X2r#IZEHRH.

Example 1.3.11.

[3] x [4] = {0,1,2} x {0,1,2,3} = {

Example 1.3.12. X x0=0=0xX. EE, yc @ 45 y I ZWDT, 2 XAycl
EHEIT .

SOULDEEDT AN MEBEZERADL I ENHEKRS.

Definition 1.3.13. neN & LU, X1, X»,.... X, 28827 5.

(X1 x Xo)x X3 %, X1 x Xogx X3 &FL. £/, X5 x Xo x X3 Ditld, ((z1,22), 3)
AXEN T, (11,20, 13) & EL.

0 — Rz, JRAREIC

Xy X x X=Xy x-- x Xp1) X Xy

tﬁ&bé ifl,Xl X"'XXn DFITHES ($1,{L’2...,.Tn) &%<
Xi= =X, =XThs2E Xx-- - xX%EX"EIZEDEZ\.
————
n i
exercise 4. [ = [0,1] C R, S = {(m,y) € R? | x? +y? = 1} &5, REELIZKR
X

1. I x1.

2. St x 1.
3. St xSt
4. N x N.

MREEE . 13, 14
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1.4 BEREER
1.41 BEf%

Definition 1.4.1. X, Y 284823 5.

R X &Y D IR (binary relation) T® %
< RWPX XY OMRPELETHS.

7z, (r,y) e RTH DL &, xRy £EL.

FRIZRAARADNVE U7 1 X IHBAMR D Z & % BLIZBIR (relation) &\ 5.

Example 1.4.2. X =Y =R &9 5.

1.
A ={(z,r) | z € R} C R?

EIBHE Ay =1y.

L={(z,y) eR* |z <y} CR

LIBL, xly = x<y.

[ ={(z,20+1) | z € R} C R?

t95e Ty y=2x+1.

1.42 Eig

Bl 1.42 OFRBEOT X, B f(z) =22 +1 DT 77 TH5. —~RIZEABNEGZ 515
EEDT T T HEND, BT T TV PNEE L OB D5, T5WVWIEKT, 7
TIREZIBIL LB EEZ LI LIZRAIUTH L. EERNITIX, 77 7DHBEED
AERTHBEEZD. (DTREDZITINE, KIEOANIZE > TEZED LS IZHFEZTYED
BIPORTLBREZDITTHERVDT, 5ETEBD X DKLt TNIZ y Dtz 2720
EOXTEAHAIE B> TLW.)

Definition 1.4.3. X, Y 284823 5.

[P X oY ~NDOEMH (map) TH 5



1.4 BfRE 5

=

Y2 HEEDOz e X ITXHU, $by e Y PO D2FELT,

{1. flRX Y ofloBfgTH 5.
(x,y) € f &b,

FRXH5Y NDEETHEILE, f X Y 550X Ly %ekL, X% fo
FEFIK (domain) & B WG, sourcefF & WS . YV ITHHTEZ DI T IR Z LIZADRNA,
#4358, codomain, target¥ &\ 5.

fZ2X XY OHpEGLE-T- & TOWMREGEEG f DY F 7 (graph) &\ ).
FUGEZES PRI LVDOT 1 X Y DF 7 7% Ty FeHEL.

7z, (xyy) e Ty THEEE, y%& fx) EFEE, 2O fIZXB4 (image) & W5
Y= f(a:)§:>ef(:c,y) ely. oDl ={(z,y) e X xY |y=f(z)} TH 5.

Remark . f2 X 5 Y ~NDEHETE. EHELD, (v,y),(z,y) el moldy=y T
HB. UlzdioT, #l1.4.22 D LIFEHRTIELW. DD 2DIXEHTH 5.

Definition 1.4.4. f,9: X =Y 2545, TED z € X ITHL f(z) = g(x) &7
LE BB L gIEEFELVEVST f=g &EL.

Remark . f=g&l'y=T,Tbh5s.

Example 1.4.5. 5 f,g: {0,1} = R % f(x) =z, g(z) =22 LL D EDD L, f=g¢g
Ths.

Example 1.4.6. X 285275,

1. ZEE DS X ~NOGB/RMN27Z 1 DFIET 5.
X #DThF, X 5 ) ~NOBERIFAFEL R,

2. 1o 2%EE 1) ={0} 2F X 5.
X 5 (1] NOGMED 2721 DFET 5.
1] 226 X "DBEH{EEDD e, X Diux 1 DEETLHILERAULILTHS.
LbAA, ZNO6DZ EF {0} ICREOHEETIEZRL, KOMBA 1 HTHHHES
ETIINUTHED D, wDEBEP 1 HTHEEEZ (ZOXAEED) 1 ol
(singleton) &\ 5.
0Zze X ITBT (1] 26 X "NDEH{ZE z: 1] - X HEIZLDDHD.

Definition 1.4.7. f: X - Y, g:Y - Z 25H295. ZOLE (gof)(x) =g(f(x))
WEOEEEEH gof: X = Z % f¥gDEHM (composition) & %\ I A ik G4
(composite map) £\5. go f % gf LMELTHI v H 5.

Definition 1.4.8. 1. [: X =Y, ¢g:Y>Z h: X —>Z%25HBc3d%5 h=gf T



Bl1E £E

5L ZRDOHAILAH (commutative) TH B, H 5 WA X (commutative
diagram) THd &\ D :

h A

N~

Y
BI U FH# (commutative) TH 5, H 25 WIEA X (commutative diagram) T
HBHEND

X

x-y

Y2 — 7.
g2

Example 1.4.9. 5 f: X - Y &, b5 yo € Y WFEEL T, EFED z € X ITH L,
fx)=yo 2B E, (y lZfliZE L 3) EMEEH (constant map) &\ 5.
B f: X Y BWEMEBHRTHEZIL L, HDy €Y BFEHEL T, IROXRAD Al 1 &

7B XABTH D
X ! Y
AN
1] :

BZIE, ceRELIELE, f(o) =c TEHBINDIEHHEBM fR-RIK cllfiz L b
EMEBRTH 5.

Remark . fEE® z,2' € X 12U f(z) = f(2/) THD L ZITEMEHR L TI2REDH
5. ZODERIF X =Y =0 DEAIC (DA) Eb.

Definition 1.4.10. #£& X OREREZZNHHFIZI 2T X #5 X ~OEH{Z X OE
EE4 (identity map) WD . HEERZ idx ¥ 1x L WVWokGlFTET I &AL\,

idX:X—>X,

idx(z) = x.

MEEEMRD T F 7130 fRES (diagonal set) TH S :

Tigy ={(z,2) |z € X} C X x X.

Proposition 1.4.11. f: X =Y, qg:Y = Z h: Z - W 2535, ZOL ZRN
B D NLD.
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L ho(gof)=(hog)o /.
2. fOidX :ledyof

Proof. & 5. O

exercise* 5. f: X —»Y, qg:Y - Z h: Z - W 2544295,

L. B gf DT T T Dyp IFED XS EEN?
2. h(gf) = (hg)f LB Z %277 7% HAVTHHEYT L.

Definition 1.4.12. X 288, AC X 2806 5.

. ADEHRac A% X DEHae X LHRHZZIEIZLVB/BONG AS X ~ANOD
BB 85 H (inclusion map) &\WS. 2%V i: A - X 2085 HET L L
i(a) = a.

T2, A X PEEEHRTHEHLE, 1 A X 2ELZED DS,

2. 1 X =Y 25K T5 U8G5/ A X & fOBK foiZ fDANDH]

PR (restriction) & W\, fla, fIASFE KT :

fla=foi: A=Y.
Definition 1.4.13. f: X — Y 25#4& 9 5%.
1. X OMDES AITHLUT, Y OWDES
{fo)|reAy={yeY |weX y=f(r))

Z, BB AD fIZXBH (image) E\Wo T f(A) THT.
2. f(X) % f O (image) H 2\ IFEH (range) & W\ Im f FEFH L.
3. Y DENES BIIRLT, X OWHES

{re X | f(x) € B}

% fi2k% B O (inverse image) &\, f~1(B) TXT.
BW1mhokkdEL (b} THrLE EoBTARRITINIE, LIFULIE
b)) 2 F71(b) L WEEET 5.

F7HO) = fH({bY)
={ze X[ f(z) e {b}}
={zeX|f(z)="0}

ThHb.
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Proposition 1.4.14. f: X - Y 254, A /A, A, C X, B,B;,Bo CY £§5. ZD
& EIRMLD LD,

1. f(A)c Be AcC f~Y(B).

2. (1) A1 C Ay = f(A)) C f(As).

(i) f(A1UAg) = f(A1) U f(Az).

(i) f(A1 N Ag) C f(A1) N F(As).

(iv) f(4%) D f(X) N f(A)°.

3. (i) By C By = f~Y(B1) C f1(Ba).

(11) fHB1UBs) = f~1(B1) U f~1(Ba).
iii) f1(B1NBy) = f~1(B1) N fH(By).
iv) f~1(B) = f~1(B)".

Proof. 1 ZEHEDHESh. 2iv) b E 54, HlxiE2(i) &b f(X) = (AU A°) =
FIA U F(A°) W F(X)N FIA)C C FAS). 3(iv) BIEHED b= 5. EB

ze fTH(B%) & f(z) € B°& ~(f(z) € B)
z€ fYB) < ~(ze f1(B) e~ (f(z) €B).
A 3R . O

FIREER . 16(1)(2)(3)(4)(5)(6)
Definition 1.4.15. f: X =Y 2E5&H &7 5.

1. f X 25 Y ~O24} (surjection) X721 EADER (onto map) ThH 5
C(fnyEY,EIacEX:f(av):
SUVHANE fARHTHEEE, f(X) =Y LS.
2. f DG (injection) £721% 1 X 1(one-to-one) TH %
((j?fVa:l,a:g € X(z1 # x2) : f(x1) # f(z2).
3. f P EEL (bijection) TH 5
3:6>ff RPN ORHTH S.
X !5 Y NOERBRFPHFET DL E X &Y IF% (equinumerous,equipotent)

PARES N
CO#HEBETIEH (DA< EIEZDOMIIBEZTLL) X Y BNETHH L &
XY &&EL.

Proposition 1.4.16. f: X — Y ZH4, A A, Ay C X & 55, ZTD& ZRMPED
NLD.
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Proof. #E . O
RIEEE . 16(7)(8)
Proposition 1.4.17. f: X - Y, ¢9: Y - Z 25435, 2D & TP LD,

1. f,g eBICHEZSIEgo f HHETHS.
2. fglbizef ol gof LEHTHS.
3. gof WHHEZOE fHHHTH S.
4. go f WEFNLZLHIX g b EHTH 5.

Proof. #HE . O
exercise 6. LD 1, 2 Z/RE.
ML . 18(2)(3)

Definition 1.4.18. 5§ f: X - YV 2MRH DL &, Ky e f(X) ITHULT f(x) =y &
BB e X DBEREOLAMTSH, O uk I (y) LB L [~ f(X) 5 X AD
Bfgeed, Thz fOWER (inverse map) £\ 5.

KRz f BeBschd, FFLIRY 26 X ~ADERIZRS.

Proposition 1.4.19. 54 f: X - Y "2 & 2558 ¢g: Y — X BFEL T,
gof=idx, fog=idy ZA7=T.

Proof. MIRESE 73(1). O
Definition 1.4.20. f: X — Y 25& &9 5.

1. 5B r:Y 5 X C,rof=idxy 2A4%dTHD% f DL b T 27 3 v (retraction)
BBV B (left inverse map) &\ 5. [HEEGRIILHH DT, f L b
Z0 avERTE fFIFEETHD, LI 72 a Vv iZeHTH 5.

2. G s:Y - X T fos=idy AT ED% f DYIN (section) & 5 W IFLAHEE
£ (right inverse map) &\ 5. f AWM ZFTE fIZRHTH O, UK HEHN T
b5

(2015 FEEIZ/NA)

Proposition 1.4.21. EOGH{E 2 L BEHOEGRIZHEI NS, Thbb, FEOEH



Bl1E £E

[ XY ITHL, 5588 p: X - Z LD HE Z—=Y PEHELT, f=top &EITSH. &
512, ZONRIZMDERT—HENTHS. [ X SW LY (¢ 1324, jI38H) 2508
DHRET B L, ROMKXEAHIZT 2 LSRN g: Z S W DR 0L DEET S

g

/\
\/

Proof. MRTEBZLART. Z = f(X) EBE, B f % X 75 Z = f(X) ~DE&

LHELOR p, BEEEE i1 7= f(X) o Y LTI, b E 5K p 1304, i IEHT

f=iopTHh5.

DRO—BMEZRZD. f=1ip=7jq, p,q \TBH, 1,7 I$EH T 5. f=p 2D pldei

TH525Imi=Imf THY,i: Z—ImfIEZE2HEHFTHS. AKIZLTj: W —Im f

LREBHTHE. g= i 2BIFEEV. £ BHERNTHENS, jg=1 &b L57%

g: Z - W IiF—BWThs (HEE73(2)

O

Remark . f: X Y 258 UBCY % f(X)CBTHhdLOWnESELTE. Z
DEEfFIFX DS BADEZ{EEDD. HIRO XS ITHLY LSV HNIXTL VDA,
BEeLTCLIELIXZINZFALEST f: X — B & k7.

exercise 7. [ X =Y, q:Y - Z 25H/He$5. frefcdbhidIngo f=Img T
H5HEERYE.

FIREEE . 15(1)(2)(3)(4), 17(1)(2), 18(1), 19(1)(2)(3)(4), 25,26, 73(1)(2)(3)

143 THILMNEEER

ZOHi §1.4.3 TIEAIIETEELETIIRVWEGEEDOAEZS. (EELSIZODVTHEY
WZHERZIEEWNZ ZTIEEIKT 5.)

Definition 1.4.22. 1. X1, X0 286H8295. i = 1,210, pi(xg,22) = 23 1T &K
DEEDEH pi: X1 x Xo = X; 256 i O NDHF (projection) &\ 5.
(BB pi((2,y)) EEFLKRETHEIDVRIIK KRB EZTROTEHEBERID LS IZ
#<)
2. fir Y - X, (i=1,2) 25835 GB(fr,f2): Y - XixXe & (f1, f2)(y) =
(f1(y), f2(y)) L &L DEDS.




1.4 BfRE 5

23

3. X #HEALTE. B A= (1x,1x): X = X x X A5 H (diagonal map)
WS Alx)=(z,2) e X x X ThH 5.

4 fir X =Y, (1 = 1,2) 25H2 35 GHRAAXfr: X1 xXo =YV xYs, %
(f1 x f2)(@1,22) = (f1(z1), fa(22)) ICLDED B,

Remark . LB (f1, f2): Y = X1 X Xo & (f1, fo) VI RBTEIND Z LN
Z\W. HEEADOILEALUELSHDOT, RiL2 I F5720 I 2T () 2o 72,
FEix, BT (FHELHNE) 7S (Prop. 1.4.38) £5I2, IBEALTH H X b HEIZ
.

2. 2DODEM/MBRELVWI L, 2ODEFERNPNELWVWI LDOEH LD, G4
fi,9i: Y = X; IZ2WT, fi = g; THNUX (f1, f2) = (g1,92) TH 5.

Example 1.4.23. 1. a,b>0 &L, R2Z DEOEES

E = {(x,y) € R?

(FEM) OHF pi: R2 5> RICEBHBEFZS. pi(F) = [—a,d], p2(E) = [-b, ]
Ths.

2. fi: R = R % f1(t) = acos(t), fo: R = R % f3(t) = bsin(t) TED D &,
(f1, f2): R = R2 & (f1, f2)(t) = (acos(t),bsin(t)) &\ 5 Gl (M OB ZE
KR) TH5.

3. 1=10,1] BIKM T2 2, SHEMGHEA: T — [ x ] O AI) FEHY I x I
DX R

4. 9: 81— R2? j: I =[0,1] = RA2EEGEHRLTS. ZOrEixj: S xI—
R?2 x R = R3? 04

{(x,y,z)ERS|x2+y2=1,0§z§1}.

IROMEIE X X Xo NDEM{EZEZDHZ L L, X1 ~NDEMHfE Xy ~DEMLDM%EH X
LZERABMNIZALZETHE VNI T2 N-T WS (Prop. 1.4.38 21) .

Proposition 1.4.24. f;: Y = X; (i=1,2),9: Y - X; x Xo 25H&$5. ZD&
ER/ N AIRVASH

L pio(fi, f2) = fi (i=1,2).
2. g=(p1og,p20g).



FoTEH gMWpiog=fi (i=1,2) 2A7=EXg=(f1,f2) TH5.

Y

fi f2
<f1,f2)l9

XITXIXXQTXZ
FHZ 1x,xx, = (p1,02) THD (EBPSHZOoNTRED D) .

Proof. 1. {ERD y e Y IZXU, (p1o(f1,[2)) () =1 (fr(y), f2(y)) = f1(y).
2. FHHOEHEL Y, (EED yc Y 23t L, g(y) = (p19(y), p29(y)).

O
exercise 8. fz Y —» Xz (l = 1,2), h: Z—=Y %E{%&?é <f1,f2>0h = <f10h, f20h>
Rt

A

h

fih v fah

f1 f2
(f1,f2)

X1 %pl X1 X XQ —>p2 XQ

exercise 9. Lo fi: X; =Y, (1=1,2) 2544, pi: Xy xXo = X, ¢;: Y1 xYs =Y,
(1=1,2) 25 Ld 5.
(i) gio(f1 X f2) = fiop; (1 =1,2) ZmE.
(ii) f1 X fo=(f1op1, faop2) ZRE.
P2

XlLXl XX2—>X2

fll lflez lfz

Mg NxYe—h

(1) (f1 x f2) o (g1,92) = (f1og1, f2092) EmE.
(ii) <g1,gz> = (91 X g2) 0 A ZRHE.

(f191,f292) Y, % Y, (91,92) X, % X,
9192\\ %f: \ /x;
X1 X XQ Z X Z

exercise 10. 1. X,) Y 288635, 1y x 1y = 1xyy ZRE.



1.4 BfRE 5

25

2. fir Xi =Y, 900 Ys = Z; (i=1,2) 2EHET5. (g1 x g2) o (fi X f2) =
(g1 0 f1) X (g2 0 f2) 2t

g1f1xXg2f2

X1><X2 Z]_XZ2
M A
Y1 XY,

exercise 11. f;: X = Y,, g;: X; = Y; 254235, LFOFERIIEUIFIIXEEA L,
EU L BRI ER G2 20F X

f1, fo WITNRDHG LRSI (f1, f2): X = V7 x Yo & HLAT

Fio fo BEBIZRHR 5 (f1, fo): X — Vi x Yo & 28,

G1,92 WTNDDHEE R S51E g1 X go: X1 X Xo = Y] x Yo & b,
g1,92 MEBITHEF R SIX g1 X go: X1 x Xo — V] x Yy & HGF,
g1, 02 WEBIZEHZSIX g1 X go: X1 x Xo = Y] x Yo & 25T,

Al e

exercise 12. X|Y 24295, G X xY =Y x X % 7(z,y) = (y,2) IZ&D
EDDE TIZEHRNTHS.

exercise 13. X, Y 288, yeY 95, i, X > X xY % iy(z) = (z,y) IT&
DEDD.

Loy, IZHEHTHD.
2. ¢y X =Y 2 ylliz L 2EMEEHRE TS, iy = (1x,cy) ZRE.

VIFUIE, Z2OBH i, I X & ZDB X x{y} C X xY Z2FH—#HL, X % X xY
DIAEELARTIENDH D, FARKIC, X & X x x} ZUELVEE—HI 3.

exercise 14. f;: X = Y;, 9;: X; = Y; Z54&, q;: Y1 x Yo = Y; 28, B, CY; &
NEEGET D, WERE.

1. Bl X BQ = ql_l(Bl) ﬂq;l(BQ).
2. (f1, f2) 1 (B1 x Ba) = fi {(B1) N fy 1 (Ba).
3. (91 % g2) " (B1 x Bz) = gy '(B1) x g5 ' (Bo).

Example 1.4.25. 5 p: R — S % p(t) = (cos2nt,sin2nt) TEDHD. p x4t
ThHY, pt{(1,0)}) =Z THB. F£7-, p%& [0,1) ICHIRBLEZBD (£ p &HELZ
iZ93) FERHTHE. IoT, Ghpxp: RxR = S xSt 3efchy,
(pxp) P ({((1,0),(1,0)}) =Z x Z. £7=, G4 pxp:[0,1) x [0,1) = ST x ST iF4H
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WThb.
(2015 F£EIF/SR)

Example 1.4.26. X 2846¢75. X x X 6 X ~NOEH/H%2 X Lo _HHEHA (binary
operation) & K RZ e 0Hb. G u: X x X - X 2IHEB L AD L & u(r,y) € X % zuy
Yiray LEL L DB B,
pr X x X - X 27HEREE U, plr,y) & oy &EL.
1. MOMANRHITHD L &, ThbE, u(px 1x) = p(lx x p) BEROEDE E p i TFEAH
(associative) TH D &\ D : -

Xx X x X 2% x o x

XXX—M>X.

DED u BHEENTH D LI, FED z,y,z € X ITHU, p(p(z,y), 2) = plz, u(y, 2)), T
b (zy)z = x(yz) BV LD E VWD T &,

2. MOEANATH B L Z, THbD, p=pur KDDL E XA (commutative) T
HBEND

XxX—tsx

| A

X x X .
EUT: X XY 5> X xY E7(z,y) = (y,2) CERBINDGH. DFD u WA#iTH 2
CiE, ERD x,y € X 1T, plz,y) = p(r(z,y)), $H8bb vy = yxr BRDIEDE WD
Zr.

3. WDOHADE (H) OD=MAFEH#IZT 5 &5 254

n:[1] = X

PHEHETDLE, Thbb unx1x) =1x (u(lx xn) = 1x) B LD K 5% n HFE
THLE, pidk () Bhixzdt 220, e=n(0) € X & p D (F5) HALIE (unit) &
WO D EMERATH L L E p FHEAEED DLV, e ZHEAITLE N D.

nx1lx 1x xn

[1] x X X xX X x [1]

DFED e (F) BAILTHD LI EED 2 € X ITHL, u(n(0),z) =2 (u(z,n(0)) =
x) , I xbber=x (ze=z) DEHIDEWVWS T &,

(2015 £ EIF/SR)
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Example 1.4.27. FZHOHN R XxR - R, (z,y) »x+y, HRXR = R, (z,y) — zy iFVTh
LA, T THATTZ DD, EBAARMNITIEZENETN0 L 1 THS. E-MIFHTEED.

(2015 FEEIZ/NA)

Example 1.4.28. V, A, = 13 [2] = {0,1} FOZHER 25X 5. v, A ZFAEHK), A#THEAL
TCEHD. VOEMIEIE 0, A DBEMIGIE 1. — AN TETRTERWA, EHMT 1 25D
(1-0=0,1—=1=1) .

1.44 YX

Definition 1.4.29. X, Y 28 &2 358, X oY "OEH 2RO TEE %
Map(X,Y) 5 Wiz YX K7, (Hom(X,Y), F(X,Y) EWworliBaz s>k
LH5.)

Map(X,Y)=Y* ={f | fIE X 5 Y ~DE}.

Example 1.4.30. Ex. 1.4.6 2.
EEOEEGY L, 0 25 Y NOEHM-7Z 1 2FET 0T Y = [1]. Kic
0 = [1].
XADDEEF, X 55 0 ADBEMHIIFIEL 2D T X = 0.
o, EREOES X THLU, X 226 [1]) NOEEN72 1 DfFET 50T [1]X =2 [1).
Y izoWwWTid Ex. 1.4.43 2 X,

Example 1.4.31. HRAHEAEN 225 R ~NDEH

a:N—R

ZFEHI WS, HilEa(n) & a, EFNT, B E {aptneny E0 {a,} EFT.
RY = Map(N, R) iZEHBFN2AEDORTHEETH 5.

Definition 1.4.32. f: X Y 254, Z 28EE5L T 5.
1. B f.: Map(Z,X) - Map(Z,Y) % f.(9) = fog TEDD :

Map(Z,X) — > Map(Z,Y)

w w
Z—>X»—>Z—>X7>Y.
g g



H
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op

2. B4 f*: Map(Y,Z) — Map(X,Z) % f*(h) =ho f TEDS :

Map(Y, Z) ——~ Map(X, 2)

w w
Y?Z ——— X7>Y;>Z.

B fo, f* % FICEDFEINDSE M4 (induced map) &\ 5. B4 f., fFIXEES Z
IZHIKFELTWS. f. & Map(Z, f), Map(idg, f), Hom(Z, f) & &, f* % Map(f, Z),
Map(f,idz), Hom(f,Z) & HEL I &b H 5.

YX LWSEHEEMESGE, L2 fA L, R 2 eELZEEH D

fP=f:X?=>v?
A DAY A

Caution! . BEDE EIZHE.

Example 1.4.33. X 286, AC X, i: A—> X 2085/ &35, i*: Map(X,Y) —
Map(A,Y) 3B f: X - Y IZHL, 20 A ~NOHIR fla 2GS 2EHTH 5.

Example 1.4.34. 1. 5% f: N> N% f(n)=2nTEDB L, f*: RN - RN &
B {an}tnen & {aontnen (THRDHE n HD ag, THIHH) 125 DFEHT
H5.
2. 5% g:R = R % g(x) = 22 TEDD L, g.: RN — RY 38 {a,}nen %
{20, nen  (THRDBEE n HEHH 24, THEEF]) 125 DT EMHTH 5.

Proposition 1.4.35. f: X =Y, q:Y = Z 25 W 28527 5.

. (idx)« =id: Map(W, X) — Map(W, X).

. (g0 f)s = gxo fir Map(W, X) — Map(W, Z).
. (idx)* =id: Map(X, W) — Map(X, W).

. (gof)=f*og*: Map(Z,W) — Map(X, W).

=W N =

Remark . 24 3HoEBE iz ThEznEn (g )V =gV W, wel =wiwe :

f WX
i

Y

W (gnN"” A w2 w9
YW W

Proof. h € Map(W, X) IZxt L,
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(idx)«(h) =idx o h = h,
(go f)s(h) =(go f)oh
=go(foh)
= g«(foh)
= g«(f«(h))
= (g« o f2)(h).

exercise 15. 3, 4 Z /R,
Corollary 1.4.36. f: X — Y D2HBHTHNIL f,, [F L ZITH .

Proof. g:Y — X # go f =idx, fog=idy ZA=TEMH (f ODWEHK) T 5L,

gso fu=(g0 f)e = (idx)s =1id, fr 0 g = (fog)u = (idy). =id &7V, f. [ZRH4

T, g« W fo DHGEHRTH 5. f* B FB O
(2015 fFEIF/NA)

Proposition 1.4.37. f: X Y h: Z - W 2542 35& h*o f.=f.oh™:

Map(W, X) —> Map(W, Y)

Map(Z, X) — Map(Z,Y).

ZDERGH Map(h, 1x) o Map(lw, f) = h* o f« = fooh® = Map(lz, f) o Map(h,1x) %
Map(h, f) £ELZ DD 5. GEHNPS 395 K512, Map(h, f)(g) = fogoh TH 5 :

Map(h,
Map(W, X) ———P"D _ Map(Z,Y)

w W
W—>X|—>Z;>W—>X7>Y.
g g

Proof. g € Map(W, X) IZX U,

(h™ o f)(g) = ™ (f<(9))
=h"(fog)
= (fog)oh

(feoh™)(g) = f«(R7(9))
= fi(goh)
=fo(goh).
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Proposition 1.4.38. X, X,,Y #2846+ 7 5.

Lp: XixXo—= X; (1=1,2) ZHE LT DL, (P14, p2s): Map(Y, X7 x X3) —
Map(Y, X;1) x Map(Y, Xo) FEHHFNTH 5 :

Map(Y, X1 x X5) % Map(Y, X1) x Map(Y, X,),
P1x,D2x

(X1XX2) %Xl XXQ.
<p1 p2)

2. X1 NXy = @ é.’.[/, 1 Xp — X1 I X5 (k = 1,2) rAEEHLET S é.’_,
(i3,1%): Map (X111 X5,Y) — Map(X1,Y) x Map(X»,Y) d2HHTH 5 :

Map (X I X,Y) —— Map(X1,Y) x Map(Xa,Y),

(11,43

yalXe) = yX o yXe,
(Yi1,yiz)

Proof. 1. ZHUEARERIZ L Prop. 1.4.24 TH 5. EEE, Prop. 1.4.24.1 £ 9 (p1., p2s«)
NEFHTHEZ LBDOND, Prop. 1.4.24.2 OB THE Z hibhrd.
DED,
(f,9) € Map(Y, X1) x Map(Y, X2) =5 U (f,g): Y — X1 x Xo € Map(Y, X; x
Xy) &GS B GRS, (pra, pan) DWEARE BT X 5.
PUTEIZENTAS. G o: Map(Y, X1) x Map(Y, X3) — Map(Y, X7 x X»)
% o(f9)=(f,9) ICEDEDS.
(f,9) € Map(Y, X1) x Map(Y, Xz) (X L,

(P15 P2+) © ) (f59) = (P14, P24) (©(f, 9))
= (p1x, p2+) ({f, 9))
= (P ((f, 9)), p2:(([. 9)))
= (p1o(f.9)p20(f.9))
= (f.9)-

7272 URIBE DL Prop. 1.4.24.1 12X %. Ko T (p1s,p2s) 0 = id.
h e Map(Y, X1 X XQ) XU

(¢ © (P1«, P2+)) (h) = @ ((P1+, P2:) (R))
= ¢ (p1+(h), p2«(h))
= @(p1oh,paoh)
= (p1oh,pyoh)
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= h.

772 LRt DETNE Prop. 142421253, & 5T o (pra, pas) — id.
o T (pru, pos) ERHHTHD o BNZDHEHRTH 5.
2. B Map(X1,Y) x Map(Xs,Y) — Map (X; 11 X,,Y) %

2 — f(m), Tz e Xy
(w(f,9)) () {9(56)7 re X,

IZEDEDDEEBIT B (05 OHFMEETRBZEWNbND.

Remark . DB, (f,g) % (f,g) &&
(2015 EEIENR)

Proposition 1.4.39. fi: X, — Yy (k=1,2) 2544, Z 26527 5.
1. Pk : X1><X2—>Xk,qk Y1XY2—>Yk (k—12) ;Efgj’ &3‘6 y@&%(fl*xfg*)o

(P1s,D2x) = (q1e, q24) © (f1 X f2)«

(P1%,P2x)

Ma‘p(Za Xl X XQ) Ma‘p(Zv Xl) X Ma‘p(Za X2)

(f1><f2)*l lfl*Xh*

Map(Z,Y: X Yo) ———— Map(Z, Y1) x Map(Z, Y2).

(q1+,92%)

2. XiNXa=0=Y1NYs é:l/,ikl X > X1 I Xg, ji: Ye > Y111 Y, (k:1,2) *»A&E
3o o (ff x f3)o(ji,73) = (i1,43) o (f1 Il f2)”

(47 i%)
Map(X1 11 X5, Z) ——2—> Map(X1, Z) x Map(Xa, Z)

(f1Uf2)*T Tfl*xfz*

Map(Y1 I Y2, Z) ——— Map(Y1, Z) x Map(Ya, Z).

*

(]1 Jg)

Proof. 1 %mR7.

(f1x X fox) 0 (P1x, P2%) = (f1x © Pix, fox O P2x)
= ((frop1)+, (f2 0 p2)+)
= ((qr o (f1 X f2))«, (g2 0 (f1 X f2))+)
= (qu o (f1 X f2)x;q24 0 (f1 X f2)4)
= (q1s, q2+) © (f1 X f2)s.

22 EETHS. O
(2015 FEIZ/NA)
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Example 1.4.40. u: Y XY =Y 28A8Y LOZHEFE L U, u(yi,y2) 2 y1-y2 £FHL. =D
DER f,g: X YV IINU, B f-9: X >Y % (f-9)(x) = f(z)-g(z) TED, [ & g DERE
D (pointwise multiplication) 55 & K&, BERDOEKTEITIX f-g=po(f,g) =po(fxg)oA
Ths:

(f.9) Y xY H %

g: X
x %g‘f

X xX

f .

(f,9) €Y X xYX IZHU f.ge Y™ 2MEs 8522 TY™ LOHEENEXS. 20D IH
HEIX Ex. 1.4.38 OFE—FHOE L, p BWFETL5H8TH5 :

Y¥xy¥ —= S~ (yx) ¥ — s ¥V¥
(P14,P24) " Hox
FEE, (s © (P, 026)7Y) (f,9) = p((F,9)) = o (f,9) = f - 9.
X OnEMRALUTEHETNET SO EH, & O IHEE o AN (AT, ¥tz v D) T
HdHLE, uDEDD _HBEE LA (W, B L2 D) THDH. 2O i, flRAIXKANE
ZDOWTIE, IROMANR A TH D Z b6 bnd

VX v X v ¥ (v x )X xy X X X
(a5 1d *
Y 5 (VY xY)¥ —Z s (v x ¥ x V)X 280 (v v)X
id X prs (id X ) « Mo
VXYY — = (Y x V) v

(2015 £V R)

Example 1.4.41. &SEOH, B, $74bb5 a,b € RN ITH U, (a+b)n = an+bn, (ab)n = anby
CEDEZBHIN RIS ES Z T, EEHIOM, BMRY xRY - RY 2% 3.

Definition 1.4.42. XY 2584, X, Y #0 £ 9 5. ev(f,x) = f(z) CTEZ BEH
ev: Y x X =Y

ZMHEER (evaluation map) £ W5, (X Y DRPDL EFBELS ev: YEIX X =0 —
Y 2 —RITFET25H80-Y LEDD.)
Frzxg € X ITHU, evy, (f) = f(xg) TEX DG4

eve: YX =Y

% pxg € XIZE ) SEGH (evaluation map) &\ 5.
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HEOSPIT evy, Eev iy : YX =YX X X iy (f) = (f,z0) EDEKTHD. B
Wi Z X ev & Y x {ao} ICHIBBL (TYX x{z0} L YX 2FA—HHL) 25D TH 5 :

YX S Y x {20} > V¥ x X &Y.

Example 1.4.43. X =[1] = {0} DHEE2EXS. 2L SHEGEHIZeES Y =Y
#52% (Ex. 1.4.6 2/) :

y !l Y

1%
IR

v % (1]

Example 1.4.44. n € NiZx U, ev,: RY = RIZEINZH L ZFDE n HEMN S E 5
BHRTH5. FiiZevi: RY —» R IZBFIOWIEE 52 554 TH 5.

Example 1.4.45. X 286235, £46 2] = {0,1} 5 X ~OG K2k X0 2%
2%, G (evo,evi): X — X2, (evg,evy)(f) = (£(0), f(1)) 1Ed & 5 IC2BHET
H5.

FkkIZ, n Dz & 284 [n)={0,1,...,n— 1} 2F 22 &, 5

(evgy ..., evp_1): XM X"
W w

ke X 5 X aiz ons.

exercise 16. 1. B (evy,evo): XP = X2 4 2HHTH 5.
2. 0:[n] = [n] ZEBEHETDH. ZD EEH

(evg(o),evg(l),...,eva(n_l)); xnl  xn»
LR TH 5.
(2015 FEF/SR)

Proposition 1.4.46. XY, Z 284, f: X =Y 254%, 20 € Z, 20 € X £95. ROKAIZ
HHTH 5.
1.

X?x 7274 v7 g

Y.

X —— >

f
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2.
xZ fx yZ
evzg le\’zo
X>_7_>Y
3.
ARYD Gl a2 SN
idxfl/ jev
Z'xY ———Z
4.

Al I zX
Z .
Proof. 1. he XZ v ze Z iz,

(evo (f« xid)) (h,z) = ev ((f« x id)(h, 2))
=ev(f«(h), 2)
=ev(foh,z)
= (foh)(2)
= f(h(2)),

(foev)(h,z) = f(ev(h,z))
= f(h(2)).

i [FIAk. O

exercise 17. 2, 3, 4 Z/RE.

Example 1.4.47. Z =[1] D562 %2 5. IROMRIWH#TH 5 :

xSy
evp | & = | evo
X Y.
G

Thbb, evg ik X e X YUy 2zznehd—Hen, f.= Mk fer
—H{TE5.
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Example 1.4.48. X, Y, Z 258575, EHROEHKILEH

¢x,y,z* Map(Y, Z) x Map(X,Y) —— Map(X, Z)
Y W

(9, f)1 gof

EEDD.
Ex. 1.4.32 ODEHIEZEE % {g} x Map(X,Y) ® Map(Y, Z) x {f} IZHIRL7zHL DT
H5:

g«: Map(X,Y) — {g} x Map(X,Y) — Map(Y, Z) x Map(X,Y) — Map(X, Z),
[ Map(Y, Z) — Map(Y, Z) x {f} < Map(Y, Z) x Map(X,Y) — Map(X, Z).

2 LR

X =[] 0Ba%EER2E (ARRAHO L) MEGIE RO G L At

Yyl 25 7z

idxevg l% levo
Z.

Y'xYy —
HEHROEHIIFEGHNTHE0 5 CX,Z,W © (ld X CX7y7z) =CX,y,w © (CY,Z,W X 1d> T3 RK
DALD :

ldXCX Y,Z

Map(Z, W) x Map(Y, Z) x Map(X,Y) ——————— Map(Z, W) x Map(X, Z)

CY’Z’WXidl lCX,Z,W

Map(Y, W) x Map(X,Y) Map(X, W).

CX,Y,W
72 E] — D E & Prop. 1.4.35, 1.4.37, 1.4.46 13 Z DR GETH 5.
(2015 FEIF/SR)
Example 1.4.49. X 2845295, &%
¢ =cx.x.x: Map(X, X) x Map(X, X) — Map(X, X)

¥ Map(X, X) RIZHiaH TR t2 D "HER 25X 5. BAtid idx THS. —fRIZTH#T
7.
X 25 X ~AORHRHRKE Aut(X) &EL. A

c: Aut(X) x Aut(X) — Aut(X)

1 Aut(X) BICRERTRAIC Idx 252 HEREZ5 X5, 612, ZOZHERIIIILZS D,
Thbb, BEEOERIZED Aut(X) (3B (group) £725. HHAA f € Aut(X) D#HILiE f D
Gl [ THD.
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X ={1,2,...,n} (neN) OB&, Aut(X) & S, £EHZ, n T (symmetric group) &

W,
Theorem 1.4.50. X,Y,Z 255¢ 9 5.
B ®: Map(X xY,Z) — Map(X, ZY) %

(2(p) (2)) () = w(z,y)

IZXDEDS.
E7z, GV Map(X,ZY) = Map(X xY,2) %

(W) (z,y) = (¥(2))(y)

WZEDEDB.

1. 202 E, OIXLHHFTHD URZDOFEMHRTHS :

&: Map(X xY,Z) —> Map(X,Z").

B OFIETE T
XxY = Y\ X
o: 7Y 2 (2Y)
2. (2015 ﬁiﬁﬂj:/\"}() f: X1 — XQ, qg: Y1 — YQ, h: Zl — Z2 %E{%&tj—é (7\'75‘}520

YASR
(i) Po(fxid)* = f"o®, Vo f*=(f xid)" o U:

Map(X1 X Y, Z) —2> Map(X1, Z¥) ——> Map(X1 x Y, Z)

(ind)*] Tf* ](fxid)*

Map(Xz x Y, Z) ——> Map(Xa, z¥) —> Map(X2 x Y, 2).

(ii) ®ohy = (he)x 0 ®, Vo (hy)sx = hs o U:
Map(X X Y, Z;) —> Map(X, Z{) ——> Map(X x Y, Z1)

h*t l(h*)* lh*

Map(X x Y, Z) ——> Map(X, Zy) —— Map(X x Y, Z»).

(iii) Po(idx g)* =(g")x 0@, Vo (g%)s = (id X g)* o V:
Map(X X Y1, Z) —=> Map(X, Z") —%> Map(X x Y1, Z)

(idxg)*T T(g*)* T(ing)*

Map(X x Y2, Z) ——> Map(X, Z"2) —— Map(X x Y2,%).
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Example 1.4.51. L. WS 22DHH X = {z1,...,2,} WB T E2HBHEDEH D =
(1,2,...,30,31} DXGW = { &, 8, P} OF—22HB LTS :
1 | ... | Tn
1| & | ... | ®
2 | & || &~
30 -~
31 | & | ... | ®&
ZOF— R,

(i) Bifre X LHftd e DIZHL, 22 TOZDRDO KL %X IGE 5 54
i XXxXD—->W

YREZENTES. f(z,d) € W IREDED 2 5 d [FHORLTH 5.
(il) £72, &Gz € X XL, OB TORLKDEAERT B fo.: D - W HEZ
SNTWVW5, THb s 54

F: X — Map(D,W), F(z)=fs

LRZZIEHTES. BHLAHA f BLEDRD 2 FIHERLTWBEHRTH Y, f.(d)

FEDED z 5 dITHDORKTH 5.
WINORABHOEREE L TWBZTT, NEIZFUTHS.
HESHZ, Thm. 1.4.50 D

®: Map(X x D,W) — Map(X, Map(D, W))
¥: Map(X, Map(D,W)) — Map(X x D, W)

W& O(f)=F,V(F)=fTbhsd. 20 @ (1) DRA% (ii) DEFGIZ, U iE (i) ©
Rz (1) ORFIZESHMADGHRTH 5.
2. B5ADUVHEN (N EFEERT) Fle LT, m x n EGTHRE My (R) 2FEZXTAX
5. m={1,....m},n={1,...,n} 7T 5.
(i) m x n 7513 & (i,7) A zEONERE L. TabbE, & (i,j) € mxn IZHL
aij € R Z2EDNI, 175 M = (aij) € Mmn(R) BPEXBDT, Bif

Map(m x n,R) = M, (R)

HEON, HESHIIRHEFTHS.
(ZHIZ& D, Map(m x n,R) & My, »(R) HIFEALRLUBDEZEEAS Z e dizks
DTHZM, ZOEHEHE mn DEL LT TEL SN T 20%2EET L2
ETREEDZLITER)

(if) m x nA7HNE n KTATN 7 P e m e 6N 2L THR/RONDG. £z, n KRBT
M= (x1,...,2,) ER"IF, EjENITHL 2z, EREEDDIILTEED, T
bbb RO EE>TEY (Ex. 1.4.45 28, UM U exe. 16 bSO L) . T
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ax
Bhb&iemIIHL, a; ER* ZEDNITH M = | ... | WELEZDT, 5H

Am
Map(m, R™) = M. (R)

NELN, HhESHIIEEFTHS.
s (EZ0OHER) OEENZDHED Thm. 1.4.50 DEH O, ¥ THS :

Map(m x n,R) & M,, ,,(R) & Map(m, R"™).

DF D, ZORYSE, 7% (i,7) KA DHDOED ERBZFEFG L, [TRNT MRS AT
EDLRBZRSFTOMOIIEEGZTWS.
OB ED 1 EEERIZEUTHE2DIEHESNTHAD.

3. 2EBEBORMS (PRRESY) 2B VWHZS. R? TEZHSI Nz 2 ZHFEBEME K
f(z,y) D, £ (a,b) € R 1B 5 y BT BRI fy(a,b) X, 2 =a ZEELT,
y DA 2 = f(a,y) 2FZ, T2 y=b TR THDTH-7-. D, KaecRIZKHL
f(a,y) € Map(R,R) Zx{n X5, LW B4, ED Thm. 1.4.50 D &(f) TH5 :

(OF Map(RQ, R) — Map(Ra Map(R7 R))
w w
f(z,y) ar— f(a,y) -

Proof of Thm. 1.4.50. ¥(¢)) =evo (¢p xidy) THD I LITHERT 5. :
U(p): X XY —— Z¥ XY — Z.
P xidy ev

1. f € Map(X x Y, 2Z) i L Uo®(f) € Map(X x Y, Z) €2 5.

(T o ®(f)) (z,y) = (L(2(f)))(z,y)

WA Vod(f)=f, 37205 Vod =id.
F € Map(X, ZY) 123U @ o U(F) € Map(X, ZY) &2 5.

(@0 U (F))(2))(y) = (2(¥(F)))(x))(y)

WA (PoU(F))(z)=F(x), PR PoU(F)=F, $7bb do¥ =id.
2. O, U IZEWIMOFEHRTHE05, U DOHFDOAREIX L.
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(i) ¥ € Map(Xo, Z¥) 124 L,

V([ (@) = ¥(of)
=evo (o fxid)
=evo (¢ xid) o (f x id),
(f xid)"(W(9h)) = W() o (f x id)
=evo (¢ xid) o (f x id).

(ii) ¥ € Map(X, Z1") 25X L, Prop. 1.4.46 %Z{fi-> T,

W ((ha ) (1)) = W (ha 0 9))
=evo (hsot xidy)
=evo (hy xidy) o (¢ x idy)
=hoevo (¢ xidy),
he (W()) = ho W(y)
=hoevo (¢ xidy).

XxY

wd
P xid

ZV XY —= 7Y xY

xid

h
ev lev

Z1 —h> ZQ.

(iii) + € Map(X, Z*2) iZxt U, Prop. 1.4.46 2{#i->T,

U((g7)«(¢)) = ¥(g" o ¥)
:evo(g o1 X id)
=evo (g" xid)o (¢ x id)
=evo (id x g) o (¢ x id),

(

(id x g)" (¥ () ( ) o (id x g)
o
(

1 x id) o (id x g)
=evo (id x g) o (¢ x id).

P xid *xid
XxY, S 722wy, 225 720 vy,

idxgl idXQl lev

X XY e 27 X Yo — > Z.

ELALAERALTERERLTS L.
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exercise 18. f;: X; = Y; (i =1,2) Z2HH, g1: X1 = Xo, g2: Y1 = Yo 25K T
5. :@é:%gQOfl=fzog1<i>f2_1092=910f1_13

f1 ot
X ——=Y; Xi<=—MN
gll O lgz = gll O lgz
X2—>Y2 XQéYQ.
fa f2_1

exercise 19. U: Map(YX,Y¥) — Map(YX x X,Y) 12k % id: YX — YX O
U(id) &K k.

(2015 FEEIZ/NA)

Remark . Thm. 1.4.502 3RO L 512K T I ETE 5.
(i) EED @: Xo XY = Z 1T LU, &(po (f xid)) = ®(p) o f,
FRED : Xo — ZV IZHU, U(po f) = U(y) o (f xid).
(ii) fEED p: X XY = Z1 1T U, ®(hoy) = hy o P(p),
fERED : X — Z7 1L, U(hy o)) = hy 0 U(D).
(iil) FEED p: X x Yo = Z IR LU, ®(po (id x g)) = g* o D(p),
ERED Y X — Z72 125U, U(g* o)) = ¥(9) o (id x g).

(2015 FEZIX/NA)
Corollary 1.4.52. 1. f: X5 — X2 254425 5.
1 =20 (f xid) & ®(p1) = P(p2)o f:

X, xY 7xid XoxY X, ! X

O O
X / = ‘@(A APQ)
Z z¥ .

(i) v: X; xY = Z (i=1,2) 255/t T5. ZoLE,
Y1 =120 f & V(1) = U(¢2) o (f x id):

id

Xy xY I XoxY X, ! X,
O O
A z¥ .
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P2 =hopr & P(p2) = hx o (pr):

XxY X
/ y\ @(V WQ)
Z - Zs zZy - Zs .

(i) i: X = Z) (i=1,2) 254{LT5%5 oL,
a2 = hi o1 < W(h2) = ho W(Yr):

XxY X
A - Z zy - AR

3. g:Yl—)YQ %E@k‘é‘é
() pi: X xY; = Z (i=1,2) 25%tT5. 20L&,
o1 =20 (id x g) & P(p1) = g" 0 P(p2):

idxg

X xY: X xYs X
WA N
P1 P2
Z

(i) ¥i: X = 2% (i=1,2) 2535 20L&,
Y1 =g" o2 & Y(¢Y1) = U(2) o (id X g):

idx g

X xY: X xYs X
Y1 P2
A VAL AR
g*

Proof. 1(i) &R . MibFEMKTHS. Thm. 1.4.50.2 £ D ®(p20 (f xid)) = ®(p2)o f TH 5.
o1 =p20(f xid) THBETHEL, D(p1)P(p20 (f xid)) = P(p2) o f.
—7, (1) = P(p2)o f THDLTDHEL, P(p1) = P(p2)o f = P(p20(f xid)). ® IFHHT
HBEMS o1 =20 (f xid). O

(2015 FEZIZNR)
Remark . 252 WL O0fllaEbEZE0E L{fibhd. FIZIX, f: X1 — Xo,h: Z1 — Z>
BEG, Y Xi = ZF (1=1,2) 25/ T5 e,

Fxid f
X1 xY X2 xY Xl —_— X2

‘I’(@bl)l O ‘P(@bz)l < wll O le

*
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YRXs=ZY, f=h* ¢ =id £ T2 HE5PICADKRIT T, X > THEME AT,

ha xid Ry
Z¥ xy — % LY Yy zy zy
\I!(id):evl e} \I/(id):evt <~ idl O lid
A - Zs zy — zy

37205 Prop. 1.4.46.1 ORI A% 2 5. (A3, F4 %k Thm. 1.4.50.2 OFEAIZ Prop. 1.4.46.1
AHWEZOT, 27U Prop. 1.4.46.1 ORIZFEHICIES B 5 At o> TR,

Remark . YX WS HEIZDOWT.
YX WS EHEEME S DIZBOEREDIEMMBE VIO LIZLD.

X0~ xM~x
0% =0 (X #0) [1]* = [1]
(X xY)? 2X?xY? ZXWY) o 7 X g7V

(I DRBEHD THRL] BHRTEZONDZ LW ZERKRYLDTHLENRZENIZD
WTIHEBZFDOMOEEIZE DD F D INBENWI 2127 5.)
B HRBOERBEE L OEENBRIZOVWTWTINRR S,

1.45 BEASEEHMUHEH
Definition 1.4.53. X 284573 5.

1LACX % X OBHEALT 5. WCEBRINBEE xa: X = 2] = {0,1) % A
D (X kD) KB (characteristic function) &5

)1 (xe A
XM@_{O(xgm.

2. B x: P(X) = [2]X % x(A) = xa C&VEDD.
Remark . UIEUIE [2]X % 2% L&l 5.
Theorem 1.4.54. G x: P(X) — 25X 32HHTH 5.

Proof. G4 ¢: 2% — P(X) % ¢(a) = a™1(1) TEDZ L, HESHIT y DHEHRTH
5. EBE ac2X 1TRL,

(x o) (a) = x(p(a))
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TH5HM, re X ITHLU,
Xary(z) =1z ea (1) ©a(z)=1

W5 Xg-1(1) = a. 2T xop=1idyx. —Ji, A€ P(X)IZxL,

(pox)(A) =

EoT poyx=idpx). O
(2015 FEIF/SR)
Example 1.4.55. X 285, P(z) 2d5EE U, X ONIES
P={zec X | P}

2ERXB. c € PRESIHEANBIZIE P(x) BNED LS BHEDRETHN Px) DEL KRB0
LRBDPEIRDPNEEN. ZOXIBBEPSTEE P(x) ZIRTEEZS X 256 2] = {0,1}
ANDE{RP: X = 2] LHEABILNTES:

HE oM
P={zeX|P(x)=1}
'3_733719"6, Xp = P Thb.
FLACXIZHL, Tz e Al LWHikiEz 28X Dt md L, A DEMEBEE ya M7 57220,
(2015 FJEIFR)
Example 1.4.56. X x Y OHNEA2EZEZDZ e, X 226 P(Y) ~NDEH{E 525 Z LILH
LZeThs:P(X xY)=PY)X.
P RC X XY IZxU, ®(R): X = P(Y) %2 d(R)(z) ={y €Y | (z,y) € R} ITLDED

E, ZONE O BEeHHELERS. WIE ¥ X = PY) T, {(z,y) e X xY |y e y(x)}
EXIGE L. ZOGEHR O ITHIET DX P THS -

PX xY) 2> p(y)¥
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X 0 R(R)(2)(Y) = Xa(ry (o) (¥) = {(1) gzi Z g-

= ® o x(R)(z)(y).

Example 1.4.57. X 288, X £0295. G s: X - P(X) & s(x) ={a} ITLDEDS.
Z N % singleton map £\ 5.

B xos: X —» P(X)22* 2825, x(s(z)) = x({z}) = xqu} THEPS, 2,y € X K&
XL

(Gco8) (@) () = X () = {(1) yre

Thd. £oC, xse (2¥) @, WRGH U: (25)% 5 20X 1283 U(xs) 1,

PU(xs): X xX— 2]

1, z=y
0, z#uy,

Tabb, MAREA Ax ={(z,y) e X x X |z =9y} C X x X OFMBETH 3 :

(x’y) S {

X 1
P(X)X% (2X> —z>2XXXXT>P(XXX)
W W
St Ax.

(2015 FEEIZ/NRA)

Proposition 1.4.58. X 2#&2 5. 45 [2] LOEE -, V, A, — 1%, FREOHEEIC LY 2X
LB 2EDS. (a,be2X & x e X ITHL, (ma)(z) = —(a(z)), (aVb)(z) = a(z) V b(x)
EWozBE) EED A B C X IZRHURMPEKD LD,

1. xae = —xa.
2. xauB = XA V XB-
3. XxanB = XA NXB-
4. XAcuB = XA — XB-
PX) — X 5 9% P(X) x P(X) =25 2% x 29X
()Cl l l l
X X
P(X) x P(X) 2% 2% x 29X P(X) x P(X) -2 2% x 2
nl L/\ ()Cul l%
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Proof. xa(z) =12 € AZERETNEVTNEIZLALHEONTHDIN, 1L 2%2R%D.
1.

(~xa) ' (1) = {z € X | ~xa(z) =1}
={re X [-(xa(z) =1}
= (€ X | xa(®) = 0)
={reX|z¢gA}
= A°.

(xaVxe)(z) =14 xa(z)Vxs(z) =1
sSreAVzeB
s rxe AUB

< xaus(z) = 1.

exercise 20. 3,4 Zx,t.

(2015 £FEZIE/NAR)
Remark . % p: [2] x [2] = 2], p(p,q) =p-q WEAZONE TS, p DED D& EDHE
2% x 2% 5 2% [ FHbL a,be 2X ITHL, (a-b)(z) =a(z) -blx) ITEVEED a-bec 2 A
INSEDBE[{EEZD. wEMRALUTEHETET SChnsd L5102, u A5G (W, AT S
D) BolE, BENEOHEL LTI TH 5.

OB ERH v P(X) »2X 2L T P(X) LOoBERZEDS. Thbb, A Bc P(X)
2L, A-B e P(X) % x (xa-xB) CEVEDSE. SV NIE, A- B IKETEED
XA-B=XA'XB, S5, xa.s(x) =xa(x) xB(X) ITLVBEAONEEL

A-B={xc X|xa(z) xp(z) =1}

Thb:
P(X) x P(X) =225 2% x 29X

PX) ~— 2%
X

L5 5 A, p BIEEH (AT, BAias0) 251, 20 P(X) LOBEEEZ5TH5.

Proposition 1.4.59. f: X - Y 254 35%. Be P(Y) XL, f~1(B) € P(X)
ERNIRIEEIEHRPY) - P(X) & f* £&L.
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ZDLE yof*=f*ox DY ID:

PY) -~ P(X)

Y| =[x

Y — 2%,

f

%

Thbb, f7H(B) C X ORERBIE X1 p) = f*(xB) =xBo fILEDEASNS.

Proof. x Di#iEM%E o LEL. po f* = f*op ZREIXLW.

p(f*(a)) = ¢(ac f)
= (a0 f)7'(1)
= a7 (1)),
f(p(a)) = fH (a7 (1))

O

Remark . f~1:P(Y) - P(X) LFEVTHIVDTHED, WAWALEILT DI LM

HBHDOT, TOHWBTIXYME f* LWVWIRLEEMS. fOFETLEH2Y 28X fr @

ELDTHBEN, Y ICLVE-HTNIERUZRDT, THEHIEIIEERS Z &idA.
(2015 FEIF/NR)

Remark . »E 52 f*: 2 = 2% BRAFBOEHEZHED.
2% a,be 2V ITHL,

(f"(a-0))(z) = ((a-b) o f)(x) = (a-b)(f(x))
=a(f(x)) - b(f(x)) = (f (a))(2) - (f*(b))(x)
= (f"(a) - f7(0))(2),

THDL f(a-b) = f*(a)- [ (D).
ko TR, WIET 2 A EEGOFH RO, Thbb

Xy-1a.p) = f (xaB) = f"(xa-xB)
= f"(xa) f(xB) = Xf=1(4) " Xf-1(B)
= Xf-1(A)-f~4(B)

e, fTHA-B)=fYA)-fY(B)TH5.
Theorem 1.4.60. f: X — Y 2 5{fr 95,

1. RIZFME.
(i) f 2,
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(ii) f*'2y—>2X 1T E5.
) [ P(Y) = P(X) 324

(iii
2. {Mil‘”ﬁ
(i) f
(ii) f 2Y—>2X (T
) [ P(Y) = P(X) 1254

(iii
Proof. W3h (i) & (iii) BFAMETH 5 Z & 1% Prop. 1.4.59 £ D H E 5,

1 (i)=(iii). A€ P(X) &T5. fIFHEHRDOT f1(f(A) = A, T77bb f(A) €
P(Y) IR L, f*(f(A)) = A.

(ii))=(1). 1,22 € X, f(z1) = f(z2) T 5. {21} € P(X) T L, f* BEHT
BBMS, f*(B)={x1}, Thbb 7Y B) = {21} £7% Be P(Y) BEET 3.
f(za) = f(z1) e BTH DM 5, 20 € fHB)={x1}, ThbEL, 19 = 21.

2. ()=(ii). by,by € 2Y, f*(b1) = f*(by) £F 5. ZDEE biof = f*(b) =
f¥(by) =bsof THB. ycY &35, fIIEFTHENS, D v e X BFIEL
Tfla)=y &b, £o7C, bi(y) = b (f(x) =ba(f(x)) = baly). DX by = bo.
(iii)=(1). f(X),Y € P(Y) IZRL, f(f(X) = fTHf(X) = X = f1(Y) =
YY) ThH, IKELD f* IFHHNLROT, f(X) =
(555 A Xy, Xfx) ZEZT (i)=(1) 2RLTH &)

146 FBESIhZ2EROBEHNME2HME
(2015 FEIX/SA)  f OFET 5G40 HEHE.

Theorem 1.4.61. f: X —Y 254% Z 2HEHL T 5.
1. IXFEME.
(i) f i3,
(ii) EROES Z 1Zx L, fo: Map(Z,X) — Map(Z,Y) HHi5.
2. WRIXFME.
(i) f 1248
(i) EREOES Z 1T L, f*: Map(Y,Z) — Map(X, Z) 2 H.47.

Proof. ZHVIXFTELE 73(2)(3) DEVHATH 5.
1. )=(i) g,h: Z - X, fog=foh &T 5. [LED 2z € Z XL,

f(9(2)) = (f o g)(2) = (foh)(2) = f(h(z2))
ThHY, fIFRHFLDT, g(z) =h(z). £o5Tg=h.
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(ii)=() Z = [1) TEZMES &, fo: XU o VY 38 Bx. 1.4.47 THE &S 12X
AT H D05 f HHE
xSy

evo j o >~ | evp

X—f>Y.

HUZETHDED, BEPNIE, ZARKD.
xT1,T2 € XM f({L‘1) = f(()?g) AT LT L. B gi: [1] - X % gi(O) =x; IZ& D ED
e

(f+(91))(0) = (f ©91)(0) = f(91(0)) = f(z1) = f(22) = (f:(92))(0)

0, fi(g1) = fe(g2). fo W FHBHEZNS g1 = g2 5T a1 = ¢1(0) = 92(0) = z».
2. ()=(ii) g,h: Y = Z, gof =hof&T5. HELD fIEE2HETHE. LoT, LED
yeYIINL, Hdxe X WFEEL,y= f(x) &5, DA

9(y) = 9(f(x)) = (g o f)(x) = (ho f)(x) = h(f(x)) = h(y)

L7zh5T g = h.

(i)=(i) Z = [2] ez @z, f~:2]Y — [2]F ¥4, £>T Thm. 1.4.60 &b f X
.

EFERTITE xpx), Xy Y = [2] 2F AN L.

f OFET B GO 2.

Theorem 1.4.62. X 2ZETHRWES, [ X =Y 2544, Z 2587 5.
1. RIFEME.
(1) fI\THH.
(i) flEVEI2vavaso, $4bs, I Y - X rof =idx.
(iii) f*: Map(Y, X) — Map(X, X) 24
(iv) EEDES Z 2L, f*: Map(Y, Z) — Map(X, Z) 2241
2. (ii),(iil),(iv) (ZFRMETH 5. £7z, (i)=(1) Y LD
(i) f iEan.
(i) f IO ESD, T7b5, 3s: Y — X : fos = idy.
(iii) f«: Map(Y,X) — Map(Y,Y) 23241
(iv) EEDES Z WU, fo: Map(Z,X) — Map(Z,Y) 23241

Proof. L )=(v) 2R7EIEE\V. Z =0 0BAET<ON2. Z#£005E6%25%5.
h: X - 7 %5{8ed5. MOKAPApL LD LI RER g: Y — Z 2ENXE v, (2
DEIREM g% h DIFEE NS )

X L Z

f

Y
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f IR ARDT, WEL 1 f(X) > X BBB. 20 € ZRVEDL D,

_[rE W) e f(X),
o) = {Zo y & f(X)

L.
O

Remark . Thm. 1.4.62 IZ &N, f RHEHTHEZ e L b 772 avib DIl L IEAETHS.
—J, fORRRBSIXUIMEEON? 2EZXATAD. [: X 5 Y BEFTHE26, KFye Y ITx
U, flx) =y 2 &5 e X BFHETEIDT, ZDE5%x 20 DET s(y) =z £ THIK

X, ESIES ...

Remark .
VZ . folif o FHS o VZ g o 2 o 2N e
VZ . fof2lt = F20 o VZ RS o e 2Y o 2
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15 &6k
Definition 1.5.1. L. TSI RTELSTH S L2 wHEAEZESHE (family of sets) &

[ARsN

2. BEEADS, BEIEAHEANDGE/R%Z, A THRTMT S 7-EEHK (indexed family
of sets) &\ 5.
REMTONTZEEBRE A: A > AL, HilE, AN) e Az Ay &FEVT, {Ax}ren
EENPNDE Z ENL,

Remark . i S =B8RI, BEBFEORIZGE TR, £EEE, mREMNIT S
N7 AL DRRRIL, BOEA LI L OBREFAKTH 5.

nE, BAEBE, ThEHGTHRIMNIIoNEAE (DF 0, EEGHId: A— A) &
25T eNHES.

BEATHIBUT, REMTONZEEHEDZ L %, BIZEAKL LRI H 5.
Definition 1.5.2. A= {A)\} ecr 2HEHEL T 5.

L &
{r]INeA:xze Ay}

2HEKE A DHES (union) £ \Wo T,

U4 YA

AEA

FERT.
A={1,2,...,n} DHH

A =N D54
U
=1

LELZENZ .
2. &5
{x|VAeA:xe Ay}



1.5 HAHH 51

ZEAH A DILEES (intersection) &\ o T,

A, (A

AEA

FrRT.
A={1,2,...,n} DGHHE

A =N D&

N
i=1

EELLZ N

Caution! . ;o) Ai, Mo Ai £FWEE, Ay LWOHEEVEZSNTWVWE DI T

AN
Remark . RTREDVEREA =0 THIRTHONTERHK A ) - A IZDOVTHER
THD.

JAs={z|Iner:zec A}
AEA
={z|3INeb:zec Ay}
LB, Gl TINeD:xe Ay WHIZBTHENS

=0

—0, WREAIZOWTIHIEEDPBRETH S, M5 »DERME, XREFEL 2T HiE

[V Ar={z|VAcA:ze A}
AEA
={x|VAeD:ze A}
CIBD, M VN ED:x € Ayl IXHFIZETHEHh S
= {x | x I TH JZL\}

EHOTULEWY, TNEELELEZDLZLIETERY. LERSTA=0DEEEHEDIC
X, ZBERBHZLDHELTIZOVWTM S 2DHIZRTHEND S.
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B4k, o861, 74005, B AN > A%2EFEEZTVWAEDT, ADAYV
N—DILDHIREEZDLDNHRTHA 505

ﬂAA:{xE A

AEA AcA

CEBTIONZELUPELNRWV. AAPDLZZIZEOERLALUTHS. A=00D

=)

VAEA:xeA,\}

{erA

Ac A

VAEQ)::;:GAA}: UA

Ac A

L85,

Example 1.5.3. 1.

A= ] A

1 i{1,2}
={z|Fe{l,2}:xe A}
={z|rzeA Vre A}
= A; U As.

2

7

2
A= ] 4
=1 i€{1,2}
={z|Vie{l,2}:x € A;}
={z|ze A Nz e A}
= A1 N As.

(3

Example 1.5.4. L AMERGIIRCTREB L UESELZ R T 2L, NiEGE LD L
WS R, WIIOREL ({, ) 2O LW EETH 2.
U{f2h {18} = {1,218} = {1,2,3)

2. X #hr¥5L
UrPx)=Xx (PX)=0.

EABOHEAPLBESRITHL, ZODEAGOHEGPILEES LKL Z LD

Lemma 1.5.5. {Ay}acn ZHATE, B 2HEELT D, DD LD,
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L AEBDO A AITHL, Ay C U epr A
2. ERD A€ ATHL, Ay DNy A
3. MEED A e AT U Ay € Bl & U,ep 4Ar C B.
4. MERD A e AL Ay D Bl & (yep 4x D B.

Proof. 12 1 ZHZ6H. 340D <] 312 L0HEo0. HOEDHEONTHENI D
=] ZRLUTALD.

T € Uyep AN 55, EEEYD, BB NS ADPFHELT, v € Ay 245, RELD
Ay CBTHd»15 x e B. O

Theorem 1.5.6. A 264, {Ba\}a 2HAHL T5.

1. AU (nAEA B,\) = nAEA (AUBA)
2. AN (U)\GA BA) = UAEA (AﬂB)\)

Proof. Thm. 1.1.14.1,2 5 U72D35.

U(ﬂBA>:{.7)|.T€AV(V)\€A:.QZEB>\)}

AEA
={z|VAeA:x€ AV € By}

={z|VAeA:x€ AUB,)}
= () (AUBy)

AEA

H 5% Lem. 1.5.5 Zflio T/RLTAKD.
) AN (Uyea Br) DUsen (ANBy) THZ Z &,
EEDNe ATHL, By CUB\Ths26, ANByCAN(UB)). £oT
UL(ANBy) c An (U, By)-
(i) AN (Urea Br) CUsen (ANBy) THBZ L.
2 € AN (Uyen Br) €32 s €Uycpn BA THE2H5, 5 A€ ADBFIEL,
T E€EB\THD. $Tlcx € ADTrx e ANBy. oTzxelJ(ANBy).

(i

O

Theorem 1.5.7. X 284, {Ax}renr 2 X OERELGDIE, 7205 LED N e Al
MU Ay C X ThHETE. (BarBIIE A: A — PX), AN = Ay.)
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AEA

Proof. 1 Z/R% 5.

(ALGJAAA>C = {:z; €X |z Q/\LEJAA)\}

:{xex (UA>}

={reX |3 eA:xzec A}
={zeX |VAeA:x g A\}
={reX|VAeA:xe A}

= (1 45.

AEA

2b[ERE HBVIEITEEL S TRLTEH LWL, 1 &#ioTH X\, O
FIRELE . 8(1), 10(1)~(7), 11

Theorem 1.5.8. f: X =Y 2544, {Ai}icr &2 X OEHDIEEGDWE, {Bj}ljcs 2 Y D
A EEDEE T 5. IRDIE D VLD,

L f (Uier A1) = User f(Ai).

2. (nzel A ) - mzel f(AZ)

3. 7 (Ujes Bi) = Ujes /71(B)).

4. f~ (ijJBJ) :ﬂjeJ f_1<Bj)'
Proof. fIHHIZ =2 D &L HEUTH 5.

—Fi iy e fUA) 538, oo e | Jd BEIEL, y = f(z) &b, =
DrlzonT, oA OA, BBicIMNFEL, 2 € A L83, £oT
y=[f(z) € f(Ai). WA yelUS(A).

2. MRE M.
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)

={z|3j€J: f(z) € Bj}
={z|JjeJ:ze (B}
= sy

jeJ
4. wHE .
L

Remark . 55 A, 1 2 3 LEBRICGEAT A2 Z L HHKA L, 3 %2 1 L FEBRIZFEAT 5 Z
EHEHIKS.

f(UAZ-) :{y EImEUAi:y:f(m)}

i€l

:{y dx : (mé UA1> /\(y:f(x))}
el

={y|Jx:(Fiel:zeA)N(y=f(x))}

={y|3w:Jel:(xecd)A(y=f(x))}

={y|Fiel:Fx:(xcl)N(y=f(x))}
(

={y|Jdiel:ye f(4)}
=J f(4).
el
Z OFFHIFAERNIC EDHHEFE U TH 5.
BB, 47H»S BITHOAL T, v & e I Z ANBZATVWEZ LITERE L.
2 CHESPRON-HRVWDIE Iz & Viel Z ANEZSEZ &R —RIZITHKRENE

Kc\-cké.

{y HwéﬂAi:y=f(l‘)}

i€l

{y dz - (xe ﬂAz> /\(y:f(x))}
iel
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={y|Tz:Viel:xc A)AN(y=f(x))}

={y|Jz:Viel:(xe A)AN(y=f(x))}

C{ly|Viel:3z:(xe A)AN(y=f(x)}
(

={y|Viel:JxeA,:y=f
={y|Viel:ye f(A)}
=) f(4).

icl
exercise 21. 1. D2 Z25RHE.
2. fHRHETHD L E 2 TERIIR IO
3. kD4 #RYE.

fERGm GAER) TR oL EED EMR, THR2HEN L TEL.

Definition 1.5.9. {A;}ieny ZHAGHEE T 5.

ZENTNEEHE {A;}ieny O EMPE (limit superior), FHBFR (limit inferior) &\ 5.

Example 1.5.10. N D3RG D {A;}ien %

i ni42, ) R
t {17277Z} Z%;&

IZEDEDD. Ay ={1}, Ay ={2,3,4,...}, A3 ={1,2,3} L\WoEATHS. neN
XU Aoy ={1,...,2n—1}, Aoy = {2n,2n+1,...} THZD5 Agy_1 U Ag, = N,
Agn_lﬂAgn :Q)T})é:ab:{jf%fj_é 2n —1 an%é#%

UAiDA2n—1 UA2n:N mAiCA2n—1 ﬂAgn:Q)

b Al))
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THb. £oT

n

3
Il
—
3
Il
—

=E]
D
3
Il
Y
Z -~
T
=
N——
:F
s
Il
-t
=
T e
=
N——

I

DX
I

(G

[y
[y

[
2
I

=i

Example 1.5.11. £571% {X;}ien %
X,={IcN|iel}

IZEOiEDS.

=5
b
S
I

.

s
>

v

<G{IcN|z‘eI}>

{ICN|Ji>n:iel}

[
31818

n=1

={ICcN|VhneN,Ji>n:icl}
= {ICN| T ZEREAS},

-0 (0]

n=1 \i=n

{‘j(ﬁgcmiez})

n=1 \i=n

= J{IcN|Vizn:icI}
n=1

={ICN|3IneNVi>n:iel}
={ICN|I°FHBREL}.

LOflEBEIZELHEO LER, THEOEKE D UEZTARED. {A}ien ZEATK
YU, A=US, A 2B ac ATHU, NOBOIES I(a) %, A; B a 280 X5 0 E
BikbORAETS, Thbb,

I(a)={ieN|a€ A;}.
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HEoMlacA<iclla) THS.

={a|VneN,3i>n:aec A}
={a|VneN,3i>n:icI(a)}
= {a | I(a) REIES},

me-0(0)

n=1

:U{a|W2n:a€Ai}
n=1

={a|3neNVi>n:aec A}
={a|3neN,Vi>n:icl(a)}
= {a | I(a)* WHMES} .

2% 0, lim, 4, &, EEFEOES i T LTac A K825 5% azbDEAT,

lim, A, &, HREOES i 2RV CTac A, (DFED, AW a2BERVESBEE i H

BRMETHZ) 5 alzbDEEATHS.
RIEEE . 12(1),(2),(3)

Definition 1.5.12. X = {X)\}aca ZHRABE LT L. ADS Uyep Xo ~"OEHK f T
%OT, FED N e Al \.jﬁ‘b, f( ) € Xy, &b & D70 H DEIR%E {XA}AGA DA FE

(direct product) &\W> T,
[[x. 1]
AEA

HERT. OFD

H{(U>

UIZUIE, ERODITE f % (1x: A EA) EVWSRBTET. 22U ay = f(\) TH 5.
%7, AEA ZHU, m(f) = F\) THRSND G4

VAeA:f()\)eXA}.

TN HX—)X,\



1.5 HAHH 59

fe=f)

& (ABRAAD) RS &0
A={1,2,... 0} R A=NOEX [, Xa & [, X 2 [[2, X, L 5L

Remark . N KO ~DEHEPISHIZEEEHR EMEEHOEKRTH 5 -

HX,\#X,\

AEA
N N
A
(Ux) U
AEA AEA

Example 1.5.13. X, "2 TCHU X\, =X Th5 & &,
[]x =x*
AEA

Example 1.5.14. {X;};c 2HRAHE T 5. 72720 2] = {0,1} THD. FRHENHY %
HWTEH A SN 5 54

™ = (71'0,7'('1)2 H Xz E— XO X X1
1€[2]

[ (f(0), f(1))

EHESPITRBHTH D, UL [[_, Xi & Xo x X; 2 LIEUIER—#HT 2.
FARIC AL LT [Ty Xi & Xo X Xy X - X X, g 13572550, EMERISTRY %
THZR SND L HE
n—1

HXZ —— X0XX1><--~><Xn_1
=0

o (f(0),f(1),..., f(n—1))

WD, VEUVIEE—HT 52 22H 5.
mh, Xog = - = X, 1 ThHBHELEE, ZOH—MHIT Ex. 1445 TH X7
(evp,...,evp_1): Xl s Xz flize & 7.
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Definition 1.5.15. X = {X)}ren ZHERE T D, EHRH A x Jyop Xn DO ERE
[Thea X2 ZEATTED, {Xa}rea DEF (direct sum) % 7z 13FE5 A (disjoint union) &

W,
DFD

[T X ={(\z) [ AeAnze Xy}

AEA
= J (A x X)) cAx [ X
AEA AEA

Example 1.5.16. £57% {X;}ic(o,1) KN U, G&

T H Xi—>UX7;:X0UX1
1€{0,1} 1€0,1
Zr(i,r) =x CEDDEL 1l ZIE2HTH5.
oI, XoNX =0 ThhiEr EZ2HEHNTHS. Z0eE, LIFLIK, XgUX; %
Xol Xy e#%, 7112k ) (e X & Xo LX) 2FHT 5. (FBIE 20 BH)

Example 1.5.17. X, =[0,2],X; =[1,3| Th s & &,

[T xx={2) | rxe{0,1}rzeX,}

ae{0,1}

={(\z)| A=0Anz€]0,2)V(A=1Az€]L,3])}
= ({0} x [0,2]) U ({1} x [1,3]) € {0,1} x [0, 3].

s . 29
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1.6 FEERAR®

BEZMBEDT, ZV—TR3 TV T RHEETHROENSBRUATHAS. HU
il Tch s \WS TBR] TINLV=T D3 T2DTHEN, EE2EBLALTIV—T0F
TES (KFOAUYN=LWITNDRDIN—=TIZA->THY, BRIV —-TEZD S
BN, DEDEDAUN=EEE0EDDTIN—TIZADS) 120320 TBR] 128D
EOREMEDPNDDHN, LWVWSDEMREL-ODFEEREGRE KIENEBEBRTH 5.

FITN—TRIFe S 0EEHbALERELL L.

Definition 1.6.1. X 2842 9%. X OMAELEDOEP (§4bb P C P(X)) FiX
DEME AT L E X O] (partition) THDH E WD ¢

1.0 ¢P.

2. Upep A=X.
3. (TP A BeP, A4 BIzxL, ANB =0.

EH2A0, FM21, EDAUN=EWVTNDRDITINV—TIZALENWIZETHD, &t
SIFBRZRLZIN—=TREROLLBRNENWS L THDL. M 11E, AV N=—DWERWT I —
Tz nws Z e,

Example 1.6.2. 1. £4 3] ={0,1,2} o4#ENIZ
e {{0,1,2}}
o {{0},{1,2}}
o {{1},{0,2}}
o {{2},{0,1}}
o {{0},{1},{2}}
D 5 D.
2. 4 2] = {0,1} o4&k
o {{0,1}}
o {{0},{1}}
D 2.
3. A (1] = {0} osrENK
. ({01}

D 12717,

Remark . ZZHRE ) OREZZEZTHALD. P0) = {0} 7206, P(0) DESEEIT O, {0}
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Bl1E £E

D22, Pe{d Thsrrs {0} FEELEOHETIEAR. —FH, ) C P0) i22\WTIE,
0Z0, Usep A=0TH5%. 72, Ach 2725 AFBRVOTHEDEKM 3 B I-T
W5, Tbb X0 DNETHS. Lo TEELEDDENL 1 D.

Example 1.6.3. 1. Co={neZ|ndM8}, C, = {neZ|nda} tBIIE
{Co,C1} IZZ DR E%EE5Z 5.
2. Cr = {n cZ | n 7“<_‘C 3 ’C“%U’)f:?)i D7b§7“} KEBU'Ci {00,01,02} X Z 0)53\%”7:‘3
5Z25.

Definition 1.6.4. & X EOBURMIRD 3 DD SAf:

1. (KB, reflexive law ) = ~ z,
2. (R#E, symmetric law ) v~y =y~ x,

3. (MERAL, transitivelaw ) z~y»Dy~2z=x~2

Ziifi7z9 & &, Bk ~ 138EE X LORMERIFR (equivalence relation) TH 2 &\ 9.

exercise 22. 1. Z1ZBIT58FE~ %z ~ v f,y WEBSHAH] ITXDED
5. Z OB ~ IZ G, NFRE, HERR AR AT
2. MOEMITZEL < RW, EZHR?
X 28G5 L, X LOBBKR ~ PAMFREHEBELZALZTETE. 2D E ~
IRAEL AL URAMEERTH L. FEE, v e X &35, WMELD 2~y
Bolly~o THDE. LoTHRBELD 2~ 275,

Definition 1.6.5. FAff ~ 284 X LOFRERKL TS X DEFEae X ITHL,a &
AR EEZRARDRT X OMSES

Co={reX|x~a}

% a OFEH (equivalence class) &\ 5. a DFEMEFEZ [a], a FLHEL Z & HL\.
reC, 202k d5Zt%, x%& C, DIRFEIT (representative) L LTE DLW,

Lemma 1.6.6. [FEMEEIZIROME %2 D:

1. a € Cy,
2. IRIEIFMH
(i) a ~D.
(il) Cy = Ch.
(i) Cy N Cy # 0.
3. RILIAIfE
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(i) a £ b.
(i) Cy # Cy.
(iii) C, N Cy = 0.

Proof. 1. KLY a~a PR aeC,.

2. ()=(i). a~b&¥$3 2€ClTdla~a®XAWBHEEID 2 ~bERD
x€Cy OB C, CCp. NIMELD b~a 26 Oy C C.
(ii)=(ii) C, =Cp T5. 2O EacC,=C,NC, WX C,NCy # 0.
(ii)=(1) CaNCr # D £T 5. ccCunNC 2VEDED. cnadDe~bPR
WHMEEHEBALD a ~b.

3.2X0HE S

0O

Corollary 1.6.7. FMEMHOEARDZITHEE {Cy |ac X} B X ODREZ2HX 5. 2O
)% FERBIFR ~ 12 & B X ORI (classification) &\ 5.

Proof. Lem. 1.6.6 £ 0,0 € Co WA, Co #0DTHYH X = J,ex{a} CUpex Ca C X.
$7, 0y £ Cy 75 CyNCy = 0. 0

FERfR 2 5 A5 Z L e RE 2525 L dRUTH 5.
Proposition 1.6.8. 1. P% X On#Eles5. Bff~p &
r~py<s JAeP iz, ye A

WZEDREDD L, ~p IXEMERRTH D, ZORMERRIZ X 28I P TH 5.
2. ~% X FOMAERBEL, P={C,|ac X} % ~IZkBHHNETE. ZDOPHh
5 LIZKDEELAMEREFR ~p 1~ ThH 5.

exercise 23. {FHHE L.
Definition 1.6.9. X 2%£8&, ~ 2 X LORERKE T 5.

1. AEEOEKR {Cylae X} & X/ ~ EE, FAMMEBK ~I2L2 X OFES
(quotient set) &\\5.
2.a€ X % C, € X/~ 125D EH

X—— X/~
) W
a—C,

ZHRBER H50VIIHEE, HREBHE L WD,
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3. A C X PR FER (complete system of representatives) Td 5
< AEGHR PGB DGR

A= X - X/~

AN
SV NI, ADPEEREBERTHE L ITRD 2O O LD NS T L.
eVre X, dae A:x ~a.
o Va,be A(a#b):ab.
Thbb, X DEDITE ADTOWTNrLFEMTH Y, £z, A O LIZFEE
TR\,

Remark . 55 A, ZERBRIFRIZ—RZIZEZ 52D TIEARW.
exercise 24. HARLHY X — X/~ FL2HTH D Z L 2RE.

Example 1.6.10. £46 X IZBIF2F LV EWVWSEF = (X x X OEaEESE LTkt
MRRES Ax) FXFRMERERTHS. € X OFRMEHEIZ {2} TH Y, FES X/= FHARIZ
X tR—fEns. (BHEIZS A, X/=C P(X) & singleton map s: X — P(X) D
BThh, sHEHRHF X - X/=%525.)

Example 1.6.11. £& X CBI58F ~ %2, TED 2,y e X XLz ~y TEDD
(X x X OWMAEEL LT X x X) &, pES5CAMEREGTH O, FMEHEIX X OA
T, FEAIE ] HOBDERAEE X/ ~v= (X} THB.

Example 1.6.12. ne N &9 5. 2,y € ZIZXL, x Ny(ﬁn](x—y) LEDDE, ~ I
FfERARTH 5. FEEX,

L.z—xz=01FnDfEBTHE5DTx~ .

2. x~y THDBIETEHE 2 —yldnDERTHELS, y—2=—(r—y) HBEST
b5, FoTyr~u.

. T~y DY~z THBLTEH. ZDEx—y, y—2zEnDEHTHS. LoT
r—z=(x—-y)+y—2) bndDEHTHS. DXz~ 2.

728 5 Z O FMER R % i
r=y (modn)
r=y (n)

FeHEEZ, 2 & yldnkiEE UTAHF (congruent modulo n) TH5 &\,
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Z DOEMERAGRIC K B RME %2 n 2k & % &K (congruence class) & % W IXFIRIE
(residue class) &\ 5. x € Z ORIl %

x mod n T + nZ

HrEIZEHEH .
72, ZOMRMMEERIZ X 5REEA %

Z]n Z/nZ
Fr#<.
Example 1.6.13. £4 NU{0} 2 N £ &L, ({tof—FizZ 5H LS b TlEARW.)

%QNZKBHé%%NQ(mmAwp@§y+q:m+paiDﬁ@étﬁ@%%?%
5. HEE,

Ll4+m=m+17Z55 (I,m)~ (I,m).

2. (I,m)~(p,q) & l+qg=m+pesp+m=q+1l& (p,q) ~ (I,m).

3. (I,m) ~ (p,q) 2 (p,q) ~ (s,t) &I DL, l+qg=m+pPDp+t=q+s7Zh
S l+t+p+g=m+s+p+qgPAXl+t=m+s &R0 (I,m) ~ (s,t).

Example 1.6.14. £ Z xNIZB 585~ % (I,m) ~ (p,q) f}flq =mplZ X DED
%L EfERRTH 5. FHE,

L.Im=ml7Z»5 (I,m) ~ (I,m).

2. (I,m) ~ (p,q) & lg=mp & pm =ql < (p,q) ~ (I,m).

3. (I,m) ~ (p,q) 2 (p,q) ~ (s,t) T D&, lg=mp PDpt=qs TH5. p=0
DeEFE, (A07EPS)I=s=0,20, lt=0=ms DX (I,m) ~ (s,1).
p#0DEZIL, ltpg=mspg DA It =ms &2 (I,m) ~ (s,t).

Example 1.6.15. RIZBWT, = ~ yor—ye ZIZEVER~ZEDD L, ZHIEF
EEARTH 5. ZOFRMERIRIZ L BPEGE R/Z £EL<.

MIEEEE . 33

T E2EAEL LTEL A5 DI (A2REIL] THELEWHIHEBRTHAS. 21
WEIRD LS IzENLTE 5.

Proposition 1.6.16. X, Y 284, [: X Y 2E5H LT 5.

L X EBUBMR~ &2~ ye fo) = fy) KEDEDD L, TRBRERKT
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H5.

2. m: X -5 X/~ 2 ZOBRIZLIHGEAENDARGHY, I 0bbre X 12,z %
BUEMEHE C, € X/~ 2NIBIE 25 HLTE. ZOLE B f: X/~ YV W
FAELT, f=fom &RINS:

ZOEMK fE FIZEYFEINDEH (induced map) £\ 5. (Prop. 1.6.22
ZH.)

Rz, ik b g

f: X/~ —=Imf
NZH6N5
Proof. 1. (1) f(x)=f(z) PR x ~ .
(i) f(z) = fy) &5 fly) = fl=).
(iil) f(x) = f(y) 22 f(y) = f(2) 85 f(x) = f(2).

flx)=fly) TH226, f(z) X C, DREXTDOL Y [IZkST, ZOERIFEK
2HD0. (Z0&H5%2ELIXLIE If 1% well-defined THB] 5. )
HESPZ f=fornThd (form(x)= f(Cy) = f(z)) .

F72 f(Cy) = f(C)) T2, f()=fly) ZRSx~y DR Cp=C,. THRD
B IR

0
exercise 25. ZOFMEMARIZE S v € X OFRMEHEIZ f~1(f(z)) TH 5.

Example 1.6.17. ne N&95. B r:Z — [n]={0,1,...,n—1} Z 2 € Z1ZHL
xZn THSLRY ZHNIESEDEHET L. I0bb, r(z) € [n] X

r=nqg+r(z), gqrx) ez 0<r(x)<n

KD EXEZHEDTHD. RY DI E%ZFIR (remainder) &\ 5.
HEoOMZx=y (modn) < r(x)=r(y) TH5H, 250 n ik LTHMAEZWVS H
Rl n TEHSZZRODPFELCE WS BEFKETHS.
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WEGHBE r DEK [n] = Z 5 [n] ZESEHRZOTr Z32HTHE. LoT
T:Z/n — [n] ZRBEHTHS. £72{0,...,n—1} CZ ZEMAIZETEIHER2NREKRKRT
bH5.

W/T\T ]
Z/n :

Example 1.6.18. 5% d: N2 - Z % d(l,m) = -m 2L W EH 3. 772U N = NU{0}
Th5.
d(l,m)=d(p,q) ©l—-m=p—q&l+q=m+p TH5h» 5, Ex. 1.6.13 O[FRMEELHR
~1E (I,m) ~ (p,q) & d(l,m) =d(p,q) ZH7=F, DF D, ZHPFEL L VWS BEFETH 5.
HESNIZAdIEFTHEN S, d: N2/~ - Z I32HFTHD. iz 2REREL
T (Nx{0}) U ({0} x N) = (N x {0}) U{(0,0)} U ({0} x N) Ai&115.

Example 1.6.19. 5% p: Zx N — Q % p(l,m) = L TED 3.
p(l,m) = p(p,q) & L = Pelg=mp THLM5, BEx. 1.6.14 D FERLR ~ 1%
(I,m) ~ (p,q) < p(l,m) = p(p,q) #7279, D2L0, BEAEL L WVWIBERTH 2.
BESMC p BRI THBHS, pi (ZxN) [~ — Q REWHTH .

Example 1.6.20. p: R = S1 = {2 € C | |z| =1} & p(0) = 2™ TED 3.

p(0) = p(1) & 20 = 27T & 20T = 1 o -7 Z TH5H5 Ex. 1.6.15 D
FMEREER ~ 1E 0 ~ 7 < p(0) = p(T) ZA7=T. pldEHTHZH 5, p: R/Z — ST iF4
HRTH 5.

Example 1.6.21. X|Y 284, ~, 22Tt X, Y LORERER, p: X - X/ ~,
Y Y/~ ETNTNERAERE LTS,

EBEX XY IZBT2Hf~ % (z,y) ~ (2,y) f(a:wx)/\(yzy’)czik)i&bé.
Efpxqg: X XY = X/~ xY/x=%2E25L,

(px q)(z,y) = (pxq)(a,y)

THEPS ~ RAMBFTH Y (553 AEEMIDTE XV | (v,y) € X x Y OFIE
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HE Oy xCy THD. pxqZEHTHEN S, REY

pxq: (X XY) /== (X/~)x(Y/=)

%25, bbAA, BEMIZEFIE pxqC, x C)) = (Cp,Cy) TH Y, HFEHIE
(Cy,Cy) = Cp x Cy THZ SN,

U7V —=TDAYN=DERUMEEZFF> TV, OV —TIxZDWHE 2K -
TWbHEWoTIWTHAD. MOMmEIFZINEZEANMELZ2DTHD. NE, ifHHE
iZ Prop. 1.6.16.2 £ IZIZE L TH 5.

Proposition 1.6.22. X 284, ~ %2 X EORMEREFKE L, m: X —» X/~ % Z DR
X BHEANDARBE, Thbbre X 12, 2 23CAMEEC, € X/~ 26X

HBEHL TS,
FiX oY 256235, WEAMTH 5.

L.z ~a' = f(x) = f(o).
2. f=fom &RBEIREL f: X/~ =Y BT 3.

x—1 oy

Wl T

X/~

TSI, ZDEINEL fI3—HEWNTHD. ZOFH %2 fIZLoFEINLEH
(induced map) &\5.
BRIz ETIE £(Cy) = f(x) TH 5.

Proof. 1 = 2 ®FEMIX Prop. 1.6.16 XAU. 2= 1%25R%>. f=fon ThHsLT5.
x~z & TBE w(r)=n(r) THBIENL,

f(x) = (Fom)(z) = f(n(x)) = f(r(z")) = (fom)(a') = f(a').
TIREHBEDOTIDE>RER fIZ—-BHTH 5. O

Corollary 1.6.23. XY 284, ~, ~ 22N *n X, Y LORMERER, p: X — X/~,
Y =Y/ R TN ETNHRGHNE LT 5.
[ X =Y 25835 IZFAMTHS.

1. z~a' = f(z) = f(2).
2. qof=fopRBEIBREM f: X/~ =Y/~ PFET 5.
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X—f>Y
» lq
X/~ 3f>Y/%

IO fIEf(Cy)=Cray &V EZEND.
Proof. qo f: X — Y/~ IZ Prop. 1.6.22 22 XX\, O

Example 1.6.24. BEOME +: ZXZ — Z, (I,m) =~ l+m 2% A2 5. | =1 (mod n)
2O m=m' (mod n) THNIXI+m=1U+m' (modn) THZ0»6, MEITEH

Z/nxZL/n —— Z/n
W W
im) — > T+m

ZEDD. BIDUTEIZFETE, MOKAD TOITOHRRPIDEHRTHS. 72720, ~
%8

(I,m) ~ (I',;m") c<1:>fl =/ (modn)»2m=m' (modn)

& b E A EMEBGR, FOTOLEMO 2 EEE Prop. 1.6.21 OEBE OWEHKTH Y,
TOFOEMODEMIL Cor. 1.6.23 THEZONBEMHTHS :

Ix7—F o7

]

LZin x Zjn ——_>= (L x L)] ~ ——ZL/n.

HilEZDEHES + 2o TRT. $4bb [ +m:=1+m.
FIRRICEBORIEZ X Z — 7, (I,m) = Im b [-m:=Im XD Z/n IZRERZED .
Z/n O Z DML & FeiklE, BEROME, ®EL KRS A, T, 2asE)
ZAIZL, ZNITED Z/n FATHERE 72 5.

(2015 FEEIZ/NA)

Example 1.6.25. #$4 [2] = {0,1} X Z/2 L ARICE S n5. Zhic kb [2] ik, Rk
NWEED. A I A (1+1=0) , BEPIT2HFBIIMEHE (0-1=0) FLW-7EH/T
H5.

p+q pb-q
P\ |0 1 p\g |0 1
0 0 1 0 0

1 |1 O 1 10 1
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T b LI

p-gq=pAgq
Thsb. £7-
p+q=-(p<+q)
=-(p—qANqg—Dp)
=((@PA-q)V(gA-p)
Ths.

X 2H8E6295. HREBOR, M, $74bb5

(a-b)(z) = a(z) - b(z)
(a +0)(z) = a(z) + b(x)

IC& D 2% RICHE, FHIDNEE B, X OAES A BIZHLU

XAXB = XAnB

XA+ XB = X(AnBe)U(BnAc) = XA®B

TH5. [2] D, &> T 2% OF, A AH, FEMW, DI TH O INES L OREOHEAILEZS DD
THEEDILET S N LML @ LA, FEM, RN TH L BAICEE D, (Z % Z/2 DIE,
TIEV A FEEI, DT D INEB K OREOHN TEE DI L 2HENDD I, NE @I
HNLUINSZEEZENPDDLZLDEL SBRHEERE VWD LERFIED LS BRLAIET TN

Example 1.6.26. N?> EO#H ©: N2 x N2 —» N2, (I,m) © (p,q) = (I + ¢,m +p) I
Ex. 1.6.13 ORfERFRIZ & 2 A EOEA N2/~ xN2 /v 5 N2/~ 2ED .

exercise 26. FDJHHE © ELLZLIZT 5. d% Ex. 1.6.18 DEHH L TL L X,
d(dNz)od \(y)) &k X.

N2/ xN? /o — 2o N2/
dxd | %ld
AR - 7.

FIRELE . 41(1)(2), 42(2)(3)(4), 43(1)(2)(3)
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1.7 BFRA®

Definition 1.7.1. & X I8 J58F < BVIROFMGE AT &, ZOBKRZIEY
(order) & % \WEHNEFE (partial order) &\ 5.

1. (B, reflexive law ) =z <z
2. (MFME, antisymmetric law ) z <y P2 y<zRoIE, 2=y
3. (MERAE, transitive law ) z<y»2Dy<zholf, 2 <z

BE X IIBIBIEE <PIHILRbALT L E, ZOJEF % 2IET (total order) & 2
WIEAREEST (linear order) &\ 5.

4 FEOz,ye X 1T/, 2 <yhry<az Db s —ARBTHLT 5.

Definition 1.7.2. & X £ 20 LD < Oiffl (X, <) ZIHFHE S (ordered set)
5\ EENEP 4 (partially ordered set, poset) &\ 5.
RILOBZNI MV E EF < 2HBU THRIDEFHES X L HI D20,

Remark . lEFBGRZRTHEL LTHT < 25 WS DI TR,
Z0FE < E2HAVWAHE, LIEVIEM FOREIHVWLNS.

e <yDLEy>g EL.
e rx<ymDrAyDrE o<y F#EL.
e <yN&Ey>u EL.

exercise 27. t <y "Dy <z7Kol¥ < 2.
Definition 1.7.3. XY zZJEFEA, [: X - Y 2E5H LT 5.

I FRED z,2' e X TR U, 2 <2’ 0olE f(x) < f(a) &b &, f 2IEF%ZRD
B4 (order preserving map) £\ 5.

2. [ 2R DE/ f X, IHFZ2RD2EH g: Y - X T,go f=idx, fog=idy %
ATTEDPFIET D & &, HPRALES (order isomorphism) THD &S,

3. X oY NDIEFRBEGNFEET S L E, X LY BEFRETHS LW .

Remark . Efp 2O 2HES IZHT UBIEFRBLEMALTIZR W, Ex. 1.7.4 24,
exercise 28. X,Y ZEFEEG, f: X - Y 2282 T5. ZDL ERERE.

L fOEFRABERTH S ODBETDEFRMER, ERD 2’ e X IZH Lz <2’ &
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fl2) < f(a') 2B ThHA.
2. X BRMEFEST, f HIEF 2 RTIE, f RIEFRNEETH 5.

Example 1.7.4. X 28595, B =3 Z o0 EFHEFKETHS. X 2%k 2D
PAEEDIE, ZOlER E2NEFT Tldzan.
<% X LOEpEd5. HEoNITEEFGHRIA: (X,=) = (X, <) FIEFZHED.

Example 1.7.5. (X,<) zlHr%&L95. B < 2 2 < yer>y LD EDD &,
< BIEFERTHS. Tz < DI (dual) & 5\ id opposite & 5.
BEIEZOEFZ (< FIIflDT) > e&HL. <P eHIILHHD.
EFEA X ICAHET 2 Wi zHEFE G % XP LELILhRDH 5.

Example 1.7.6. (X, <) 2lHF%E4G, A C X 2#nHEGL 5. A LOBEK < %
a<bsa<h (Fillfabe At X DLEATOD) LEVEDD L, < BEUFHIET
H5. HEIZDIEFE (< FiXEHT) < eHFELRKIZZ Lo RITNE, HPEED
MNEEZIEFESGLEAD LI IOIEFZMHS.

X BelEpEETHNE, ZOEFIZLD Ab2EFEETHS. X BelEFpELST
mled, ZOERIZE D AV REFEGLRE2I LD 5.

Example 1.7.7. N X Z O¥@DNET (BOKXK/NER) E2EFTH 5.
Example 1.7.8. NiZ&8F2 m»n 2E 02 &5 BE min 1ZIEFTH 5.
exercise 29. Z (281} 5 86% m|n IXNEF 7

Example 1.7.9. X 2#&295%. P(X) LOWEBER AC BIRIEFTHS. FrizZ &
DoRITNEP(X) 2IEFEGLEZD L EXIDIEFZMHS .
X D% 2O EEDIX, P(X) O Z DJER E2IER TIER .

Example 1.7.10. (P,<) 2EF%4, X 2846895, PX O f,g 2R, f <
gé:)f‘v’m €EX:f(x)<gx) tEDBL, PX LOIEFTH 5.

exercise 30. ZN%ZR~E.

Example 1.7.11. [2] = {0,1} IZid Z D HEE L UTEE (0<1) 2PAS.
2X DIt a,b TR L, a < b(ﬁVm €X:a(x) <blx) LEDDLIHFTH 5.

Example 1.7.12. y: P(X) — 2% 1 LD Ex. 1.7.9, 1.7.11 OJEFIZBE L TlERF FAE
BTH5.
EBL,ACBCX ThdLd5. 2 cADEEIF, ACBTHE056, x € BLk
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D xp(x) =1 DA xalr) < xpx). g ADEEF xalz) =016, HE HNI
xa(z) < xp(x). o> TEED x € X (XU xa(z) < xp(x), $758b5 x4 < xp TH
5. LED-Tx(A) =xa < xB = X(B).

X DHEEHRE ©: 25X - P(X)2T5. pla) =a (1) THB. a<bec2¥ T3,
a(z) =1%5Eb(x) > alx) =125 bx) =1ThHb. £oTyla) =a (1) C
B1(1) = p(b)

Example 1.7.13. P,Q 2JEFpHEE5L T 5.

1. BEEPxQ LD (p,q) < (p’,q’)é?fp <pANq<q¢ TEFZ IEARIEFTHE. Z
N & ERET (product order) &\ 5.

2. B P xQ LD (p,q) < (p’,q’)c<1:e>fp <p'V(p=p Nq<{q) TEZE?BERITNET
THhbd. InzxFEHEAET (lexicographical order) &\ 5.
L4, ZNIE (2XFNSRDHELZITNE->T WD) BEHTHENIATY
LIHFETH 5.

BIZIXP=Q={a,bc}iTa<b<ciWEFEEzViizL &, {a,b,c}? [CERIERF%
W25 DERIR UNEWARS REWHAANRHINREZENTH L. 2O XS BHE N NY ¥
WS, Def. 1.7.16 2R K.) T5&

(c,a) (c,b) (c,c)

(b, a) (b, b) (b, c)

(a,a) — (a,b) —— (a, c)

2725, ZONERF TIEHIZIE (a,b) & (b, a) DN K/NEFRIEZEEN. — 7, BEEXNIER 2 W
NnN7=H ol

(c,a) (c,b) (c,c)

(b, a) (b, b) (b, c)

(a,a) — (a,b) — (a,c)

N A



At

74 o £

s
op

ERENEE & &EAEF L 3 DA EDIHFEAD T AL MRICH L T RAKICER S N
5. o, HEAEF BZ2EFESG I L THWS NG Z 2%\,

exercise 31. P,Q ZIHFHESGL L, Px Q LOERIET Z <104, fteHF 2 <o T
*7.

L. <prod & Ziex WIHFTH B Z & Z2RE.
2. MHEE A
id: (P X Q, Sprod) — (P X Q, Slem);

id: (P X Q; Slex) — (P X Q; Sprod)

SIER %2 PR D D> 9
3. PQWeHizelapEaThNL, <., DEEFTHB Z & E2RE.

Example 1.7.14. P ZJEF$H4 L 35, #4 PPIC BEx. 1.7.10 OliE/F %2, P? (ZERIE
FaEwh5g. B

e = (evg,evy): PP — - p?
W W
fr——(f(0), f(1))
FIEFRIMNERTH 5.
Definition 1.7.15. X ZJHF%E, a,be X LT 5.

1.
[a,b] ={r e X |a<x<b}

% a,b il & 9 SPHXIH (closed interval) &\ 5.

(a,b) :=={r e X |a<z<b}

% a,b i &3 2 HIXH (open interval) &\ 9.
3.a<b»D (a,b) =0 THsBLE, a% bDEH] (predecessor) DIG, b & a DEE

(successor) DILE D .

Z OHEHIKR [a,b) B VoA E LMD . EREDE LD THS .

Caution! . FIXME DS (a,b) FEMESG X x X Oz RIS L FE UKD THEEL L
BTH DM, WEXRNS &5 & ORI IFHIW k5.
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BAURD 2 D0 exercise Tk, 2 >b &b L5 e X DFEET LG5 DARETNIE
W, (BBAA, FITRHRVWHAEDZFZATHLWVWITNE.)

exercise 32. X ZJHFHES, a, b€ X, a<b & U, A=, ,a,z) £BL.

xr>b

1. AD[a,b] THB T & %R,
2. X DIEFALIEFTHNIE A= [a,b] TH B I & ERE.
3. A#[a,b] L BHIERIT &,

exercise 33. X ZHFES, a,be X,a<bl L, A=)
G ERS.

poplas ] EBLL KD 20D

(i) A=la,b].
(ii) Yy > b,z > b:z < y.

L. X B"RIEFEATHI L E, (1) & (i) FAMETH S Z L2 RE.
2. X QIEFELIENEFTHRNE &, ()=() EHY Zo9? MY oS5 L, Kb
VT2 IRV E G R 2T &
3%, X OIEFALRIEF CRWE £, (i)=1) BE D222 ROL2R S, iKY
TR WA E T &

Definition 1.7.16 (/»v ¥, Hasse diagram). AIRIHFES 2 KR 5 DIH ML
v ¥[¥ (Hasse diagram) Zf L TH L. (LFWA, ARFTHEIETEIT 5201300
BT DBVWEEIZBONDETHAI L, o L RTEKEZHGANNDS DB ILOENZ
NIFEL S IBEWGETHA S ITNE)

(X, <) 2E6REFEEGLTE. X OuzlEME L, z DEEZDILLY y THD L EIT x b
5y ~NKHlZEL, 2L, REFALREKREDATEIRZD>TE L. KAlZE &
TEMEZ 72D T, REIZHDTREVWTDH EIZHRD LS IZELZ B L.

HBAONEIEFEEGIIN L, Ny 2HA—@IZE T 20T TEAEWVWD, (ELIED
niz) Ny R SIHFREGREETT 5 2 LIRS,

BRI el 250 & 5.

1. ZELSIZAEEBRTIER 2 W76 D.
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P([1]) {0} P([2]) {0, 1}

/ \
0 {0} {1}

\@ s

P([3]) {0,1,2}

RN

{0,2} {0,1} {1,2}

Py

{0} {2} {1}

2. 2] ={0,1} i20< 1 WS JEFZ\\WN72E DDERICERIEY 2 VWit 0.

2] 1

27 Y
O / \
(1,0) (0,1)
\(0 i /

[2)° (1,1,1)
SN
(1,0,1) (1,1,0) (0,1,1)
> >
(1,0,0) (0,0,1) (0,1,0)
\\\\@imf///

3. W OO DHABMDESIZEH VEINE WS EFRZ VWi E D
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({12}, 1) 2 ({1,2,3,6}, ) /6\
2 3
N\

({1,2,3,5,6,10,15,30}, ) ({2,3,4,5,6},|)
4 6
2 3

4. BEAGHPOZEELEZRVEZEDICEEHBRTIHE ZWNZE D,
P\ {0} {0}
P([2]) \ {0} {0} —{0,1} =—A{1}
P(31) \ {0} {2}

/

{0,2} {1,2}
N\ =
{0,1,2}

{0} ———{0,1} {1}

Definition 1.7.17. X ZJHFHE, AC X 2#nEaL T 5.

1. me X 2 A®DES (upper bound) TH % C<1:>fVa€A:a§m.
2.1 X " ADTFH (lower bound) TH % C<1:>f‘v’a6 A:l<a.
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Caution! . EF, FHREE 1 DT WS DIFTIEARW.

3. AN ESRZEZE DL E AX EIZAS (bounded from above) TH D &\ 5.
ANFHRELEDEE A TICAS (bounded from below) TH 25 & W 5.
FIZHTIZHARTHS & EH (bounded) THDH WS,

EHZELD TAPER S I, meX VacA:l<a<m]| Bbhrsb.

Remark . |l e X W ADTRTHEHZI e XPPRADERTHAZLIEFEILDZ L
ThHb. IO, HFEZ2ZDORNTEENZTHESONS (DFOILRESDAEEET
HIZLTHEONS) MEZ2B 200D FE WS, FHRIFERD, EFUZTROIT
H5.

EREDOIEFEEITH LU THIT bMElE, (XP 2EFEZX5ZLT) AEFEZSOME ZHIZ
U@ d s 5. ZNZIEFITNT 5308 5 (duality principle) W5,

exercise 34. X ZIHFHEA, A BC X £95.

1. BWERT, AC Bioif, ABHER
2. X 2RHFHEG LTS, A, BRELLLERLSIE, AUB BES.
3. A, BEEIZERTH BN, AUBIXERERSINE S BRI HIIEET K.

Example 1.7.18. X # () ZJHrHEGLT5. TEDrze X F0C X O ERPDOFRT
5. EE Vach:a<z,Vach:2<ald¥H5H (FHEIMETHENS) B ILD.
ERIZXAPDEE, DC X IFERTHS.

Definition 1.7.19. X ZHFHES, AC X 2HnEGL T 5.

1. M € X 7 A DKt (maximum element) TH 5

o (i) MeA
def | (ii) MIZADERTHS. $hbbVacA:a< M

D& E M =maxa=maxa =max A FLEL.
acA A

2. m e X 7 A DB/ (minimum element) T#H 2

o (i) meA
def | (ii) mIFZADTHRTHS. §ubbVacA:m<a

TDHEE m:miga:mjna:minA%t%Q
ac

Remark . BRIt & B/NITIETEWIZNNTH 5.
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Proposition 1.7.20. A C X O&AIG (/) BFEETHIX—ENTH 5.
Proof. FEB%, My, My % 2 HIZ A DRAKILE T HEEHRL DIRDED LD,
(i1)
(iil) Yae A:a < M
(12) My e A
(ii2) Va € A:a < M,
(i1) & (ii2) £ 9 My < M. FEHZ My < My. & >CTIEFEOWE LD M, = M.
BN DOWTHRRIZUTRUTS F 0D, AOIEFRBE L O 0D, DF0, me X
MADTNTTHEZ L meXP R ADRRTLTHAILIFALI L THL I LI
ERTNERAICD L EDARLTEFE+HITHS. O

Example 1.7.21. N{Z m|n CTlHFZWN 5. minN =1 T» 5. —f, min(N\ {1})
ARV, EE, p e NARETHNIEL, mlp L7225 meNEFE1LpDATHS. &<
12,2,3e N\ {1} T UL, m|2 2D m|3 £72% m € N\ {1} IZF/EL .

Example 1.7.22. maxP(X) = X, min P(X) = 0.
exercise 35. ZNZMENPD K.

Example 1.7.23. [2] 20 <1 Klﬂﬁmﬁ}ff%b\m% 87 min{p7q} = pAq = pq.
max{p,q} =pVq.

exercise 36. ZNEMENID L.

exercise 37. X ZJHEFTHEE, a,b € X, a <b & T 5. max[a,b] = b, min[a,b] = a %
~H.

Example 1.7.24. Q IZHOKX/NEFBRTIEFT 2 VWivd. a,b € Q,a < b ¥ T 3. max(a,b),
min(a,b) 1F& HITHELEL R,

P ERED o € (a,) IKDWT, & RRNTETHAVI EBRUTDOE 312 LThh s,
ze(a,b)PRa<z<b c=2f2 B,

c—a= >0 r—c=x— = >0

Ehba<c<z. z2<bBDTc<b &oTce (a,b)PDc<z. £oTaxldihit
TIERW. RKRITITDWTH AR

exercise 38. W AIGIZDOWVWTRE.
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Definition 1.7.25. X ZJEFpHEE, AC X &5 5.

1. ADERLROERITHR/NCHFEET S E2N% A D ER (supremum) & KO

supa £7z1% sup A
acA

TKY. §7%bb ADLRekz
Usi={zeX|zid AD LS}

B &, supA=minUy.
2. A DFHREEKROESGITHRARITGVFIET S L EXTNE A D FR (infimum) & KK

infa £$B7-1% infA
acA

TRY. Thbb ADTFHREAKE
Ly={zeX|zd ADTHR}
B &, inf A=maxLy4.

Remark . EBR, FRIFAEWIZHNTHS. /-, ER, TR HIZHEETIIE-ENT
»H5.

Example 1.7.26. X ZJEF#EEL T 5. min X BEFEAETNIE supd) = min X TH 5.
max X WFEETNIX inf() = max X TH 5.

FEEE, min X 2 max X BEFEETNIE X 0 TH20o 0 Cc X FERTHY, Uy =
Lo=X 275

Proposition 1.7.27. max A 2’FE 3 NIE sup A = max A.

Proof. M =maxA &9%. ADEREHRDLRTESLEE Uy &H<.
BARICDES (i) £ MIFADERTHS, $hbb M e Ujy.
FRAILDER 1) KO M e A HoT, ADIERED ER- m e U T L M < m.
EoTM=minUy, 7805 ADLRTH5. O

Proposition 1.7.28. X 2 2HFH4G, AC X LT 5.

R (i) VaeA:a<s,
s =su
P (i) VeeX:(z<s—JacA:z<a).

Caution! . ZORHED T IZRMEFEE TRITIIEBRITIFIEL < .
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Proof. &t (1) s M ADERTHB I LZ2 VLTS,
— i EZZ DM () & Te N ADERBSI s <z) LIFEME.
Tabb (1)) 13 s 2 A O LROBNITHE Z LR N >T NS, 0

exercise 39. 1. LOEHOEZT X BEHFEEGTH DI L2 HNVT WS N?
2. ~fRDIERRESE T Prop. 1.7.28 ® = ZE DDA D 07 KD D74 & IR
U, B0 37272\ e S IE R % 250 &
3*. —MRDIEFES T Prop. 1.7.28 D < XKD L2725 5 07 K027 5 ILXGEH
U, B D L7270 070 S IX R 2 280 &

Example 1.7.29. Q 2O K/NEABRTHEFZ VNS, ab € Q, a < b &T 5.
sup(a,b) = b, inf(a,b) =a TH 5.

Proof. b =sup(a,b) TH5 I &%, Prop. 1.7.28 Zflio TRZS.

z € (a,b) 256 a<x<bTH2H5 b (a,b) DERTHZ. T7ubbblE
Prop. 1.7.28 D&M (1) Z A7 9.

GfE (i) ZAXRES. e <b&db d=max{a,c} B &, d<b &oT
y=0b+d)/2ecQeBLlLd<y<bliAd. a<dliFEETdLa<y<b T4bbH
y € (a,b) THBD. $72¢c<dTHdM5 c<y. EoTHRM (i) EXDI>TWD. fiE-o
T b =sup(a,b).

inf(a,b) = a B [FAKE. O

exercise 40. FRD /%R

Example 1.7.30. AC P(X) (ZxtU, supA = Jyeg A, inf A=y, ATHS. 7z
ZU,A=0DEEF Ny A=X EHHRT S, (§1.5 D Remark 2i.)

Proof. FEROFZRED. AALDDELEEER5.

BcXﬁi‘A@F%CﬁVAeA:BcA

«BcC ()4
AcA

THEM5 Npea A X ADTHROBATT, $74205 inf A THS.
A=0D&EF maxP(X) =X THS5H 6 inf () = maxP(X) = X P Z KL, O

exercise 41. FPED G %2 RHE.

Definition 1.7.31. X ZJHFHES, AC X 2#nEaL 7T 5.
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1. M € X 7 A DfKIG (maximal element) TH 5

{(i) M € A,
&
def | (ii) Vae€e A: M £ a.

DEOD, MMPADTTHY, DO M EOREIVWITCIFADHFIZHAVWEZIZM A
DIFRTTH 5.
2. me X » A DWUNTG (minimal element) TH %

o (i) me A,

def | (ii) Va € A:a £ m.
DED mMMBADITLTHY, 2Om EV/NIVILIFE ADHFIZRVEEZIImITA
DINTTTH 5.

Proposition 1.7.32. &AIGIIMKITLTH D, T/NTid/NocTHh 5.
Proof. a < M = M £ a. O

Proposition 1.7.33. 2JHF Mo EES TIEMATIIERITTTH O, MU/NTIEE/NTCT
»H5.

Proof. Z2IEFEEGTIEM £ a= M > a. O

Example 1.7.34. —#&IZI3ERIT, MUNTIE—E TRV, NIZmn THEFZ W5,
n €N\ {1} PWH/NTHEZ Ll n BERTHDZ LIXFAMETH 5.

Definition 1.7.35. —RDIEFEASIITH U TER TS Z 2 E D HRWAH, EFR, TREN
FAET 28546 MR, THREZEHTES. X 2HFES, o: N— X 254235, (Z
hae X OEFlens.) BHIOLE LFEE, Hila(n) € X % a, L EFE, 5% {a, fnen,
{an} FEET.

1. 5% {a,} % a, := sup{a;|i >n} € X TEDS. X OHNES {a, |ne N} ©
TERZ 55 {a,} © EMEZ W, limsupa, $% Wi lima, £ EL. T2b5

lim sup a,, = inf{@, } = inf {sup{a;|i > n} | n € N}.

2. 54 {a,} % q, = inf{a;|i > n} TEDZ. X DHEDHEE {a, | n e N} DLERE%
RO {a,} O TR E W liminf a, »5WiE lima, £EHL. T2b5

liminf a,, = sup{a,, } = sup {inf{a;|i > n} | n € N}.
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Example 1.7.36. P(X) 8l {Ay }nen AL, &2 CEEL 7~ LR, FHE Y
Def. 1.5.9 TEELZZLDIXRELUTH 5.

exercise 42. XY ZJHFHEA, [ X =Y 2P 2R OEH, AC X £T5.

L. me X WADLEFRTHNL f(m) 1 f(A) DLERTHS.

2. m=max A 7251 f(m) = max f(A).

3. EBRIZDOWTHBEARZIENEZAEZH? XY, fIZHESIZEME2DITBLMANE X
57

4. m B A DEATETH BB, f(m) i F(A) DRATE X 1278 520 & 5 2l % 215 &,

exercise 43. X %4, P 2HF£4, PX & HEBOHE (Ex. 1.7.10) 2\Wh3.
FcCcPXrd3.

. max F WFEAET 295, ZOLEEED 2z € X IZHL, (max F)(x) =
max {f(z) | fe F} Th5.

2. TED z € X IZHL, max{f(x) | fEF} PFHETHLTE. ZDLE max F I
FIES 27

3.supF DFEET 2T 5. ZOLEMLEED 2z € X ITXHL, (supF)(x) =
sup{f(z) | fe F} TH5%.

4. TED z € X 1T U, sup{f(z) | fE F} BEMHETDLL, fs € PX % fi(z) =
sup{f(z) | fEF}IZLVEDD. ZDLE fy=supF TH5.
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1.8 RE

O TRECDEEZDHOND. BELVWIDIEIPBEISIFIZEXITESDTDOMEE
DZLTHb. HRETIIARELGZDON, TORERELSEZDHDON .

ZOMITIEIFEEHREARNU{0} 2 N TERT. (UMNICEERLED, 2 OflE I3
K725 D TIEAR.)

EHEX DS Y ANEHEENFEETIEEIZ X LY BESELwoT X 2Y BV
(Def. 1.4.15) . ZOXNZEL\W>5” BR” XEEHREZ AT

Theorem 1.8.1. X\Y, Z 2846523 5.

1. X = X.
2. X=2Y=Y=X.
3. X2YANY=2/Z=X22.

Proof. 1. MEEGHIE 2L
2. BHREOYGHE RHL.
3. BHSH DG TR EG.

1.8.1 BEEMIENE & ZEHIERF

B CIRARES & 13D, BREADOTLOMEB L I3Mr%2iwd 5. TITHERSE LD
M- D AN R A B HEMICB T 25ERIE, (MZARICEE 2 200 % E-oE D IERVWE,
X > TVWEDNREILSDNRERBDVBETHS.

2 BHAZDTHRE (20 2HW5. 22T, Z4DHiEL T2 DITERBOME
B, R BUAIIRNE, TRbbIRO N TH 5.

Axiom 1.8.2 (Peano). 4 N ZIROMHE % A7z T .

1. 0 e N.
2. MD%&M % AT B suc: N = N DBFEET 5.
(i) 0 ¢ Imsuc.
(i) suc I H 5.
(iii) NCN20€ N 2D suc(N) C N #A7=1E, N =N.

Remark . n € NiZX U, suc(n) & n+1 &5 <.



1.8 RE

Wi, ZDRIE AT EEDFMLEZIE, HEVIFHND (KD EHAKHEEZSNS) A
Hobe, ZORMHEALZTESDFELZITHL, TD XS5 aEA%2 N &L ARED
MHEEFZETIORM»SEHLS Z e k5. 2(iil) 2B ENFMEDORELE WS .

Theorem 1.8.3 (¥ZEMIRINIE). P(n) 2 N OB T2 bEEE L, MABK DD &
T 5.

1. P(0) I3
2. P(n) REA5I1E P(n+1) B,

ZDLE MFEDOneNIZXHL, P(n) I3ETH 3.
Proof. P(n) B"E 75 k5% ne N2kE N £95.
N={neN|Pn)}

FMH1ED0eNTHS. £725MF 21, ne NsosiEsuc(n) € N, 2% b suc(N) C N

ThdEWVS L. ko THHENRMEDO ALY N =N. O
(2015 fEZIZNR)  BHlOWERIZ L2 EEEZBVWEZS . 21,
{%:O (1.1)
ane1=n+1+an
EWVnob D, BHAAZNIFMHRGRT
%—”m;” (1.2)

THdDZehbhrsd. 22T, GBOHISHTEDIER) BHI AL -2 RVWHT L, B
a: N>R

DZETHo7z. X (1.2) IV ZDEENPEEZDIFIVA, X (1.1) TZOESEPEED L\
TEVDTHA 0. INEMEIET 2OWROEHTH 5. FEHITEZNIRMEZ > Thahd
DWEWT D, (DUREVES D (1], 1] F22RE L)

Theorem 1.8.4 (GEDRMNERE). X 2EA, 20€ X 2L, g: Nx X - X 2527 5.
D E REAZTELR f: N X BEOEO2EHETS.

{f(o) = o
f(n+1) =g(n, f(n))

O

BB EROBITIE, g(n,z) =n+1+2 TEXSG4 g: NxR = R IZZOEH % H#A
ThE, (1) I BSla: N RPELEEZ D15,



86

Bl1E £E

Lemma 1.8.5. AC [n| 25, 5 me N, m <n BFEL, A & [m] ZIEFHEILT
Ho: A=|m]. TIT, [m],[n] ITIFEDOK/NERTIEF 2 Wi, AIZIX [n] 25 ASIEF
EANDS.

Proof. n (BT 2IHAE n=0D& XX 0] =075 A=0=[0] TO.K.

nTCTHIT2ELTC, AC[n+1]={0,...,n} =n]Uu{n} DLEE2EZ5. ngd A
DEEIFAC [n] BOTHRMEDIREELD OK.n € ADEEIF A\ {n} C [n] =
Mo, RNEDORE LD, DD m e N,m < n BEALELUTIERFERE f: A\ {n} —
m] = {0,1,...,m — 1} PFETE. m < nBDODTm+1<n+1Thb. EH
frA—=m+1=[mlu{m} %

= 2

TEDDHE SN fIXEFREMTH 5. O
Corollary 1.8.6. n € N2 5. {FED ) # A C [n] IZX L, min A B FET 5.

Proof. 0 #ACnl & 9%. 5 m<n PR g: [m] - ADPFETD. A#ADD
A m>07TO0=min[m|. HZ 55T g(0) = min A. O

Definition 1.8.7. JHF%£A (X, <) DIEEOZETHRWHAEAV R/ LEEDEE, T
DIEF < ZEFET (well-order) & W\, (X, <) Z8INES (well-ordered set) &5,

ETRZESIC, EBDO n e NIZHLU, n] ZEIEATHS. SS5ITRBDLNS.
Theorem 1.8.8. N 23D KX/NBERTIEE 2 Wiz d DIZEINELSTH .

Proof. ACN,A#0235. ncA%20,2t5. A,:={acA|a<n}=AN[n+1]
LB A, Cln+ 1] THY, ne A, BOT A, £ 0. £-T Cor. 186 &0 A, 121
B/NTEFIET S, m:=mind, 2B m=minA TH5b. £, mec A, CADX
meA acALT5. a<nThE, ac A, 225 a>minA, =m. a>nThHi
X, ne A, ITHERTSIE, a>n>minAd, =mWPRa>m. O

Proposition 1.8.9. #Jl|ET 3 2HY TH 5.

Proof. (X,<) 2%H|HHLT5. 2,y X £T5 & min{z,y} PFEETS. min{z,y} =
xDEEF <y min{r,yl=yDeEFy<zThHb. O

Proposition 1.8.10. #F[E 575 OV 2D, Thbb, X MEIIESL,
F X Y BesThhld, 54 s: Y - X T fos—idy 755 DWEET 3.
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LT, EED n e NIZXL, [n] 75 ORI % & 5.

Proof. Y # ) O&&%2FEZNELI V. GH s: Y - X % s(y) = min f~(y) TED
5. (fHPERBOTEEDy e Y IIR/L fli(y) #0 THO, X BWEIELZLS
min [~ (y) BFET 2. ) s(y) € f1(y) "D T fos=idy. O

1.8.2 ARESE
INEFTIZEEREGLEWVWIEEZ IO BRI TEN, ZZTERLERNA
WE %252 THL.

Definition 1.8.11. #£& X 2VA RS (finite set) TH 5
S, HHIFEER n e NDFELT, X iE[n] LXETH 5.
772U nj={meN|m<n}={0,1,...,n—1} THH, (0] =0 TH 5.

Remark . HRESGDEZEDHFITIZVA WA RIFELEH L. HEWUREDE & TIEWT
NEHEAMETHD. ZZTRREZERIIRDDLLDPTVEDLZLES D, —FFEHER & \»
DI TR,

Lem. 1.8.5 X DIk r5.
Corollary 1.8.12. HREADHATEGITAEREGTDH 5.

Proof. X 2 GMRES, ACX 235, EELVHD neNEL2HS f: X — [n] BFE
T5. [0 A~DHEIZED A~ f(A)C [n] ThB. 55 m e NIEEL f(A) = [m]
THBEMS A [m]. 0

Corollary 1.8.13. X 2 6MEA, Y 2HA6L 2. 28 X -V PMEETNE, Y IF
AGREATH 5.

Proof. Y #0 £ LTE\W. [n] 2 X &L, 2 X 5V E0AH f:[n] > X -V
EEZDE fIEEHNTHS. Ko T Prop. 1.8.10 &b fidUWrs: Y — [n] 25 D.
s(Y)C [n] 2026 s(Y) IFERES. fos=idy BX s FHH. KoTY = s5(Y) FHER
£E. O

Lem. 1.8.5 1 & A EHEBRIZRE 2D, RO Lemma (Xt D% % % 2 5 ETRANT
H5.

Lemma 1.8.14. mn e N &35, ZD& ERMHED LD
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1. B4 f: [m] — [n] BFEET S < m < n.
2. R TIEBRVEY [ [m] = [n] PFEET S < m < n.

Proof. 12 £ ¥ < FWUEEBREZEZNILD Z 5 H.
(2015 EEIFRA) = 2R
1. nIZBTERMETRED. n=0DLEX[0] =0 EZ2S55H f: [m] — [0] BFET 5D
E[m] =0, THbbm=0DrEDH ko THL
n CHLT B ERETS. f:[m] = [n+1]=[nju{n} 2BHLTS. ng f([m]) DHE.
F(Im]) C [n] DT £ & [m] L [n] = [n+1] LT 5. WMEOHEL D m < n 72
5m<n+1TOK. ne f(m]) DGa. lem], f()=n&d5. o:[m]—[m] %l
Em—10H#H b5

m-—1, k=1
o(k) =141, k=m-—1
k, kALm—1

THEALNBZEHHE L, AR fim—1 < [m] S [m] L n+1] 2825, f 1385
DERPEZEPSHEHTHY, ng f'(m—1]) THS. KoTHREOEwR»PrSE m—1<n ek
D, m<n+1TH5.

2. HEt f: [m] — [n] PRFTIEARVWET S L e n]\f(Im]) Z0EDL5. G& f: [m+1] =

{0,...,m} — [n] %
oo k), k<m
f(k)—{l, o

TEDNIEHE SN fIFHES. koT1EOm+1<nPxZm<n,

Corollary 1.8.15. mneN&d5. ZD& &

1. 28 f: [m] — [n] FET S & m >n.
2. BEITIEZRWRS f: [m] = [n] PFEET S & m > n.
Proof. < i3I L\W. (m>n D& EIZHH [m] — [n] FEELRWI EITHER)

(2015 fEEIZNA) = %2xRT. f:[m] = [n] 228 &3 5. Prop. 1.8.10 & b, f XYk
g:[n] = [m]2H2. fog=1idy) THEH5 gl FHH. Io>Tn <m.

51T f AP TRITINGE g ZEHTEARWV. EoTZDEEEn<m. (g7E () Hias
fbv (&) HEend, H50IE g DEL ins.) O

Remark . =13 m=0F7En=00&EHLEL.
exercise 44. m,n € N, m >n &3 5. 24f [m] — [n] Z{Eh.

Corollary 1.8.16. X @Y 22D X 2 [pn| 22 Y = [m] 26X m =n.
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Proof. IREDH & [m] =2 [n] &b, &<ITHS [m] — [n], [n] — [m] BPEFEETZDT
m<n”2n<mWPIm=n. ]

Definition 1.8.17. X 26REAL TS X 2] THSLE, neN% X OO
BB WIFRE (cardinality) W0, #X, [ X | FE£T. Cor. 1.8.16 & X =Y OHEE I/
ZIX, ZOniE X ITHU—RITEES.

Corollary 1.8.18. XY 2 6REALTE. Z0LE X XY & | X|=[Y].
exercise 45. ZNh & Rrt.

Corollary 1.8.19. X, Y % |[X|=|Y| TH AREALL, [: X - Y 25K2 7T 5.
IR [AE.

1. f X HES,
2. f x4
3. f X HE

LIZX WEBREATHDILE, BB F: X — X 1T L 2o IEFME.

exercise 46. TNzt (v b X =Y = [n &LUT&W. Lem. 1814 2,
Coro. 1.8.15 2.)

Corollary 1.8.20. X #HMREL, ACX LT3, ZDLE, A2X s A=X.
2, BRESITEDOEBSES L WAEFTIERL.

Proof. < 1&H & M.
= %2RT. AXX LT5. ZOLE|A=|X|THhb. i: A— X 2AE5H LTS
i B TH BN 5, Coro. 1.8.19 &0 i 132k, WEBE&ELEEHZOTA=X. O

Corollary 1.8.21. X 254, Y 26REGL T 5.

1. IRIZFEE.
(i) X FAEREAT|X| <|Y].
(i) X 5 Y ~OBRHNPFEET 5.
2. IRIXIFfE.

(i) X 3AREAET |X| =Y.

(i) X 225 Y ~NOREFIPFIET 5.

(i) X 2256 Y NOHEHFL Y o X NOHRHPFIET 5.
3. RIX[A .
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(i) X 3EREET|X|<|Y]
(i) X 25 Y ~NOHHEWFHET 25, X 225 YV AORHEHIFIE LR,
(iii) X 26 Y NOBHNFEET B0, Y 25 X ~NOHEGHIFFE L 722\,

Proof. 1% Cor. 1.8.12, Lem. 1.8.14 K 0 H E 5.
2131 & Cor. 1818 kv dbEoh. 31 F12&0HE5h. O

Corollary 1.8.22. X # ) 2848, Y 2ARESG LTS, 20L& SRILFAA.

L. X 25 Y NOBRFPFILT 5.
2.Y 6 X NOEPBIEET B.

Proof. Cor. 1.8.12, 1.8.13, Lem. 1.8.14 Cor. 1.8.15 £ D & Z 5 ). O
BRESDEEIZET 2 REARN B 22 TH L.
Theorem 1.8.23. X, Y #HREALTE. ZDL &,

L XY 8AREESGT (X TY|=|X]|+[Y].
2. X xY BHREEST |X xY| = |X||Y].
3. YX £ HREST VX = |V |X.

WIENEEBKNZIEDHESNTHA . W, ELALHHL LS 352, HREOH,
B, BRELDIDICELRETIEINE - EDIEILENDH L. ZOEETIIZDEIHDGE
B EIR R 7R,

Corollary 1.8.24. X ZAREALTH L, P(X) bAREST |[P(X)| = 2X].
Proof. P(X) = 2%, O
Corollary 1.8.25. A, B % AREGLTE. T & |[AUB|=|A|+|B|—-|ANB|.

Proof.

AUB = (A\B)II(ANB)II(B)\ A)
A= (A\B)II (AN B)
B=(B\A)II(ANB).

exercise 47. 1. AAB,C z EREGLTE. ZDk&E

JAUBUC|=|A|+|B|+|C|—|ANnB|—|BNC|—|CNAl+|AnBnNC|.
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2. Ag,A1,..., A, 1 ZARESELTS. ZDLE,

> Nl ¥

ICc[n] liel 0#IC[n]
|I] is odd |I] is even

(4

icl

U 4=

1€[n]

Remark . (Vg Ai = Ujgpn Ai ERIRT T (§.1.5 O Remark S Lo

2. [NAl= 2 N4

IC[n] liel IC[n] liel
|I| is even |I] is odd

EEITS.
exercise 48. X £ () ZHFES, AC X 2 ARTIESE LT 5.

1. ADERLIEHRSBRWE S BEIRBNIEEET L.

2. X 2HFEETHHLE, A% 6L, max A, min A BFETEI L%, AD
JTCDMEEIZ BT B IeffiE 2 VW TRE.

3. X MR EAETHD L&, AVERBAEEGTHLLoIE, AlFERTHE I L
.

1.8.3 #ERES

Definition 1.8.26. £& X 2MERES (infinite set) TH S
f?Yﬁﬁ@%é?ﬁtm.

Example 1.8.27. N Zf[REATHS. FEE, [ N> N % f(n) =n+ 1 TEDNIL,
fIXHEHTH B1EHTIEARV. £oT Cor. 1.8.19 & b NIXARESTIEARW.

Definition 1.8.28. & X & Y (X[ UEE (cardinality) %D
@&Xtifiﬁé(x— Y) Th5.
SroorE X|=|v| 8L

Remark . /LD | X| =Y W5 I iF X XY WS Z i sawn. £55A4
Ak, BE X L, (HRESGOBEETOMME RS L5773 |X|Ww> T8 %
EHELT, TNZ2BELLIC, X LY ORENEFELVWILE X XY XAETHEI L%
RTEVWSISONELWEETHAD.

BRI (71 B L 500, /S WS FEME TEIR) k2 X o TRfEE % [X] LED
LV ONERE HRBEZSTH BN, —RIZIE, G X S nEatmIEar ik
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GREGDEHEG, | X|=n &R2EEOREXL LT n] 2FA7=. AU LSITLT, KR
EEDOGED, BENELVESORTO L DEERREDEMK LT, (DX %L
W AR D ERERZ O DR LT, ) TNE2IBE L EERT 2 ONEHERE X H
TH5. W, EHPZ BELRDEDTIDHERETIEINR .

Example 1.8.29. |[N| = |N|. £ N s Nn—n+ 1 202842525,
Example 1.8.30. BIXM] (0,1) C R &ERIKR (0,1] C R DIREIFFEL W, FEE, G4
f:(0,1] = (0,1) &

n+1’ n

L IneN:zg=1

LD EDBE fIIEBHTH .

Example 1.8.31. FIX[ (0,1) CR & Ryg={z € R |z >0} DEEIFHEL V. EEE,
B f:(0,1) > Rag % f(z) =2/(1 —2) I& D EDIF f T2 HEH.

exercise 49. XD R OFEEGITH U, 2HH 2 BARKITHER LU TREPMEL W & %
R

1. B (0,1) & BKE [0, 1].
2. BIKH (0,1) & R.

Definition 1.8.32. X|Y #8562 95, X 26 Y NOBHAVGFHET L L &, |X| < |Y]
EELXILSY PO |X| AV THhBEE (Tihbb, X 06 Y ~NOHRSHIFET S
MEBFIIFELZVWEE) || X|<|YV|EE, X DRERY ORELIAIVENS.

Remark . Cor. 1.8.21 £ b, HREAIZHL, ZOEEDKNMIBDO KN —HLTW5.
EROERIITL, TNV RERIRELZ L OEAVHEILET 5.
Theorem 1.8.33 (Cantor). fEROHEA X WL, | X| < [P(X)].

Proof. X =0 D& EIEP(X)={0} 2DTHE 57
X #0 &9 5. singleton map s: X — P(X),s(z) = {z} ZRHATH L7256 |X| <
P(X)]. £2T, X 26 P(X) ~NOEHIFIFEL BV L2 RERF LV, f: X - P(X)
2EHET5.
A={zeX |z & f(x)} € P(X)

B AELImf THS. EBE RO ye X T L,y e fly) PDEEIFZyg ADX
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f) # Ay & fly) DEGEye ADZ f(y) # A O

L 0= (REMIZIZFACTHSH) IRDBED LD ([1, Cor.7.13]) .
EEX DS X B NOGH - X - X IF, fED x € X ITHU f(z)#A2 ThdL
EEE R & K72 72\ (fixed point free) &\ 5.

Theorem 1.8.34. YV 25 56¢95. VYV PBEERZFZHRVWHIAEE, §R005LED
yeY IZHUT(y) Ay LD EIBEH Y -Y 22295 ZOLELEDOES
X IZRU, X 25 YX AORHEIIFIEL 2.

Proof. X # 0D &ExZE2NIEEV. : X - YX 25K T35, p=U@)): X xX —
Y &8 9205 p(x,2) =¢(2)(2)). Gta: X =Y %
a=10poA: X B XxXEBY Ly
LEDEDB. 27U, A X = X x X BRAMERTHSE. ZOLE adImd THB.
EBE, LR D a e X ITHL,
a(a) = 7(¢(a,a))
¥(a)(a) = p(a,a)
ThY, T XEERZRZHVDT ala) #Y(a)(a). 25T a#(a). O

COFEHIZE T bk (« OREEL) % XF A #fdw s (diagonal argument) &\ 5.
Thm. 1.8.33 OFFIIEIAEIZIZZ O Thm. 1.834 IZBWVWTY = [2], 7 = —: [2] — [2]
EL7ZHbDTHS.

exercise 50. X # 0, f: X - P(X) 25/ e L, A={zecX |z ¢ f(z)} £BL.
F72,1.8.34 DIFHOMSE v f: X = P(X) = 2%X & = [2] » [2] e LA L <5
5N 554 )
a=-0U(xf)oA: X 2 x x x 20 19 = 9]
EEZD.
IDLE Y =aTHBILERY.

Remark . Y #() THH L E,Y BEERZF-ZZ2VWHESEHZREOD>Z L&, Y 220
EREECZEEAMTH S Z 2 IERITNIE, Thm. 1.8.34 1% Thm. 1.8.33 25RT Z
k5.

exercise 51. YV # () £ §5. YV DREIER R R VWHOERZF DI L &, Y 212 DL
ExXEELILIIAETH D
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BEOXNERIE TEFE] TH .

Lemma 1.8.35. X, Y 284, [ X =Y, Y - X 254235 Z0& & HHE
&ACX,BCY T, f(A)= B, g(BY) = A° L1555 DIEET 5.

Proof. S C X 23U F(S) C X % F(S) = g(f(S)°)° C X ik v 5. F(A) = A
YAEAEACX #AOFT B=f(A) £BFIE L.
F:P(X) = P(X) RIEF%#D, $7bb, 5, T C X IZHL,

ScT= F(S)cF(T)

MK DT D, FERE

X O EEE
A={SeP(X)|ScF()}cPX)

EEZD.
GEHTHES DITTIERWD) HEOoNTDICFO)DADe A Rz A£DTHS.
A=UgeaS 8K, (Eg. 1.730 TALLIIZ A=sup A TH2.)
F(A)=A%ZRZS.
HESPIL,FBEDSc AL SCATHAEILIZERETS.

1. fEED Se AT L S C F(A).
FRSeArdrL, SCATHY, FIRIEFEZHEDODT F(S) C F(A). 7=
SeA"S SCF(S). £oTSCF(A).
2. Ac A, 372bb ACF(A) TH 5.
HE, 1 LD SeABmS SCF(A) KPS, A=UgeaS C F(A).
3. LED S e Azl F(S) € A.
FE,SeALTHESCF(S)THY, FRHFZEDDT F(S) C F(F(S)).
4. F(A) C A.
T, 2HX0D Ac ADZ, 3L F(A)e A XoTADEDS F(A) C A

2,4 XD, F(A) = A. O
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exercise 52 (Tarski’s fixed point theorem). P ZlET8EG, f: P — P ZIHT 2 {fDE
hreds.
A={aePla<fa)}

NERZEEDE L, a=supA &BL. a=max A THIZ LK, fla)=aTHh>dZ
&% LN DEIZRE.

Cf@) I FADERTHS, $hbbVae A:a< f(a).
a€ A T20b a< fla). FiZ a=maxA.
.VYaeA: f(a) € A.

fla) < a.

fla) = o

exercise 53. XY 284, f: X =Y, g:Y - X 25H+r35.

A

A={Sc X |S>F(©S)}
LB WME R

1L A#DTH 3.
2. A=(ge S LB L F(A)= ATH3.

B EBIZH LTI D Lem. 1.8.35 DFEHICH B HIET F(A) = A L7025 A %K
DB LIF—MBTIIHELN (LS L f £203 g BEFDBE, KD ESI2T B L RkD
SNBZeEmHD. b, (X =Y, f,g L UTHESEEG2Z2EbN5E512) 20
IR AF—EWIZEEZHDIFTIERW. Lem. 1.8.35 TEDZHDIX, TD & 5 s
EEDIBLHRARDED, LD exe. TEDZHDIIFR/NDEDTH 5.

exercise 54. XY 284, f X -V, Y - X 25H¢$5. £/2 F: P(X) —
P(X) % F(S) = g(f(S))c ik bEe, i € NizxtU FY(S) 2@z, FO(S) = S,
FiHI(S) = F(FI(S)) KX D&EDS. {Silren £ X OMMEADHEL TS, 77U
A£D LT3,

1. g B THD LTS5 2D ERent.
(1) F(UySx) =U\ F(Sx)
(i) A=2, Fi(0) LB F(A) = A.
2. [P THDLTH. ZDL ERERE.
(i) F(NxSx) =Ny F(Sx).
(i) A=, Fi(X) £BIFE F(A) = A,
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Caution! . fIEMERLTWED, @DRK. U2 F'(0) LW D& J;cx F'(0) DZ & T
H5. FO)) LW EAEEZDEDIFTIER.

Corollary 1.8.36 (NJ)L> ¥ a & A v, Bernstein). X, Y 28/ L 95, ZDL SR
[ .

1. X2Y.
2. X MO Y NOHF LY o X NOBENFET 5.

Proof. 2=1 #REX &V, f: X =Y, ¢:Y - X 2HE 35, Lem. 1.8.35 &b,
ACX,BCY Tf(A)=B,gB)=A 25D 0H5. f,g dHEHNTHEH15

fla: AS B, g|lge: BS S A°

ThAH. h: X =Y %

2) = f(x), reA
") {<g|Bc>—1<x>, vy A

WX DO b IZ e O
Corollary 1.8.37. IREDOK/NERIFIRZEATZT. XY, Z 2HRG5LT 5.

1 |X| < |X].
2. |X| < |V| 22|V < [X|m5iE |X| =Y.
3. 1X| < |Y| 50 Y| < 2] m5iE X < |2,

Proof. 113® Z 5. 2% Bernstein OEH. 3 IEHFNOGHIIHEHNTHL I Lo HE
oM. O

Corollary 1.8.38. XY #8£& &9 5. RIL[FAME

L | X| <|Y]
2. X 25 Y NOHBEHEBPFMLET ED, X 5 Y ~NOERHEHHIAFIEL 2.
3. XS Y NOHEKPELETEN, Y o X ANOHEENIEEL R,

Corollary 1.8.39. XY, Z 2584&6¢ 79 5.
X| < V]| B2 |V] < |Z] 5 51E |X] < |2].
Rz | X| < |Y|»2Y Cc Z=uoiX X <|Z).

exercise 5b5. ZNZR~t.
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Corollary 1.8.40. X\Y, 7 #8623 5.
X|<|Y| 22 |Y|<|Z] 2 |X|=|Z| molX |X|=|Y]=|Z| O

Corollary 1.8.41. X 2HH, ACX 2L, A2 X THh5HL95. ZOLE, ACBC
X751 B2X.

Proof. GEEBITHEET. O

Example 1.8.42. exe. 49 TALSI1Z (0,1) X R TH5. (0,1) C (0,1] C[0,1] C R
o Ino OREFETELL.

FO—M, B2 a,beR, a<OPFELT (a,b) CACRTHNIFAXR TH 3.
(A%, FIFXELLRWV. DD, AZRTHH LM ACRT, AFAKMEZEEZRVWE
IHREDVHFET L. REDOHAETINBRVWEESIREHBREDLE L THY b—IVESL

(Cantor set) 2’® %.)
exe. b4 ZHWTERES (0,1) — (0,1] Z2fF>TAH LS. f:(0,1) = (0,1] ZLEEHR
U, g:(0,1] = (0,1) % g(x) =x/2 TEDD &, VT NE HE,

F@)°=(0,1]
g(f(0)%) = (0,1/2] FO) = (1/2,1)
FE@) = (0,1/2]u{1}
g(f(F(©))) = (0,1/4] U{1/2} F2(0) = (1/4,1/2) U (1/2,1)
FE2(0))" = (0,1/4]u{1/2} U{1}
g(f(F(0))°) = (0,1/8] U{1/4} U{1/2} F°(0) = (1/8,1/4) U (1/4,1/2)U(1/2,1)

7R EHE DM

00
1d

(0,1) D> A= U (1/27+1,1/27) 1294 - (1/241,1/2%) = B c (0,1]

1=0 1=0

(0,1) 5 A° = {1/27 | i > 1} L2255 {127 | i > 0} = B° € (0, 1]

~

2185, h: (0,1) - (0,1] %

h(z) = xr, wTEA
2¢, v ¢ A

TRDNIZ h 134 H5.
9: (0,1] = (0,1) LT g(z) = z/(z + 1) %> TH UK ETNIE Ex. 1.8.30 D4
gt (DWER) BESND.
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1.8.4 AEES, EMADORE

Definition 1.8.43. N L {REHNEL WEEZ WHES (countable set) £\ 5. X A7A]
REATHDLE, X ORERUTREREETCHL LV, [X]| =X (TL7E¥n) &
x9.

NN N X

X WHHEELETHDL L E, BBMNIIEZAIEX OxeTIis, ERSZ L HIIES %
1,2,3,... 252 etk s (X 26 NANOEEFVHZ) , H5VIE X OL%]HE
IZWERD Z e DHKS (N2 o X AOEHRHNH D) LWVWH L THS.

Definition 1.8.44. & X WAIREATH LI 0ERESTH D L &, @4 AIH (at most
countable) TH D &\ 5.

Remark . @42 WHTHLEREZHEGL VI I3 HD. Z0L X (ARTHRW)
ARG & W HREEA (countably infinite set) & K.,

Example 1.8.45. EDMHB LK Neye, = {n €N | n \3EEG, EQOTFERME Nogg =
{neN|n EHH} BWIFTNLAREATHS. EB, Neyen = {2,4,6,...}, Nogg =
{1,3,5,...} dlfiRAiE L v, BARKIZATEITIE f: N = Neen, f(n) = 2n, g: N —
Noad,g(n) = 2n — LW nd 24,

Example 1.8.46. B2k Z ZrfBEETH L. FEE, 2 ={0,1,-1,2,-2,3,-3,...}
YARD, BN Z DL

YEEEMFTIEL . BARIZRTELY, NS Z %

—”Tfl n WAL,
5 n HIMEE
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EEDNIX f IR THY, g: Z >N %

o041, 1<0,
) =
9() {% >0

TEDDE g1 f OHELL.

Example 1.8.47. NxNFZARESTHS. 97205 INxN| = |N| =R FEE NxN
DITIZHD & S IZFEZE2DFNIE L0,

exercise 56. Ex. 1.8.46 ODXDONIn%E 5 XA 5EH Nx N = N 2 TEIT.

exercise 57. f: NxN = N % f(I,m) =2"12m - 1) TEDZ & f IZLHEHTH 5
ZE Rt

Example 1.8.48. HHE2/K Q IIWBEELTHS.

T, Q= ZxN%Zre Q2NN Tp/q,qe NeRINBE L ZIZ f(r)=(p,q)
LEDB (2770 f(0) = (0,1) £$3) & fIIEHTHSE. (pZxN > Q%
p(l,m) =1/m TEDNI pof =idg.) > T|Q| < |ZxN|. Z=ZNZDTZxN=NxN
THY, ETHEZEIIIINXNENERS |ZxN| =R T42b5 Q| < V.

¥ENCQZEDPS N <|Q. &oT Q] = Ny.

BRI A ZINEICERDE, flRAiEr €e QBN Tp/qg bR LEZEE
Ip| + |g| NI NE DD SIEIZ, [p| + || PR LHDIZOWTIEDEEARE VDDA SIIH
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2, IEERHIZHEARNIE I V. BT IO EOFMBEZ T RO6R5 L

W7 BEE.

AR RRE IXIRE O KNI L THUNT H 5, $ b b afBMEIR X 0 /NS 2 R IRE
Fwv. (BTENDERRLZETNERNTH S Z LDVRES.)

Theorem 1.8.49. "[HRELSDHNELSITELZAJAEESTH 5.

Proof. N DI HE ACNFEAAHTH S Z L 2mBlE L 0D, flZIX A Dz /NE
WD SIRIZ 7 5 RAUE L.

EDUHMEIZIE, IROLSIZTEHLIW. 0 AACNETS. ac AITHL A, C A
A —{lcA|l<a) LEDBL, ac A, Clat1] DD Ay HETHEVEREST
H5.c: A= N%cla) = A, TEDS.

a,be A, a<bZHlX Ay C A U{b} C Ay 72h5 c(a) < c(b) &7 5D T c ITHHFT
»H5.

FEED a e AITHU {1,...,c(a)} C c(A) THB. FEBE, |A| = cla) DT
BE {1, . ,ca)} =2 A, DD, fRIEFZESDELTEWV. 1 <1 < ¢(a) ITH
U, b= f(l) e A, 2F AN, [ PIEFZROEHEHNZN2S {1,...,1} = A, DT
c(b) = |Ay| = L.

cMEFZRHIX AXARES.

cHEHTRVWETSE. mEc(A) 202Lb. ZDLEc(A) C[m|ThHO, AlXE
fREA. ((Ba€ A:c(a) >m)=mec(A).) O

Theorem 1.8.50. X #0[BEE Y 2E4ABLRELELTH. 2L &

1. XUY Za/BEES.
.Y AP ol X xY ZA/HES.

Proof. 1. XUY =XU(Y\X), XN(Y\X)=0TdhY, Cor. 1.8.12, Thm. 1.8.49
EOV\XBEAUEL k5T, XNY =0 OBEEEANLEV. Y WERES

DEHEEPI L. Y BABOEE2E25. NS X, ¢: NS Y 248
T35 . h: N> XUY %

f(5), n AR,
h — 2
(n) {g(%)7 n DEEL
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EEDIIE h TR HG.
2. Y WARESGDLGHEEPI LWV, YV 2AIHEESDSE X x Y 2 Nx NN,

exercise 58. X ZAREL Y 2 AREAL T 5.

1. XNY=0232. XUY FABELELETHD I L2 rHE.
2.V £0h5IEX xY BWHESTHS I L2t

Theorem 1.8.51 (Cantor). FEEEAE R FAIRES TR,

Proof. 1 XD /NS WIEDFERT, DT UL L EEMIZ0ON 1 UrdbobindDe
K% B L3 5.

B={zeR|z=0aas... (zZLVneN:aq, €{0,1})}

z{xER

Ny < |B| ZREIE L.

Bfgi: N— B%iln)=10"" TEDDLHE 5T 0 IFHEHFD X Ry < |B|.

N25 BANOEFRBGFELEVWIEZ2REELIWV. AN - B 2E5HeL,
F), £2),... ZIHIZHERS.

T = Zanm*" (7z7ZUVneN:aq, € {0,1})}.

n=1

f(l) = O.a11a12a13 Ce
f(2) = O.a21a22a23 ce

f(3) = 0.a31a32a33 . . .
neNIZRU b, € {0,1} %

bn _ 07 Apnp = 17
1, an, =0

b=0.bbybsg-- = anw—” € B
n=1

WX DED,

BEZD ATTED 0 € NITHU ann # by 05 f(n) #b. £oT f &M TRAY. O

Remark . j: 28 - BCR % j(a) =307 a(n)10” TEDNLH E ST j LK T
HBEMNS
2% = |B| < R|
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ThH, 22 TOHHIE N < |2V 2RLTWB EARESLN, <RI EbNPBE LS,
ZZTOMIE Thm. 1834 TX =N,Y =2, 7=-:[2] =2 2] &Lt DI/l 5
AN

Definition 1.8.52. & X L EH AR R ORENFFL VL &, X ORZITHEA DR
J& (cardinality of continuum) TH 5 & W\, | X| =R &5KT.

ETHERBLEZLC2N <R THED, HXIhSIFFL .
Theorem 1.8.53. N = |2V|.

Proof. N < 2N 2 REIE&W. B fF:R-PQ) % f(x)={rcQ|r <z} TEDS.
reER x<ytddlao<r<ylBRdrecQMMNFHTLIOTre fly)\ flz) &
By f(x) £ fly). £oT fIRHEE. (ZZTEQORIZBIIZMWMELEZMH V. R %
Dedekind QYW & UTHEEL T 5 & WH Vi h ol fIFEEFHICMAR 52 vw.) Q2N
ThHolms P(Q) =220 =N, O

Corollary 1.8.54. |R?| = |RN| = X.

Proof. B85 R — R2, R? - RN 2320139 X L.
IR| = |RY| Z/REIEL VA, Thm. 1.8.53 TAZ ISR 22V THH, £/~ NxNx=N
7255 Thm. 1.4.50 &9,

RN o (2N>N ~ oNXN v oN v -

exercise 59. ¥4 R — R? R?2 —» RN 2o < .

Example 1.8.55. p: (0,1] = S' = {2 € C | |z| =1} & p(0) = 2™ TED B L p I
SHHTHS. (0,1]=ZT=[0,1]=ZRTHEH5

SleToRYRxR2Ix T8 x T8 x 6t

TN TN b HERHADIREZ S D,
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1.9 ZFRAHE

Cor. 1.8.22 THZLDIZ, X, Y BWETRWEREETHLLE, X 15 Y ~DOHEH M
FAHETEHILEY D56 X NORFPFAET LI LXFAMETH 72, BEREIXES 2V
BEBEATHLS.

HECTIFEOEHETHD D 5725 Thm. 1.4.62 25 f BWEETHLZZ L L T
7vavEL DI IFAMETHEZ WO d. EHERLTBI).

Proposition 1.9.1. X|Y 22 THRWEREL, [: X - Y 254K L35, RIZFAMET
H5.

1. f X85,
2. fIRV NI 7Y aviEfED.

Proof. 1=2 Z3EIX L.
fIXHEEROT, MEH fL: f(X) > X Db, pc X 20D 5,

T y & f(X)
I RSN O

) = {f‘l(y) y e [(X),

RHZIRDIK D 3L D.

Corollary 1.9.2. X, Y 22 TR WVWELGLTE. X 76 Y NOHBEFEIFETHIX Y »
5 X NOERPFET S,

— 15, f BNefe s Xt E L ON? 2EF X THAS. Lem. 1.8.13 % Cor. 1.8.15 DFFHH
DEIT, [ X Y BRENTHEDNS, KyeY IIHL, f(a)=y &b L5 re X
PEETHDT, TD LI 20 2EF s(y) =z L TNIXEI, ESTESID, Th
DRI LN, TD XD VKD L 2 RGET 2 DAERAHTH 5.

Axiom 1.9.3 (ERAH Axiom of Choice). IRDOLMZFMETH 5.
S Al 72 5o % IR AL (Axiom of Choice) & \5. 7z, 3 DFM% AT TEH
% BRI (choice function) &\ 5.

1. EEOEHILUIN 2 RO,
2. BTHWESDOERIZZETTIER V.
505, {Xotaer DY, FED AN AITHL X\ A0 TH B LI REAHETHN
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i, H)\GAXA # 0.

3. HTIRVEED LR DEAHEITEREKE .
TRDL, {Xojrea D EED AN AITHL X\ A0 THE LS LEABETHN
X, o A — Usea X2 T, ERD A € AITHL, (A € Xy B2 X574
DIPFIET S.

(2015 EEIZ/NA)

INSHFAMETH B EDIEHH. 2 & 3WFAETH BDIFERDEE (Def. 1.5.12) L0 HE5H.
1=3. AEGHEHEDOEK

U

AEA

X0, Bp: [[ X = A pe: [[X 2 UX) 2EDD. EEDO A € AITHU X\ #0
DT, p1 EEHTHD. RKELD s: A = [[X) Tpros =ida 2ATEDVFET 5.
p=p2ros: A= X\ &BIFEI.

3=l f: X =Y 2ee 5. BAK{f T (Y)}ey EBERD L, fARHROT, LR
YyEY ITHL, fTHy) 0 ThD. o THRELD, B 0: Y = Uyey [ (y) = X T, £EOD
yeY IZNU o(y) € [ Hy) B LDNBEET S, HE SN fop=idy. O

Proposition 1.9.4. X|Y 22 TR WEAEL T L. #INAHDOE L, X 26 Y ~NDOH4
BEETBIL L. Y 15 X AOREPEET 5 2 & 1AM,

Proof. VhZ 27 avid2RTHy, UMIZHEHNTHDS. O

HEERDANFIZOWTEBRRTWARWDIGERANFLZ T b ThE iz S WTHRNT
201, BEWHEIBEEH DD TH DM, ZONMEMNW LGSR WEEARW R Z & 237
KEABBENWDZLE, ZO—F, ZTORNMERDZLEBIZNKT S (XH1I&EL3) Z
EMFEFATETCLE D (AARDIEINF YN - ZOVAFOHHE) LWSZeiZhd (D7
D) .

BN & FER SR NAE VWS s NTWS

1.9.1 Zorn D&

Definition 1.9.5. X ZEHpEEE5L T 5.
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1. A?» (X @) ﬁ%ﬁ(chain)f“%é
< AlX X ORIEFHAEATHD. (X OFFEEGTH Y, RIEFHBIEEIT-
TW3.)

2. X DIEEOHEN EIZERTH B L &, X 2IRMAMIERFES (inductively ordered

set) £\ D

Example 1.9.6. 1. QIZEDK/NEBRTIEHRF 2 \Wivs. B S D02 Q I IeANE 7 5%
AT\,
Qco={reQ|r<0} &L, WENIT Qo RFMIIETFEATH 5.

2. P(X) IXIRMANEFEEAGTH 5.
exercise 60. DD EiRZHE,D K.

BIRAHZEST D& (ZF DB L) IRBFH LD EAFONT WS, DR TIX
AEA IS T 5.

Theorem 1.9.7 (Zorn O, Zorn’s lemma). WHNKIEREE S IZDRLEHVOEDD
WiKuEsD.

Zorn DFEZMESE, RO Z L IZFELTHEL L.
Lemma 1.9.8. X 2 TRHRVIEFEELTS. ZOL EWRIIEETH 5.

1. X BRMNEREETH 5.
2. X DFZEOETHRWEIEFRHRIEEIT ERE2ED.

Proof. 1=2 1ZHE 60, WiE2RTIZEDC X P EIZERTHEZ 2R3 XLW (01X
SIS HAEATHS.) B Ex. LTI8 THELII, X £0 ThhiE ) C X HERTH
5. O

WZ Zorn DFfiEZIRET 5 &, BIRAMEZRT Z & NHIKS. Zorn DFFEDHE N D
XWHITHBEDTIEHL TA LS.

Theorem 1.9.9. Zorn D ZNET S. 2D &, (EEOEH f: X — Y 3UIH2
.

Proof. X ¥7213Y MWZEELEDOGEE f=idy L7R5DTHE 5.
X,Y EBITETRVWEGEEERS. [: X Y 25/ LT 5.

S={(B,g)|BCY, g:B—X, fog=1p}
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<.

1.S#0ThHs. £, 2 X 20,220 y=Ffr)eY £BL. g: {y} - X %
gly) =x TEDD L, HENZ ({y},9) €S TH 5.
2. (B,g),(B',g) € S ITH LT

(B,g) < (B’,g’)fefB CB 2 ¢|p=g

CEDDE, HEOMISWFSTIEFZEDS.
3. ZOIHFIZBL T S BIRMIHFERETH S, EEE, T C S 22lHFHROHEAL

T 5.
T= (J B
(B,9)eT

LBE, t:T > X%, (B,g) e TIINLye BThdEE, t(y) =g(y) TED
%. t 1% well-defined TH 5. E, (B',g) e Titx¥Lye B ThsrL35L,
T dRIEFEARDT (B,g) < (B, ¢) £7=13 (B, ¢') < (B,g) DWW TN
Do, (B,g) < (B,¢) LLTEW. 2O Eyec BC B ThY, ¢|B=gk
DTG (y) =gy). FEVFNS fot =17 DT (T,t) e STHY, £/{EED
(B,g) e TIZHUBCTHDt|B=gThams (T,t) X T OLRTHE. (T
DERETHEZLETSh2S.)

4. Zorn OB E D, S ICEMATABEET S, (Y.,s) € S 2kt T3, f 2%
HThNEY =Y Ths. EB, Y £Y TH2235L, Y\Y #0)Th.
Y EY\Y' 20108 2L f BEHRDT f(z) =y %5 z € X BFAET 5.

$: Y U{y} = X %
. s(y), ey’
S(y):{ ), v
z, Y =1%o

YBIHE (Y, s) < (Y U{y),3) €S R IBAMIC KT 5.
O

Remark . WeiIEFEE %2 EEORIEFMAEEN LREZEDIHPESG] L EHT S
REHH2. KT 5720, TOEHREAT-TEDE OS5 TEEFES] 2ELZ L
29 5.

HEOMIZ TEDS TEIEFEA] RIRMNIEFREATH 208, L0 L7200, i
ZIXHB 1.9.6 D Qo1& TEDSTE] TIEARWV. L2L, Zorm OFfiEIZED 5 DEH%E
AWTHE OIS, UTFIXEETH 5.

1. ERAH,
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2. IRMIIEEES IR L0 DDAkt E S D,
3. [EDHTCEIERES] 3P R L0 ED2DMATLE S D

TR, 2=3 1k [EDHTE] RO THL2Z L nohHE5NTHY, Thm. 1.9.9 D
X, S BRFPFEELEZIENS (DS TCEEFRES] B> TWBEDT, 3=1 DIF
BHIZZ2 > T\ 5.

Zorn O fi 8 o LAY pk {45

Theorem 1.9.10. JERNHEZHET 5.

R % (FEICHTHIHALEE D) AHERE TS, FEOATTNVICRIZNL, T %
BUWRA T TIVHELET 5.

KRz R # {0} OBE, RIZIIWAA T 7 VHBEAET 5.

Remark . RECTHALZ LB, ROFESEGINPATTIVTHDEIE TN RD R
DIBETHZ L NWS Tk, 2FD

l.zy2yel=x+4+yel
22.ac R, zel=axrel

EAZTEVWSI L. F-mDMRATTATHS L, SEBERIZEALTHATH S &
IBEHDPATTNTHDEENHIZE, DFD

1. mCR
2. mMCICRERDEDIRATTIVIIFFEL RN

EWnwH k.
Proof. ICRZATTINET D, [ 2ELHEMDA T 7 IV
S={J|ICJCR, JIEAF7L)

WZAEBBRTIER 205, S DRMNIEFREETHE I L E2RED.
HESWLIZTIeSTENLSADTHENG, 04T CS 22BN EGLTEHEE
THRERZEDZ A2 BTV,
K:[JJ
JeT

tBEL.KeS zmrY.

o THD7EMS5ICK ThH3.
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e yc K &35, 2 J,J €T WFEL,zeJ, yeJ THhH5. TII2lHFE
GrOTIJCI T CJDODVTARDRKID. JCJelLTLn ZoLE
r,ye JJ THY, JIFAT TNV EDTar+yeJCK. ac R veK &35, H5
JeTWFHELx e JTHD. JIIATTNVTHEINPSbareJC K. ¥oTK
A TFTILVTH5.

« EED J T ILML, JCRTHENE L& JThD EoTlg K &7
KCR.

UENS KeSThO, HhEONIKIET OER w2 S ITRWNIEFEELETH S.
Zorn OFHEL D S ITIFMKIT m DFET I, TNHRDBZEDTH 5. O

FEANE U3, AR TR RE 5.

Theorem 1.9.11. EBRAHZIRET 5.
kZxEKET5. kE EORY MVZEIZEELZ S D.

[ S

1.9.2 EF|sEEE

Ex. 1.7.4 TAZ LS I2, (EREOESICHAWARIET Z Wi d Z LA KRS0, ERAH %
IRET 5 EBIEF 2 WD Z DKL EDRbNb.

BIRNAMZET 2L (ZF DH L) IRV DI LR OENT VWS, ZOFEFHTIE
FERRIX AN T 5.

Theorem 1.9.12. BF[r[geE M (wellordering theorem) FEDOEARIX, 5 £ IHF %
EHELTP DI TRIIES (Def. 1.8.7) 12952 LATES.

BYVEAS TIRBEENIRNIE & Rkk7Z2 e GEIREMTE (transfinite induction) & IFIEH
%) DMEZX D70, BRAMHERHT 25 ETLIHbND.
FiZInd ZFodHe) BERAMEFAMETHZ I EDRES.

Theorem 1.9.13. ¥ GEEH % (N E T IVLEIRAE DK D T D.

Proof. f: X - Y 2§45, (RELD X ICBFEFZ N5 LAHKDDT,
Prop. 1.8.10 & v, f IXtI¥iz & >. O



1.9 ERARH 109

1.93 FBRAEBERE

TERRE G O BT, EIRAHANE LW E KD V722 e SADH 5.

DI TIRE RN EZRET 5.

FEXDPOY NOBEFANGFETLHLE |X| < |Y]| 2ELDTH-7- (Def. 1.8.32) .
Prop. 1.94 57272612k %155.

Theorem 1.9.14. XY 22 THWELG LT 5. RILIFEME.

1 |X| <Y
2. X oY NOHBENEFELET S,
3.Y 5 X NOLHDIFIET 5.

Theorem 1.9.15. B4 AAELESOAENMEISG*ARELSETHS. T0bb, X,
(1 € N) PEAATBEREATHNL ;o Xs BREATREBZEATH 5.
ELICHFEEAGOTRMITRESTH S,

Proof. X; Z0 £ UTEW. X = ;e Xi &BX.

B X FEAAEZDOTN PG X, AOEFPFETS. £ X; T UL fi: N - X;
EOEOBR (ZZTHERAMEMS) . G4 f: NxN—= X % f(i,n) = f;(n) iIC&b
EDDEHE LM fIEEFTHE. £5TThm. 1.9.14 £ b | X| < [NxN|=Rg. (&£
X2 DEMERAH 2 L TERES.) UL >T Thm. 1.849 X0 X 3@~ WH.

HESMZ X C X HBOT X PHHEEATHNIER) = | X1| < |X| THDB. Lizdio
T |X| = No. O

exercise 61. X 2 WBEL Y 28595, 2481 f: X - YV I3UIWZRDOZ & 28R
NHEEEDHTRYE. (Hint: Thm. 1.8.8 TAZ X512 N IFBFIEETHS. Thm. 1.9.13
DA% Bl L)

ECH Moz, A EMERIRE 3N, I b b e MR K 0 /NS A EIRIRE AL
WD TH o7 (Thm. 1.8.49) . BIRAKHLZAE S 5 & w SMER IR 135/ O R
THDIENRED.

Theorem 1.9.16. (LEDOHERESIITETDIELGZET. T40bb X DERELSLS
IRy < | X].

Proof. M1, RO LS IZTHIELWV. X SIHIZERR S TR 21,20,... EHLOH
LTWE, z, ETOHLEZE TS, X BPERESZD»S X —{o,...,2,} A0 DX
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Tpi1 € X —{x1,..., 2, O HES. 20X SITL THBRMEHEAES {21,...} C X
nEoN5.

Z DFmIEITER AT & BEANIFNEIC K D EHRDOERICL D E4I NG [7, € 3.13]
DTH DD, BEFEWRINEIZ LD ERDERBIZOVWTEBLALRRTEN WS,
B IRRNE 2 (S 7213 TIEZO T, BRAMZ LRV W RVwOrRE<{bhs
WNDTIHRWREES.

AEWIZIZFAUTHED B Lo L REZHDESIZLTALD. X OERBIEERAK

PrX)={ACX | AIARES)}

&G
c: Pr(X) = N, c(A4) =|A|

225, X BEBELERZOTclZ2HTHE. (DFEVAEDOn e NIZHL, X iEn
HDOMHREZ 22 EL. EbALRTITIFBANRELZME S . Lo [FEMTIX] OFTE
WRAMZHIYS TS, ) BIRAEIZE YD c 3YIMESLD. Y s: N — Pp(X) 202Dk 3.
A, =s(n) &BLE A, CXTHY,c(A,) =nThbb |A,|=nThHs. (DFHE
neNIZHL, X "oRELE nlOEEALZLVWSZL) A=, A, C X &8
i, Thm. 1.9.15 £V AZEABESTHS. FHLEREDn e NITHU [A] > A, =n
THd00 AIFEREATIEZRY. £>T Thm. 1.849 &b AHHEELSTHS. O

Remark . EOZFHTIX Thm. 1.9.15 2ffio7223, AL T RkEZT L2 {libRWTHRED.

Cor. 1.8.37 TIEEOA/NERIINER O RNEEZ AT I 2 Az, BIRAHZIKET S
Y, “RER” THDHIENRES.

Theorem 1.9.17 (R D g v g8 E H, Comparability theorem for cardinalities).
XY 2EA6LT2L |X|<|V|2|Y] <[ X| DWTNADED LD,

Proof. X, Y LHIZZBTHRWEEEZZEZANIX L.
S={X"Y )| X cX, Y CY, f: X' = Y ideHs}
&< &, Thm. 1.9.9 OFEH L MRS 5. FEMITHEEE UL S. O

exercise 62. 1. S#£DTHsHZ LzmRE.
2. SIZB I BIEFMG < %, (XY, f), (X", Y", ') € SIZHL, (X, Y, f) <
(X" Y" ) & X' C X", Y CY", X = f LEDD. (CABIEFEEGT
HBZLIFRDTEIN.) ZDLE SRMNNIEFTESETHS I L E2RYE.
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~E.
41X <Y 2 |Y] < |X| DWTRDRH LD Z & &R

1.9.4 FERNE

ZOMBECTRHUTRIZZ DS BRWIR D ERAHZIES 5.
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2.1 E¥

—WEFE LTI, RAOERTITATHO R 2 M > TEEBGROEE 2 LU T\, SEIKE
MOAE TR S5\, RO F R CTiEL < Fo722 5D T, EHOMEIZDNT
XZbo622FIIE L. b, ~FELIHORDGHEER —FE web IZEWVWTHBDT, &6
EbNIEEN 2SO L.

COFITEBIZOWTAERI L2 F O TEL. EHERRIIN? (WAVWAREZ
Fihidp 208, BIE R ©IEHER L Bbh 55 2/ TI) it o NH 2 A7 3 2lEp K% 5
BUAE VN, ZOTLEERE NS

Definition 2.1.1. AI#R K IZ2HF P52 6N TED, [EED a,b e KIZH UL TD
S YLD & &, K 2 2HFK (totally ordered field) & 5.

L.a<biold, FEDceKiZlLa+c<b+ec
2.a>0m2b>07%561F, ab>0

EIEFHRIZBENTIIEFBOBIZ B I 2 AFX L FMLEREZ T Z kS,

Remark . EERIR C 232l iRke 722 L5 RERE 2 Wi s Z & idHka v, EE, 2
JEFEARIZBEWTIXa #0451 a>>0THY, 1=12>048DT-1<0TH5.
SRR 22 K5 RIERERH L2 T5L,icCIlZO2VWTiP=-1<0&R)FE.

Definition 2.1.2. XOEfME ORI %2 A7 T 2IEFEREZFZEE E XUCRTHLDT.
EL NIV QAN

1 (HilEDAH), ZTRWIBDEAD LIZE RS S X ERVPEET 5.

Remark . “HE@D” £EMDE &, WUREIKRTHEEOEDET, EBENEFEET LI &
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PRES.
Remark . RIFFARKIZB W THEGREDO A L FMETH 5 %EVPNANB EHSNTWS.

Definition 2.1.3. K 2 2EFpAE 35, K DBROMEE (TIVFRATADRHE ) A7z
TLEKIETIVFATRAHNTHBE LN,

e EEDa>0,b>0ICFHULTHEIHRE n WHFELTna>beiR5.
Lemma 2.1.4. K Zz2HfpAe 5. (RIXEMETDH 5.

1. KIZTLVFATAHNTH 5.
2. NCKIx (KizBW\WT) FIizERTR.
JMEDe>0IZHLTHLIARB n WMFELT I/n<e &b,

Proof. 1 =2) TVFATAORHIZENT a=1&FTHIEL0.
2=3)0<eecK&95. e£0WDAMI1/e FETD. NAEFRATIELRVWDOTneN
T,1/e <n 2L DPFEETS. n,e >072DT 1/n<e.
3=1)a,beK,a>0,>0,95.a/b>0TH5s. [RELDDH2HERE n VHFIEL
Tl/n<a/bliad. nb>0WA na>b. O

Example 2.1.5. AHEEBE Q IZTIVFATAMNTHS. EBE, r>02T5Lr=np/q
p,g eNEFEITFB. 1<p7Ehro1/2¢<1/q<p/q.

Remark . 7VF AT AN TR WLRIEFARDOHIN [1] 125 5.
Proposition 2.1.6. EFR R IZTIVF AT ANTH 5.

Proof. NC R P EIZERTRVWI L2 RmEIX L.

BHETRES. NCRPLEIZAERTHS2 TS5, N#£()ROTHEGHEDOAHELID N
I ERPEFERET S, s=supNeR &BL. s—1<sZh5, HD5 N e NPEFEHELT
s—1<N& %5 XoTs<N+12RHEZNV, N+1eNAEDT, ZHiE s BN ODER
THDHILIIKT 5. O

PABEATEE Ml S D TIROFFEZZFFAL TH L.

Lemma 2.1.7. 1. TEOEH 2z e REMEBEOER e > 010 L, s <r<z+e%
BT EEE - € Q MET B, THDE (2,0 +¢)NQ £ 0,
2. TREDFEM x c R EMAEBDOER e > 0L, 2 <y < x4+ e &ATHELK
y € Q¢ BFETS. Thbb (v,x+e)NQ° # 0.
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1
Proof. 1. N<€ CIRBEHBRBM N e NZVOE DL B,
[
n::max{leZ‘ Sw}

LB IDEEEDSANPS << TH.

n+1 n 1

— =r— — ——>0.
xr+e€ x +é N

N N
ot 2l <z+te HESHIZ B €Q.
2. [FBRIZLT

m:zmax{lGZ

g, 2ol ¢ (32 4+6) N Q°.
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2.2 R

Definition 2.2.1. X 28427 5%.
X x X FEHI N EBHERER

d: X xX =R

PIRD 3 DDEME AT L &, d % X O (metric) £\ 5.

DI (i) fEED z,y € X IZD2WT d(z,y) > 0.
(i) d(z,y) =0 &z =y.
D2 fEED x,ye€ X IZD2WTd(z,y) =d(y,x).
D3  (EAAREN) EED z,y,2 € X IZ20WT d(z,y) +d(y,2) > d(z, 2).

Definition 2.2.2. 4 X & 20 LOFE#MEALK d W52 o7& &, Ml (X, d) % BEEZE
fil (metric space) &\ 5.
Frx,y e X T UFERd(x,y) % x & y OiF# (distance) &\ 5.

BELOBZNDRNE Eid d 2B L THRICHERZEM X L ESZ 220,

Definition 2.2.3. (X,d) ZE#ZEM, A C X 2H0EG L35, HEHEE 2 A1
[RLUZBHD, T72b5,
Ax A>3 (a,b) —d(a,b) eR

EEABE, T A LOBEBEBIZAR Y, ZOHEHC LD A REEERIZE 5.
FEE RO EEZ IO X ST U THZER & Azl &, HomsE22H (metric
subspace) X7z (ZHIZHD %22 (subspace) &\ 5.

Definition 2.2.4. (X,dx), (Y,dy) %@z & 5.
B f: X — Y DEEEEE RO H D WIFFEEGH (isometry) TH S (ﬁ(ﬂ?%ﬁ@ r,x' € X
R, dy (f(z), f(2') = dx(z,2") THS.
X 2o Y NOLPERBEBMHFAET DL &, X &V IZFH#ZEH & U TEE (isometric)
, &5 WIEAR (isomorphic) TH D &\ 5.

Remark . EHTHEHLDODDAEZEEGH LW EELH 5.
exercise 63. FREEBRDERIIEFEEHRTH 5.

exercise 64. O HEHMEMOUEEHRIIEREHRTHS.
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exercise 65. 1. ERERIIBEHNTHS.
2. [+ X - Y DPeHNEREEHLOIX f OWFEHREEREFHRTH 5.
3. X LY MEEMER Y LTEETHE © SEER X oY L g Y = X A
TELUT, gof=1x, fog=1y DK LD.

exercise 66. G f: X — YV PVHBHEZ R TI, X & f(X) JE#ERE LTERT
H5.

Definition 2.2.5. X Z %M, x € X, e > 029 5.

1. X OMIES
Us(z) ={y € X | d(z,y) <&}
% o 2D & 2% e DFHER (open ball) , BIFI# (open disc) & 2\ & e iEfE
AL
2. X ONEA

B.(z) ={y € X | d(z,y) < ¢}

Zrix 2l 9 5% e OFEK (closed ball) F 7z iZFAM# (closed disc) &\ 5.
3. X ONES

Se(z) ={y € X [ d(z,y) =}
% x & 5% e DIRME (sphere) &5
FIREE . 78(1)(2), 79(1)(2), 81(1), 86, 91(1)(2)

Example 2.2.6 (n kot —2 Y v K%, n-dimensional Euclidian space). R @ n

i o 1B FE
Rn = {(.fEl,.CEQ, .. .,l‘n)‘ilfi c ]R}

D2 x=(1,...,Tn), Y= Y1,...,yn) XU z & y DF# d(x,y) %

d(z,y) = | Y (xi = y;)?

i=1
TEDDE dIFR" EOFRREKTH 5.
Proof. D1 ST d(z,y) > 0 TH Y, 2=y ol d(z,y) =0 TH 5.
dlz,y)=0&95&,

0< (i —w:)* <Y (wi—w:i)* =0
=1
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Thdhror,—y;=0 EoTzr=y.

D2 A & 7>,
D3R" D3z =(21,...,Zn), ¥y= Y1,--,Yn)s 2 = (21,..., 2n) ITXHU a; = x; —y;,
bi=vy;, —z &BL . v, —zi=x;, —vy;+yi—zi=a; +b; THHNH

d(z,y) Zaz, (y, 2 be, (x,2) az+b
=1 =1

(d(z,y) + d(y, 2))* — d(z, 2)? Za —I-ZbQ—I—QJZa JZ()Q Zaz—l—bi)Q
=1

=1 =1 =1

I THRBDOAEFESIZIRIZRT Schwartz DAEFEREZEHH Wz, d(z,y), d(y,z) X
WZHETHED 5 d(z,y) +d(y, z) > d(x,2) £7825. O

LiRs.

Lemma 2.2.7 (Schwarz DA%ERX). a;, b; (i =1,...,n) 2FEBHE T3 LROALERADN

JEE‘M j 6-
i=1 i=1 i=1

Remark . R IZB1F 5 (4K, 2—2 U v K) AR (a,b) &/ IV A |

= Zazbz
=1
lall = v/{a,a)

% f#i5 ¥ Schwarz D AZER X
[(a,b)| < [|a||[b]|

LIEMETH 5.

Proof. 502 = 0 25 IERTD i IZDWT b =0 THE2DTHI L HIT 0 & 72D T
5.
b2 £02T D ATEOFER L ITHLT

O<Zaz+tb Za +2tza,b +t22b2
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THY, B >0THENS, WHREEXS &

(Eee) - (£4) () =

N A O

Oz -2y FOEHE W\, R IZZOfRZ 52 THONDIEBZEMZ n
ot —2 )y RZE[E] 25,

n=10D&&
d(z,y) = V(z —y)* = [z — y|
Uc(z)=(x —e,x+¢)
Se(z) ={z —¢e,z +¢}
n=20&%

U((z0,%0)) = {(z,9) | (z —20)* + (y — y0)* < £}

e e e g

2.1 UL((0,0)), Ex 2.2.10,2.2.11 2

exercise 67. 1kt —27 ) v REB R O ZTNHENDEEGEHIIED LS HED
7n? (£30,1 DBZHRTHALX.)

Example 2.2.8. 7,y € Q ($2 WX Z) XL, d(z,y) €ER & d(z,y) = |z —y| &
HBL, dixQ (HHWVWIX Z) Lo THY, ZOHMIZED Q (BB WK Z) X (1
ot —2 Uy RZEE R O BRI TH 5.
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Example 2.2.9.

R .= {(fl,xg,...)

o0
z; € R, Zx?<oo}

=1
35, TibH R OIEEBH {2} TH > THRED 22 BINKT 2+ 0.
T = (a:l,xg,...),y: (y17y27~--) € R>®Zxf L

oo

d(z,y) = Z(% —yi)? = J”h—{go Z(ﬂfz —yi)?
i=1 i=1
TEXAEBUL R LOFFEBRTH 5.

(R® Z iy &EFELZEBEZ V. TR LWHEHFRMNOBKRTHONEGZ LEHZHD
THER.)

Proof. £73 d(z,y) »¥ well-defined 3720 B> (v, — y;)2 BIKRT B Z L 2 RTD.
Sn= Yo (wi —y)? &BLL s} FHEFAWMTHS. nikot2—2 Y v NZEMR" O
3 (1, ymn), (0,...,0), (Y1, -y yn) ICHT B =ZMAELDNS

s (B 2 (B

THE05 {s,} IERTHD. LoTIURT 5.

INNRDL, D2 E2ALTILEHESNTHS. ZAREREALTILIZ LRI
nIRTEI—27 VY REMIZBIF2=ZAAREA2EITETOMEL2Z L 52 TRTZEHH
k5. O

exercise 68. D =A% %2/ RHE.

Example 2.2.10. R" IZHWT

d@w%:gggm—ml

2EZASHE R LOEMBEHBTH L. (ZOHEEEF = ¥ = 7 (Chebyshev distance)
LRIENBZENH D)

Proof. D1, D2 I&HH & 2>,
EED1<i<niZD2WVWT |z; —y;| <d(z,y) BEDID. £oT

d(z,y) +d(y, 2) > |z — yil + lyi — 2| > s — 2]
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L7z ->T
d(w,y) +d(y, z) > max |z; — z;| = d(x, 2).

n=20&&U(0,0)) = {(z1,z2)| max|z;| < e}.

Example 2.2.11. R" IZEWT

n
z,y) :Z’xi_yi’
=1

IR T H 5. (Z DEEREE~ >Ny & VBERE (Manhattan distance) & XiEh s Z &
R#5.)

Proof. D1, D2 IZBH 5 %>,
d(z,y) +d(y,z) =

_yz’+2’yz_zz‘

‘xz - yz| + ’yz - Z@D

Vv

Il
M= ||M: ||M:

,\Q
I
_

i = 2| = d(z, 2).

n=20&EU0,0)) ={(x1,x2)||x1] + |22] < &}
exercise 69. R® 25T 2.2.10, 2.2.11 IZfH4 T 5 Z 2 #ERE &

Example 2.2.12 (#ftEREE#EZ2 [, discrete metric space). X 285235, B d: X x
X—->R%
1, =«
) = {0 T
’ r=y

CHEDBE dIE X EOEMBEC S, (MBS (1) B-.)
(X, d) % #siE 2= [ (discrete metric space) &\ 9.

U.(z) = {{x}’ ==l

X, e>1

0, e#1
Se(@) = {X—{x}, e=1
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Example 2.2.13 (p ##f, p-adic metric). p 2F L T 5. € ZITxL
max{n €Z |n>0, p"|l}, 1#0
vp(l) = .
o0, =0

EBLIA0DEE v,() & pt|l, " fl %2k 5k neZ THhD. Tihbb | %2H
N L= ED p DEEE.
dp: Zx7Z —R%

—vp(l—m)

dy(l,m)=p

TEDD. 2L p~ > =0T 2. d, 13 Z LOH#MBEKTHS. Z Dtz p &R
[ 2ANEN
Proof. D1, D2 IZH5 2. D3 2R% 5. £7
vp (L +m) > min{w, (1), v,(m)}
THBHILIEET 5. BERD L0 T, m A THANIE L+ m 15 gt ol

NES. p @ dz LU THHBRDTH S Z 2 IciEET L

dy(k, 1) + dy(l,m) > max{d,(k,1),d,(Ilm)} (¥55BIEEEND)

— max{p—vp(k;—l) ’ p—vp(l—m)}

p- min{vy, (k—1),vp(I—m)}

> pop(hmitl=m) — dp(k, m).

exercise 70. L£®d D1,D2 Z/R”4&.
exercise T1. LOHITp=20D55%2EFE25. neNLT 5.

1.1=0,1,2,...,10 iZ5 U do(1,0) %K &.
2. dy(2",0) BL P da(2n — 1,0) K &.
3. S1(0) BL T UL(0) ke k.

4. Sy/9n(0) B EV Uy jgn (0) %3k &.

Remark . Z OiEREE, ZAAEAXEL D HEWAEX (B =M 4%
max{d(z,y),d(y,z)} > d(z,z)

EHRIZLTWS. ZO XS ERZIET VX A 7 ZABE#E (non-Archimedean metric) &
W,
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exercise 72. X 286 ¢35. B d: X x X — R 2 (Vo,y € X, d(z,y) > 0) T,
IR = A AE R 2 A2, SARER 2 AT L 2RE.

Remark . Z OH#EIE Q IZILRTES. Bt v,: Q\{0} - Z Z2AFD LS ITEET 5.

ERED 0 THRWEHE r X r =p"s/t, (n,s,t €Z, s,t l& p TENLRW) &RYE, ZDn

FriZ&D—RITEES. vp(r)=n &35, £/ 0,(0) =00 LEDSD (p HAHH).
d:QxQ R %

—vp(l—m)

dp(lvm) =p

TEDD. 122U p =0 HKT 5. d, 1 Q LOHMEKTHS. Z DML p
[ PAREN

Proof.
vp(l +m) > min{v,(1), vp(m)}

THdILrREE DX ZDOLE LMK | =pts/t, m = pFu/v T s, t,u,v € Z 1%
p CTEINZZWETB. n<k&UTBRIEE2ELEDR.
l—i—m:p”f +pkE
t v
_n f k—ng
=" (74077

t
L US + tpF Ty

tv

ThHENos+tpPF"u e ZmDTus+tph"u=pw £E IS, 277 LeweZ, e>0,
w ik p TENBRY, ULzBoTl+m=p'Tw/tv £72 0 tv ik p TENRNZ LITIER
ThEv,(l+m)=n+e>nThHdI Lbird.

]

Example 2.2.14 (»» 3 ¥ 7 i #f, Hamming distance). X % £ & & 7 5.
xr = (m17"'7$n)7 y = (y17"'7yn) E Xn &:j‘j‘[_/,

LEDDE diF X" LOFEMBEBICZRS. ZOHE#E NIV ZIEH (Hamming distance)
ARESN

exercise 73. ZNWFEHEAKTH B Z L BIRE.

Example 2.2.15. (X1,d1), (Xo,do) ZEEEZERME 5. (21,22), (2], 25) € X1 x X»
IR LT
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1. \/dl(l’l,l‘ll)z +d2(1'27m/2)2
2. max{d;(v1,27),d2(z2,25)}
3. dl(.fEl,.fL’/l) +d2(x2;$/2)

TEEIEBITVITND X x Xy FOFEEKTH 5.

Example 2.2.16. LT ABREOEEEZEH O ERICHRECES. (X, d;) (0 =
,n) ZIEEEZER D L (1, ..., xy), (2], 2)) € Xy x oo x X, ITXRLT

L. \/Zz 1 xl’ 1)2

2. max{dy(z1,2}),...,dn(zpn,2))}
3. ZZ 1 (xl? z)

TEEAMEBITVITND Xy x -+ x X,, FOHEMEKRTH 3.

exercise 74. D 1,23 MHHEEKTH 5 Z & 2 RE.

exercise 75. X ZEfttREEEZZM L 95, Ex. 2.2.16.3 THEZx 65 X" FOJHEEAS L
NIV HERE (Ex. 2.2.14) L OBBREFAN K.

Definition 2.2.17. (X,d) ZH#ZM, A C X 22 DETHRWHEATELGL TS, 20D

0(A) := sup{d(z,y) | 2,y € A}

IZDWTIEBERS §(0) = —c0 &EZX D)

% A OELR (diameter) &\ 5.
AN
=
<400 THBHEE AFASR (bounded) THBE WS,

exercise 76. A C B7: 51X §(A) < §(B).

Example 2.2.18. 2 —27 Vv NEMDR © = (z1,...,2,) ZFOHETE¥EE r(>0) D
BHER U, (z) DERIE 2r TH 5.

Proof. FED 2 i y,z € Up(x) IZ2WT
0<d(y,z) <d(y,z)+d(z,z) <r+r=2r

U7 oT0<6(U,(x) <2r TH5%.
EEDEDE e < 2r IZX LU R™ D 2 5

Ty = (1 (r—-),z2,...,%n)

9
1)
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2FEZDE dxg,x) =r—/4 0o vy € Up(z). dlxg,x_) =2r —e/2 > 2r —¢.
FoTHU,(x)) =2r. O

Remark . —fDOHEHZEFRIZENT (U, (2)) <2r TH S Z 2D EOGEHDHETY: & b b
M, FERIBTUEENLT S L ENE SR,

exercise 77. L CTEHESVHEALLZRW, 74205 §(U,(2)) < 2r &2 561%%1F &

Lemma 2.2.19. (X,d) ZiE@ZE0, AC X 22 DETHRWHAIESGL TS, ZOL &
ANER & TEOR e X ITHL, 52 r>0MWMFIELT ACU,(z) &72 5.

Proof. =) §(A)=s,2€ X £95. ac AZOELDEETS. r=s+d(z,a)+1&7
L5 fEEDa € AITXU

d(z,a") < d(z,a) +d(a,a') < d(z,a) +s <r

7205 ad € Up(x). £>TACU(x).
=) AC Up(z) 551 8(A) < 6(U(x)) < 2r. O

exercise 78. ANWAH & HdHreX &, B2 r>0MWFHELTACU,(x) L7425,

exercise 79. (X,d) ZM#ZEM, AC X 22D THRWERBIEGLTSH. ZDE &
AFERTHBZ L 2RY.

Definition 2.2.20. (X,d) ZiFifZEH, A, B C X 2ZDZETHRWVENEELEL TS, 2
R 1
d(A, B) := inf{d(a,b) | a € A,b € B}

Z AL B O 2D,
B AD Lo € X 757 a e A= {2} THZEEE d({z}, B) & d(z, B) £
W, ({z} & B Ol WO FIZ) z & B Ol &\,

d(z, B) = inf{d(z,b) | b € B}
Thd.
HESPIZANBADSIEd(AB)=0Th3H, Hix—MIZIZEL < AW,
Example 2.2.21. 2%t 1—2 Vv NEH R2 OMSHES A, B 2RO LS ICEHT 5.

A={(z,0)| z € R}
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DL EIEEDODEDE x 12X L

d(A, B) < d ((x,O), (x i)) _

THBENS d(A,B)=0TH5H, ANB = 0.

8|+

exercise 80. 1.7eRETH. [EBEDEDE c 1T L r <eThNEr<0Ths
ZeamRE.
2. LORBOEHS, $hbb, LROEOK z 12U d(A,B) < L bz s,
d(A,B)=0Th 2 I L%zt

exercise* 81. (X,d) ZHEtZEM L U, Pr(X) TX OAREAIESRAKDLTESE
*9:
PrX)={ACX | AFARES}

A, B € Pp(X) TR,

d(A, B) = max d(a, B)

ac

EREDS. 272U d(a,B) = bigg d(a,b) (= gréijrgld(a,b)) Thd.

0THh,dAA)=0.
=0« ACB.

AR ol
[

dy ¥ Hausdorff B & KX 5 (£ DORRIRBETH 5).
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23 HRES, EHOED S UME

Definition 2.3.1. (X,d) ZE#EZEM], O C X 280 EGLT5. ZOL &
O " X ORES (open set) TH S < ROz e OIZHL, HDIEDE e > 0 BIFLE
LT Ud(z) CO L% 3.

Example 2.3.2. B U, (z) EHES, £ <12 —2Y v FZEH R OHXHE (a,b)
%A,
Proof. y € U.(z) &3 5. d(z,y) <r THE2Nbec=r—dz,y) £BLLe>0ThH5.
Us(y) C Up(z) ZRED.

2€U(y) &52Ld(y,2z) <e THEN"H

d(z,z) <d(z,y) + d(y, 2)
<d(z,y)+e
=d(z,y)+r—dz,y)=r

720 zeUp(x) THS. £oTU(y) CUp(z). LA >T U, () IFFAEA.
Lot —21y REFRIZEWTHKXH (a,b) & (a+b)/2 ZHub & 5 K5 (b—a)/2
DHERTH 20 HHEETH 5. O

Definition 2.3.3. X Z@fZfle 5. X OEGEE» 6725 P(X) DI EES
O0={01]0 X OHES }

2EZ5. O ZEdDED 5t (topology) &\ 5.

Theorem 2.3.4. (X,d) ZHtZEH, O 2 d DED SAHE T2 LIRDED LD,

01 X,0eO0.
02 01,026(9:>01ﬁ02€(9.

O3 {O)\})\GACOZ> U 0, €0.
AEA

Proof. 01 X e OEHEoh. 0220 Tldkzed &b x BWEELZRVOD THIE
ATH5.

02 2€0,N0,2T5E,i=121220WT,x€0,; T, O, IFEELGENIS, HBIE
e WIFELT UL, (z) CO; 7%, ¢ = min{ey,en} B &, e >0ThHDY
Us(z) C U, (x) TH2h 5, Us(x) CO1 N0z 25T O N0, IZFHEA.
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03 weUypOr 8F5E, H5 A € ABIELT x € Oy,. Oy, RHEETHS
WS, BBEDH e BIAELT Ul(z) C Oy, 5B, Oyy ClUyep Or THEDS
Uo(2) CUyep Ox £70 Uyep Ox RHIESTH 3.

O

Remark . O2 2 SIRAIEIZ L 0, HREOHES OIL@EH T IIFEE L 2D Z &2 b h
58, ERRAE Tl — &I IEZE S TRV, (IROMESI.)
fREEE . 85(1)
Theorem 2.3.5. FHEZERIZE VT, O D HHES < O IZFBROMES.
Proof. <) ETRZ &S ICHEKIFFHESTH 555 Thm 2.3.4 03 & b ZOHEE L
®A.

=) 0 2HEAL TR, FED 2 € O XDVWTHDBER e, WFEELT U, (z) C O
7%, x e U (x) ITHERLT

oc |JU.(@co,

z€O
foTO=U, (). O
MIEEE . 81(2)

exercise 82. Z—7 Vv N[ R” OHHEES

[](ai. i) = (a1, b1) x - x (@, by) = {(21,...,20) ER™ [ 1 <Vi<n:a; < < b}
i=1

BEESTHAZ L E2RE. 2hE R DXL WS,

exercise 83. (X,d) ZiEZEM, r € X £95. E.(z) ={y € X |d(z,y) >r} ¥ X
DHEETH D Z L 2mE.

VEODEE EDORL 5 HMERAFR CAMHEZEDLZ 8 H 5.

Example 2.3.6. Example 2.2.6, 2.2.10, 2.2.11 THZ 617z R" LDk
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n
= =i —wil
1=1

2EZD. 0,01, 0 2ZNENd, dy, dy DEDBAHETEHE O=0, =0, TH5.

Proof. O =0y ZR% 5.
ERED z,y e R" IZD2WT dy(z,y) < d(z,y) < /ndi(z,y) THD I LITERTS. E
BRERD i 1I2DWWT

— il = V(i — y:)? —y;)? =d(z,y)

1= 1
THDM6 di(x,y) = max |v; — y;| < d(z,y). EERED i IZDWT
(25 — y:)* < (max |z — yi])? = di (2, y)°

THLEHNH

=1

d(x,y) = J Z(:E’L - yi)2 < J Zdl(xay)2 = \/ﬁdl(xay)

PRt dy (2B B FAERE UL (2); TR
OcO0tdsd AEDzc OZRULDIERr WFEMLELT Uy(x) C O 5.
e=r/yn&BELLe>0 FEDy e U (a) ITHL

d(%,y) < \/ﬁdl(xay) < \/ﬁg = \/ﬁ?‘/\/ﬁ =T

Zhr6yeUy(r). £oTU(z) CU(x) COTHH O Or. LEA>T O C Os.
W20 e O THNE, TED 2z € O ZHUBHLERH e WHFEELT U (x); CO &
5. di(z,y) < d(xz,y) THZH»5 Us(z) C Us(z), %D O € O THB. £oT
01 CO. DS O =0, PREr.
O =05 % d(z,y) <ds(x,y) < nd(z,y) \TEETHLFRKICRES. O

exercise 84. LDOAER d(z,y) < do(z,y) < nd(z,y) Z7=E.

exercise 85. A4 X LD 2 DDOHEHEEEE di & dy D35M* [IM,m > 0,Vx,y € X :
mdi(z,y) < dso(z,y) < Mdy(x,y)] AT Ed ~do &ELZLIZT 5. HE#Ed; 12
B9 568k % U.(x);, BElE d; DED B 0iME O; L EL.

1. R ~ IXFMERERTH 5 Z & 2 RE.
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2. dy & do WRMG*xEATETE, ZOLEMLEDre X LERED e > 0I1TX L,

Umg(x)2 C UE(SIZ’)l
Uﬁ(l‘)l C UE(CE)Q

ThdI Lzt

3.d1 ~dy THDLEINSDEDDAMIFL W, $74b5 O =0, THDI L
A

exercise 86. Example 2.2.15 12815 X; x Xy ED 3 DDOFFEEBEEDED B AMHIE E
NHELWIZ & %2 RE. Example 2.2.16 (ZDWTIEE I 09

exercise 87. R" [ZHWT, 2—27 VU v NFEHEDE D 5 (itH & BEFERRED E D 2 1A IR
AN RN iy c
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2.4 f(IMEZEME

B CHMOED 2R E VWS B DZEA L. TOMWHE (Thm. 2.34) 2B LIZIRD
EREDIAD.

Definition 2.4.1. X 26295, X OHSESGDE O (TabbH O C P(X)) X
D 3DOD%M: 01,02, 03 24T LE, O X ICAHEEEDDS &V, #l (X,0) 4L
F1ZE[H (topological space) &\ 5. BILDOBZTNDHR\NE Eid O 2EMEL T, MAHZEM
X &FELZENZ V. 2, LIFLIK, O DZ &% X DA (topology) & K38

01 X,0eo0.
02 01,02602>01m02€(9.

03 {O)\})\GACO:> U 0, € 0.
AEA

O Dtz X DHEA (open set) & L5

Remark . BREEZERDIGEITRR7Z L 512, O2 S IREIZE D, BIRMEDOFES DI
WaFEG L RS2 875‘2’)75‘675‘, FERRAE TIE— M2 Z S5 Tl 2.

Remark . LFBWVWEBWRARE0vE L WhS, E£E5 A2 ED 5 HILIHES K E
DEPMZE VA NVEHSL. TD7H, X DAMHEZERTDIZ O LiFhliciiszHEL T,
(O DEDBMET] LWVWolzE8W0WhET52edHb. ZOHETIEZVWTVWDOHE, O
DZEZEMHE LRI EIZT S,

Example 2.4.2. Thm 2.3.4 25 FFREZEMICBWT THEROED BAH] INHHTH 5
ZeWbhd. TROLEMZEM X 28 3HESGOKIT X ITMHEZED 5.

PF, &2 ebonhrE D faEEzeH X (XM O 5 MHIC & D 2R &%
Ab.

Example 2.4.3. X 286295, #EAP(X) ZdhEo» X IhiHzEDS. T
Mk Z X OBEFUAIFE (discrete topology) &5 .

Example 2.4.4. X 28435, O={0, X} X X (ZfitHzED 5. ZONMMHEZ X D
AN (trivial topology, indiscrete topology) &\ 5.

Example 2.4.5. X 284527 5.

O={ACX| A RERES) U0}
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L5, O X ITAHEZED S.

Proof. 01 X°¢=013ARESEDPZ X € O.

02 ALAs €O eF3. A As WENHIAEEADEAIE, AN Ay =0 € O,
EELEBEELTIERWVWES, A7, A5 EHE 0 6RES. Ko T (A1NA4A)° =
ASUAS BERES. LzdioT A N4y e 0.

03 A\ cOrT3. TRTDACAIHL, Ay =0ThrnE, |J A =0€0. b3
AEA

Mo € ATHL Ay, # 0 THEEHE, A, FEREATH .

(U AA)C: (] A5 C A5,

AEA AEA

THENS, (Unep Ar)° EHRES.
O

<2, X =R DA, ZOMHE%Z R OV Y XF—A(i4H (Zariski topology) & \5.
(V) 2% —HHIERIZHNDOE NI TERI NS, REEMPDOREZHOZ L)

INoDHIMSBDLNDEEIIT, VEDDES X IZASAMMIZOEDET LIRS
ANNR

Definition 2.4.6. X 284, 01,0, 2 X OhifHET5. O C O, THD L E, AiHH
O1 1 FAIH Oy & 0 55\ (weaker) F 72 1FH\ (coarser) , & 5 W&, fifH Oy E47MH O &
DR\ (stronger) F 7z IZMIA W (finer) &\ o T, O < Oy & EL.

DEVHEANZL I AD DR,

HESHICMNAHDRIIIL, £E X ITAND Z DL MHESIKICIERBEGEZ 5 %, %
EHNADP RS, $2b5 ZOER TRANDAAHTH D, BN AHD R, 370bb ZDJERF
THRAKDNIHTH 5.

MIREEE . 124, 125, 127, 130.

exercise 88. X WHIREAD L &, Ex. 2.4.5 DAMHIFEHRAMHTH 5 Z & 2. X A3
HRESDIGEITE SN ?
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25 F&EE

Definition 2.5.1. (X,0) iM%/, F C X 280 EGL 5. ZoL &
F 25 X OHES (closed set) TH B e F OWiEE FC ¥ X OREATH 5.

Theorem 2.5.2. F ={F | F ¥ X OM%4 } 3iRE AT,

F1  X,0eF.
F2 Fi,.Fh e F=F,UF, € F.

F3 {FA})\GAC.F:> n F\ e F.
AEA

Proof. O1, 02, 03 &

F1) X¢=0€0,0c=X € O.
F2) (Fy, UF)*=FfNFseO.
EF3) (NFy)° = U(FY) € O.

O

Remark . F2 12X O BERMEOHEEDMES IIHAEETH S Z LB bh b0, HEREDG
Hlx—iziZZz S TRV, (HEED L 22 2R

HEAHEZIEET A I ThNIHEZEDD Z N TE 5.

Theorem 2.5.3. X 2HH5L95. X OWMAEAEDHE F BEM 2.5.2 D 3 DDA F1,
F2, F3 2#A7=3&35. Z0kE, X DN EADK
{OcCc X |0°eF}
I X M ZED, FIXZOMMIZETHAEAEE2IKTH 5.
F7o, MMHEROBESSEDIS ZDE S IZL TEDAMIZE L DMHE —3HT 5.

Proof. & & 5. O

Example 2.5.4. FiffZEfIZBWT 1 HOA»SREES {2} FHESTHS. L
WoTF2IZEXDEREPEELHESTH S.

Proof. {z}¢ =X —{a} PHEETHH I L2 VAT L.
yeX—{z}ddlar#y oTe=dx,y £BLLe>0THY, HE oM
€U (y). 2T U(y) C X —{z}. O
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Example 2.5.5. X Zifff7EM e 35, B,.(2)¢ = E.(z) TH 55 5 exercise 83 £ 0,
FIERIZBASE A TH D, L2 12 —2 )y FEMRICBWTHKMIZFAEETH 5.

exercise 89. HEEZEMIZH VT S, (z) XHEAETH S Z L 2mE.

exercise 90. 1 —7 V) v NZER] R" OMHEES

[[lai,bi] = [a1,01) x -+ X [an, b) = {(21, ..., 2n) €ER™ [ 1 <Vi<n:a; < < b}
=1

FHEAETHE I 2RE. 2% R OB E WS,
Remark . X,0 2B OEHEETHS. £/-HESTHHEEGTERWIHEDESLH 5.

exercise 91. 1Ryt —27 Vv RZH R OFHXM (a,b] 1 a < bR o IXHESTEH
EETHR.

FIRELE . 83(1)(2) 84(1)(2), 132, 133, 134, 135
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2.6 fE
Definition 2.6.1. X Z#{\ifH%EflL 9 5.

L.LUCX 280G, e X 35 ZDLZ
U Dz D% (neighbourhood) T % ST € OCUetZbE57 (X D)k
&G 0 DFIET 5.

iz, i 280HES T2 DEHETH L. v 2ECHEG%EZ ¢ OFEME (open

neighbourhood) &\5.
x DEFETHOHEETHSE D% x DEERE (closed neighbourhood) &\ 5.
2. &

U)={U C X | U &z Dt}

% x DR (system of neighbourhoods) &\ 9.

3. AU C X 2WtEaLTs —or
U » A Oilif% (neighbourhood) T® % < ACOCU (%5 E57 (X D) &
& O PHET 5.

Remark . EHOERIIMMITE L SWTWS. HMOEDBMMEERS & %, FH
BUL A > TWTHAAD BT I U(z) 12T 5.

Example 2.6.2. JEEZERIZENT, e iliff Us(z) (72720 e > 0) d z 2 ECHESR
DT,z DIEHETH .

BIESIEEEZFHVWTRES I o5,
Theorem 2.6.3. O C X 2#fnHEE LTS, ZD L ZWRIXEMETH 5

1. O IHEATH 5.
2. fEED z € OITHL O e U(x).
JMERED e OITRL, HB U elU(x) BFEL, U CO &7%%5.

Proof. 1=2 =3 13dH E 5 h.

3=212RT.2€0 &ddL IRELD U, CO &3 x DERE U, WFIET S, Elh
DEFENG x €0, CU, LTRBHER O, WHEETD. HEOHNIZ0, COTHD. &
TEO0ITHNLIDLSRHER O, 2L DL,

O=|J{atclJO.cO

zeO zeO
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TH5H05,0 =00, %0, HESGOHNESLDT, O IXHES. O
exercise 92. FEEEZEMIZBEWTIX, U eU(r) & Je > 0s.t. U(z) C U.

Definition 2.6.4. X ZfitH%EM, z € X & U, U(z) & v DiEfERELTE. ZDOL &
U*(x) DYz DHEAEFER (fundamental system of neighbourhood) T# %

- {(i) U(x) C U(x)
def | (i) RO U eU(x) 126 L,dH2 V eU*(x) WFHELT,V CU L7425,
Remark . BAEFHERIT 2 128U —EWIZEEZ 2D TlEARW,
Example 2.6.5. X ZiR#fZEM, x € X &9 5.
U (z) ={Uc(z) [ e > 0}
IFEAEERTH B (exercise 92 Z1R).

U™ (z) = {U (x) ‘ n e N}

3=

FHREALHERTH D,

Proof. U**(x) CU(z) 13D E S5 h.
ERD U € U(z) IZXT L, exercise 2 o dH b e > 0 BFHELT U (x) CU &725.
I/n<etZneNzehdU.(z) CU(z) CU. O

U (z) = {B () ‘ ne N}

3=

FHEREAMEERTH 5.
exercise 93. LD U*** (z) WEAEHERTH D Z L 2RE.

exercise 94. U*(z) % x DEREHER, U™ (z) 2 U*(z) DEREE LTS, EEHD
Uct(z) CHU, B3V cU™(2) WEELTV CU 4532 T3. Z0OE X, U™ ()
T DEREHERTH 5.

Definition 2.6.6. 7%/ X 238 — Al AR (first axiom of countability) % #7239
< ERD v € X W2 AR HDEHED 78 5 BHARHERE ED.

Proposition 2.6.7. FHEEZEEIEE - EREE AT, O
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Example 2.6.8. 2t —27 1) v RZEM R2 2BV,

{(x —eg,x+e)x (y—e,y+e)|e>0}

A (2, y) DEAREFERTH S, BB, (z —e,0+¢) X (y — €,y + ) 1& Example 2.2.10
THAZEHIZET A (v,y) D eibfETHY, ZOHBMOED DAMHE 21—V v RiR
HEDED BAAHIZ—ET 5 (Example 2.3.6).

€> O}

FRRIZ n ot —2 ) w RZE R® IZ2B\WT
{H —&,%; —|—€
=1
Thm. 2.6.3 THAZ LD ICHEATLEZHWTRED I oNsH, EAALHERZHOV
THEEATIF A TE 5.

A (21, ... 20) DHASEERTS 5.

Proposition 2.6.9. U*(z) & v DEREHERE T 5.
O DHEETHS o [FHO € O LHL, 5 V € U (x) BEELT, V C O &
8.

Proof. Thm. 2.6.3 &0, O DHEETHEZ I RO 1 FAETHSE. L->THRD 1 &
2) WEMETH 5 Z & 2RI L.

. FED 2 €O IZHL, 2 U cU(x) WFELT, U CO £7%25.
2. FED € O, BBV eU*(x) BFELT, VCO k5.

1=2)2c0 b33, HE() LD, UCO 55U cl(s) WFIET 2. HAERE
ROEHREIODV CU %DV el (x )fN?TTZJ aéé“bf» VvV co.

2=1)U*(z) CU@)PRDESHh. FHELLIEFY

Te0LTBHE HER KOV CO LR VEL{*(x) WAL 5. HAEER DR
HEOVidz DEHEZEOTV cU(). O

Remark . ZOFEHD & 512, v OEHERIZET 25042 BAEHERICET 584 E &
MADZEDPHEKLGEDRLIELIED S, (EAEEREFIZDIDIZERZEINTNS.)
LOERIEIZD LD RIGEDIHDOMEITH 5.

TERERET DL TRMHEEDD LN TES.
Theorem 2.6.10. X ZAiMH%EM], U(x) 2 v € X DEFHERE TS, IRDBED L.

Ul Uel(x)=zel.



138 2 FE AR & A AH 22

U2 Uy, U, €lU(z)= U NU; €Ux).

U3 Uy €U(z), Uy C Uy = Us € Ux).

U4 [EEOUcU(z) L, 5V eld(s) WEELT, VCU D, EEDyeV
WZOWT U el(y) £725.

Remark . U4 13550 & UTIE, BT, i O i

Proof. Ul » & 570,

U2 U, elU(z)eTd8, EHED 20, CU; LBBHES O, WMHET S, 2Dk
ErxeO01N0,CcUINU; THY, 01NOy FFEETHZEH5 Uy NU; € U(x).

U3 Uiel(x) 2L, bHEEO0OVPFHELTC2zeOCU &%45. U CU, TH
X, 2€e0CUy THENH Uy € U(x).

Ud UeclUln) 32, 2€c0CULh3BELGONRHE. V=030, V
2z 2 BCHEEGRDOTYV el(x) THY, VCU. FERD y e VIZDOWVT,
yeV cU»D, VIFHEADZ, U cl(y).

O

Theorem 2.6.11. X 28 &L 95, &z e X ITHL, 0 £U(x) C P(X) 525
N, EHL2.6.10 D UL~U4 KD IO LT 5. ZDe&E, HaES O C X ITHL,

O WHHEETHS & (LD € O 1LHL O € U(x)

LED DL, BEASKE X KR ED, Ulr) 122 OMHIET 3 ¢ € X OEHRT
5%,
72, MAIZERI OISR S S 20 & 510 LTRDAMIES L DR L —8T 5. O

s . 147
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2.7 AR, WEB, 488, TR

Definition 2.7.1. X ZfifH%EM, AC X 2HnHEE5LT5. AIZEEN5 X OHES
TRTOMEEZ A DWEB (interior) W\, A° TR,

A= 1] o
OCA
O:open

DIFAZEENIHEGTHE0 0, AITEETNIHERIIDRSLEVEDIIFET
5T LITIER.) Def. 241 0312k 0, A° BHEETHZ. /- AITEEND (AEBRK
WCBLT) RRDHEATHD. (hESNMIZ A CATHY, O C AW¥HELGTHNIZL
OCA°TH53.)

exercise 95. A C B= A° C B°.
exercise 96. A: open & A = A°.

Definition 2.7.2. AC X 20 %EE, v X £ T 5.
x 7 A DN (inner point, interior point) Td % o DHBEE U BHFEIEL T,
UcA (§7%2bb, UNA° =) .

HESPIZx B ADHNETHEI L, AV DEETHDZLIIAMETHS.

exercise 97. x N A DN & AWz DEFETH D, I70bb, HEHESE O BFEL
T,z 0 CA.

exercise 98. U*(x) & v DERLHERLT L. DL X,
B ADHE & BBV €U (z) BEIELT, V C A
Rz, BEREZERIC B W TR
DB ADHER < H5e>0MNFHELT, U(z) C A

(exe. 92 ZH.)
Theorem 2.7.3. A DN A° 1F A DNRERDLTEAETH 5.
A ={ze X |zlT ADNK}.
Thbb, xe A° ©x DHHEMHE U PFHELT, UNAS=0.

Proof. + D ADHRRGIX, 1€ O CALRPESROPFEHLETS. OFAZEEN
LHESENS O C A°. L->T x e A°.
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—HrecALtTbL, 2 A° CATHY, A° FPELRDT Ald x DERE, T4ab
Bz ld A DAL O

Example 2.7.4. n Xt —2 Y v RZEHE R™ TIXEARRO NEIZEER, 37205 B,.(2)° =
U.(x) TH 5.

Proof. U,(x) 3HAEETH Y, HE o7 Uy (x) C By(x) THEH2 6, Uy(x) C B(2)°.

B, (z)° CU.(2) 2RE5. yeB.(2)° &5, y=zR25EXHET 5N y € Uy ().
y#£x&3d ZDEE d(x,y) #0. B(x)° EHEELZDT, H5 e > 0P FEMELT,
U.(y) CBo(z)° £%5. z=y+—— (y—z) R B &,

2d(z,y)

€ €
= —-—<e

02 = = ol = | sy 0= )| = 5y o=l = 5

B, 2 e Udly) C Bo(z) %0, d(z,2) < r. MEDHHS d(z,2) = d(z,y) +% e
DT

d(m,y):d(x,z)—ggr—g<r
WA yeU(x). O

DA SRS & D17, MBI HEEERIZ BT Uy(2) C Bo(z)° AR D o, L
A UEBEBT UKD L\,

Example 2.7.5. X % 2 DBl houz & OEHER =R & 95, Bi(z) = X DT,
Bi(2)? = X. —Ji Ui(z) = {z} 255, Ui () € B1(x)°

Example 2.7.6. 1 Xot2—2 VU v FZEH R OHAES Q DNIBIFZEESR, T4bb
Q=0Tdh5.

Proof. Q IZWNM RN L2 RBIXEIV. reQ & 2. LED e > 01T,
Uc(r)NQ°=(r—e,r+e)NQ° D (r,r+e)NQ°#10

WA U(r)NQ°#£0, 705 U (r) ¢ Q. £-oTr ik Q DWATIEZA. O

Theorem 2.7.7. A, B C X 2 nHEALT DL ZIRHKLD LD,

11 A° C A.

2 (ANB)° = A°nN B°.
13 (4°)° = A°.

14 X° =X, 0° =0.



2.7 P, R, AMER, BE5R 141

Proof. 11,14 13 & &5 7.

2. (ANB)° C ANBCAT®YH, (ANB)° FHEAPZ (ANB)° C A°. [k
2 (ANB)° € B°. £->T (ANB)° Cc A°NB°. —/ A°C A»DB°C BWYx
A°NB° C ANB. A°NB° 3% E&LDT A°NB° C (AN B)°.

[3. A° 1L A IZEBENZHEATHENS A° C (A°)°. 7211 &b (A°)° c 4°. O

exercise 99. LD 11,14 Z/R¥.
HEADHEIZDOWTIZIRDB VR 5.

exercise 100. (AU B)° D A°UB° A0 iD. UL»UL (AU B)® = A°U B° I&—#&IiC
(=95 AVAVZANAY

FEBRARE oD 3@ 40 D NERIZ D W TIZIRDAEBARDIAL D 2D, UL UEFIT—MRIZITE
VA DRANAY

exercise 101. (ﬂ A,\) C N A zrt.
AEA AEA

Example 2.7.8. R Z 1 kot —27 Vv RZER, r e R 95. ne NIZHU A, =
(z—Ltz+ ) cReB. N A ={a} THE2S, (N0, 4,)° ={z}°=0. —
Fi A, EREERDOT A = A, ko T2, AS = {z}.

exercise 102. EOFIDOEFER N7 A, = {z} BLO {z}° =0 2Rt

Definition 2.7.9. A C X 2#nHEL95. A DMEADONEZ A DIME (exterior)
LW, A¢ TRT.

A = (A°)° .

A Dk A DARRLE NS,

ADHERIE, A LZDOIRVRKRDHEATH S, EBE A 13 A ORI SHES
THO, A° C A DS A NA=0TH5. Oz O0ONA=0ThHhsHERFLT DL,
O C A 215 O C (A9)° = A-.

Definition 2.7.10. A/ := (A°U A°)° % A OBEIR (frontier) £\ 5.
A° A F L EILHEATH D00, TOMELGTHS A BHELSTHE. £
A°NAS =0 THHILITEET DL, X 1T A°, AT, A° @ disjoint union 1272 > T\ 5.

X = A° U Af U A-.

Theorem 2.7.11. U*(z) % x € X OIAREFHERL T 5. RIZFEMETH 5.
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1. z € AL,
2. z DEEDEFHE U IZDODWT, UNA#D 1D UN A # 0.
3. MEBOU eU*(2) IT2PWT, UNA#D»DUN A # (.

Proof. 1 2. Thm 2.7.3 £V,
re A< U el(x): UN A =0.
Al Ui & A° (2o T
r€eA =AY <Wel(x):UnA=0.
L7255 T

reAl cxd A° D xd A°
SVU elU(z):UNALD 2D UNA#0.

2& 3 EFPE L. O
exercise 103. 2 & 3 2Rt

Corollary 2.7.12. Af = (A°)7,

Proof.

reA VU cU(x):UNAADHDUNA# ()
SYU cU(x) : UN (A AP D UN A £
sze (A

BB\ IE (A9 = ((A9))" = A° ITHERL T,
(Ac)f — ((AC>O U (Ac)e)c _ (Ae U AO)C _ Af
O

Theorem 2.7.13. X 28#&6¢35. G (—-)°: P(X) — P(X) # Thm. 2.7.7 ® 11~
U ABETETH. COLE, HHES AC X IKHL,

ADHEETHD CﬁA = A°

CEDDE, AEEEKRIE X IThitEzED, A° X ZOMMHIZET 25 A DWNETH 5.
E7z, MHZEBIOWEH?S ZD XS IZLTEDAMEIZD EDHE —3T 5.
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FIREEE . 80(1)-(5) (PR, AN, B sk &) | 157 (M RD &)
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28 Mg, R

Definition 2.8.1. X ZfiHZEM, AC X 28nEG6L 356, A 2680 X OELGTN
TOIEERD 2 A DFE (closure) &0\, A 7213 A THT.

ﬂ F
Fclosed
(X FHAEARDT, A zE5CHEGEID RS LEVLDEIHFET LI I LITHER)
Thm. 252 F3 12 &0, A ZHEATHD. £7/- A 2850 (A&EEFKIICEL ) &/
DHEAETHL. (HEONIT A*DATHY, FOAPHELSTHNEF D A* ThH
%)

exercise 104. A C B = A* C B*.
exercise 105. A: closed & A = A“.

EFRE D DN D KD ITWE L BATICIXEFREYH 5.
Theorem 2.8.2. A% = A°.

Proof. A D AWZ A% C A°. A% BHEAT A ITEENDDT A% C A.

—Ji, A DA PR AC A A RBIHEATAZBEATVWDEDT A C A &»o
T A% D A,

BB, EEOANZERLE L TEbR 5. O

Corollary 2.8.3. A°¢ = A%

Proof. FOEM%E A ITEAT LI V. O
Corollary 2.8.4. A% = A°¢ = A° ] AT,

Proof. A% = A% = A° T, X = A°UASUA® THo=h s, A = A = A°UAS. O

Definition 2.8.5. A C X 2¥#51 %S, v € X &7 5.
x S A Ofifi s (adherent point) T % @ DIERE D U XL, UN A # 0.

EHBLIVDEONIZ, N ADOMBETHEI L, 2 DY A° ONFTIHARWZ & IXFEE
Thb.

KA e LT (B2 OB 3R OMEMEN S 23025 K ICEHBIZZES TH D) |
TN ADMISTHLL VDL, 2 DWW HTHELKIZADEDRHBE L NS Z L,
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exercise 106. U*(z) % x DHEREHERLTH. 2D &
x WA DMK & VU eU*(z) :UNA#D.

Theorem 2.8.6. A DM A% |lZ A DS A DRTEETHS.
Aa:{x€X|xliA®@ﬂﬁ—i}.

bbb, rec A e x DEEOLFBEU L, UN A #).

Proof.

x €AY & x e A
Saxd A
Sz ld A ONR TR WY
S ld A oS,

O

Corollary 2.8.7. 1 ¥Rt —2 1) v N4/l R OB THRWVERBAEES TZHKAT, B/NT%
HD.

Proof. ACRZZETRHRVWVARMEG LTS, AIFETHRVWERESE»S EIRVPEET
5. s=supA &B<L. Prop. 1.7.28 K0 fEED e > 01U (s—¢,s|NA£DTH5
Mo sld ADSDR sc A%, AIFFHEEEDS A =AThHd. koTscArkD,
s =max A. B/NTIZTDOWTH [FARR. O

Corollary 2.8.8. X DfZEfDO L &, 2 € A* & d(z, A) = 0.

Proof. X ZiZeM &35, {Us(2)}.oo #¥ x DEAEFERTH 2 Z LITERT NI,
Thm. 2.8.6, exe 106 £ 9,

reA*=Ve>0:U(x)NA£D
&Ve>0,Ja€ A:d(z,a) <e
< inf d(z,a) = 0.
acA

O

Example 2.8.9. nikjt1—2 Y v RZH R™ CTIXBEROAWIXEARKTH v, BRI EKE
TH5, Txbb U (x) =B, (z), U.(z) =S, (z). (7z7ZLr>0.)

Proof. Bl Z1¥ E® Thm. 2.8.6 2 21X, Ex. 2.7.4 LFIZL T U.(2)* = B.(x) »b
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M5, FHMIEHEMNE U () = U (2)*\ U.(2)° = By(z) \ Up(z) &0 Uy(z)) =
Sr(z). O

exercise 107. n =2 D& &, LOFA U, (2)* = B, (x) Z2m¥. £/, BHEZERIZE W
T—MIZ U (2)® = B(2) IEE D 2 DH?

Example 2.8.10. 1 ¥Xt1—2 1 v NZEH R OHHES QI2WT,Q  =Q*=R T
H5. EE Lem. 2.1.7 XU Thm. 2.7.11 75 Qf =R A¥bo» 5. FEMlIZ M E.

exercise 108. LD%X Qf =Q* =R #5E.

Theorem 2.8.11. A, BC X 2R HEGEL T2 & MDD LD,

Al) A®D A.

A2) (AUB)* = A*U B®.
A3) (A ) = A%

Ad) X=X, (0* = 0.

Proof. Thms. 2.7.7, 2.8.2 ZfH 21X
(AUB)" = (AUB)*“ = (A°N B°)° = (A®° N B®)" = A°°°U B*“° = AU B*
FLLUTREDS. 350D LHESH 5.

Remark . @ AIZDOWTIE, (AN B)* C AN B B30 LD PSS 1E— I IdROT
L7,

1RTELI—2V Y REMR OWNES A = [-1,0), B=(0,1] 225 &, A* =
[-1,0], B* =[0,1] THZH 5, AN B*={0} 2 (AN B)* = (* = ().

Ho LMHEZRHE LTI, Q Q°CREZERXL L, KITA-LDIZ Qf =Q*=R. &o
TQY=Q =R~E»5Q=R. LR>TQ*NQ*=R. =5 (QNQ°)* = 0.

exercise 109. EDFID (0,1]* = [0,1] ZxnH.
exercise 110. (AN B)" C A*N B %R+,

Theorem 2.8.12. X 25527 5.
T (=) P(X) = P(X) 78 Thm. 2.8.11 ® Al~Ad 2 AT T3, ZDLE,
SELE AC X ITXHU,

ADNHEETH S §:>fA = A

CEDDHILIZED X ITAMHDIAD, A X Z OAAHIZEE T2 A DEAETH 5.
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F 7z, MMZEROHAG» S Z DX ST TEDAMITD LD E —HT 5. O

FIEESE . 80(1)-(5) (BAgZzke &.) | 157 (FldZRD &) b, FEETIE A DA%
ArEBNTWS,
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(2015 FEEILZ/SR)
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29 R Ik ERE

Definition 2.9.1. X ZfitHZE/M], A C X 20 EELT5.

r € X 7' A D&M (accumulation point) TH % o DERDERE U 12U (A - {z})NU #
0.

A DERRO2EE A DEES (derived set) LW, A" THHDT

ADRa€e AN ADEBMUMTRNVEE, Thbbac ANA) THBLE a% ADINI
(isolated point) &\5.

fil i DEFE (Def. 2.8.5) LT 2L L02 L5112, 2 PN ADERMEATHI LV Z &IX, 2 B
A—{z} DfifiTHBD L\ VD Z il 570, (Prop. 2.9.4 21#)

X DB DEE, ¢ DY A DEEETH L0 DIF, 2 DWW S5THIELIZ 2 TERW A D
HBRHdL\W5Z,. (Prop. 2.9.6 2R)

Remark . A—{x} = An{z}c =6, (A—{z})NU =(An{z})NnU =An{z}°NU) =
ANUN{z}c %%DT,

(A—{z)NU=ANU - {z}) = ANU — {z}.

exercise 111. U*(x) & z DEAEHERL TS, ZDL &
z W ADEMK & VU el (x) : ANU — {z} #0.

Remark . 1 00t2—2 1y RERRIZBEWT, 55 {an) OERHE (3755 54351 DR )
Yo {an} REE YL BT EOERS L EHNOMATH S,

exercise 112. 1 Xt —21) v REMRIZEWVT, ay = 1 THERXS5NHU {a,} DERHEL
ERRERD K.

Example 2.9.2. 1 X7i1—2Y v RZEB R OHHEE A= {1 |neN}izonT, A’ = {0}
THD. LI A DMIZE T,

Proof. 1.LOEA THHZL. EIRDe > 0L, D n e NPHFELT, £ <e &5,
FoTLeAnU(0)—{0}#£0Wzx0e A
2. FED A0 L,z g A THhDHZ L.
(i) z<0De&. e=—ax B, e>0T, ANU(z) =0 R g A
(i) 0<z<1lDEx.
Lz=2cAnt& e=1 - 2B, e>07T, ANU(z) =z £oT
ANUs(z) —{z}=0®R g A"
ii.zgADeE N=min{neN| i<z} BFE N>2T, + <2< 5
THs. e =min{o— &, gy —af LB e > 0T, ANU(2) = 0 W%
rg A

(i) z>10D¢&. e=x—-1,BEX,e>0T, ANU(z) =0DA g A

Example 2.9.3. 11 —2 Y v NEF R OHMAEEG QIZ2WT, Q' =R TH 5.
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Proof. Vo € R, Ve > 012X L, Lem. 2.1.7 &b, QN (U (z) — {z}) DQN(x,z +¢e) #0. O
exercise 113. 1Rt —27 Vv RZE/M R OWMAES ZIZODWT, Z' =0 Th5.
Proposition 2.9.4. z € A’ &z € (A — {z})".

Proof. Thm. 2.8.6 L EMHRDEENS z € (A—{2})" & z DEEDEHE U IZOWTUN
(A—{z}) #Dexec A O

A DA, AT ADEBEEZETNINAZEDTH 5.
Proposition 2.9.5. A = AU A’
Proof. A C A®* Th5. £ LD Prop. 294 kb zx e A =z e (A-{z})* C A &ko<T
A CAY, U= oTAUA C A

iz e A hor g ALTHE, A—{z) = ATHBNDS, z € A = (A—{z})* DA

zeA. LENoT A C AUA.
(cf. A% = A" N (AU A®) = (A% N A) U (A* N A%) = AU (A® N A%)) O

Proposition 2.9.6. X #f#iZEfl 35, 20t & 2 A ©FBDe> 0L Us(z)N A
NERES.

Proof. < 13HZ 5.

=. MMEEZRT. HIEOE e WFEELT, Uc(z) NAPARESZ LTS, 20L& U (z) N
A—{z} BAREETHS. U(z)NA—{2} =00 EFERLV o g A" U(x)NA—{a} #0
D&, U(x)NA—{z} ={a1,...,an} £T5. & =mini<;<pd(z,a;) £BL L, e >0TH
D, Us(z)NA—{z}=0. koTazg A O

exercise 114. 1. EDO <« Z3RH.
2. ECU (x)NA—{z} =0 TH2DIERE»HIHE L.

exercise 115. z € X 7" X OVl & {z} »* X OFEA.
exercise 116. A:closed & A’ C A.
exercise 117. z € A" = (A — {z})" = A%, (HEFELEBAAELL RV

IR . 30(1)-(5) CEEEZRD X.)



2.10 FA%, Ak 151

210 ®m 2R

Definition 2.10.1. X Z{itHZ4[H, A C X 2G5 L T 5.

AN X THI% (dense) TH 5 (ﬁAa = X.

Definition 2.10.2. » 2 /RMDEEVFELT, T0A X THETH L L &, X 11
43 (separable) TH B &\ 5.

Proposition 2.10.3. A 2% X TH{%
SHEEDrze X &, s DERBOEHE UKL, UNAA]
& ETHEWERDORES O ITXHL, ONA#0.

Proof. A)DFEMEIZ Thm. 2.8.6 X0 H & 55, 2 DHDFEMEIE,

=)0 ZETRVHAESELTD. €6 0%20eDL5. Oz 2BCHEGE2S 2D
IfE o TIREDN®S ONA# 0.

SreXeds Uzadiliftiedde, xe0CULiRbES O MNFHETS.
x€O0ENSO0#D. FoTRELD ONAZD. LED>TUNAZ. O

exercise 118. 1. EOEMDFE % FHE L.
22 AV X THE  FEDze X &, FEDOU e U (z) IZHL, UNA#D. 7=7ZL
U* () 1z DERERER.

exercise 119. z € X 2 X OEfR < X \{z} »* X TH%. (cf. Prop. 2.9.4, exe. 115)

Corollary 2.10.4. A,BC X % X THWELMIEET, BIEHERLZLTS. 2ok
EANB® X THETHS.

Proof. O 22 THRWVWHEGE LZEE, ON(ANB)#D) THdHZ 2RI LV. KE
»o BIIMEZDT, ONB#0. O,BIEAEGE?S ONBIFETRWHEATHS.
AFWEZ»S (ONB)NA#D. O

AL CE G IR D 5.

Corollary 2.10.5. A C X % X THWELRMIES, O1,...,0, C X & X TH%H
FHLds. 20T AN(NL,0:) B X THETHS. <120, b X THET
»H5.

Example 2.10.6. 1t —2 Y v FZEFRIZBEWT Q IIMED X, R IEA4.
Q.,Q° ¥R CHETH 57 QNQ° = 0 XHETIRA.
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Example 2.10.7. X Z@iAMAHEME T2, ZOLEAED AC X IZDO0WT A=A
Tha00 X WARESETRITNE X FaaTidian. &<z RICHHFE#HZ -
DIFEA[ I3 TR,

Example 2.10.8. n Xt —2 Y v RZEH R" OHHEE
Q" ={(z1,...,2n) |z, €Q (V)} CR"
IR0 5 R™ XA

Proof. fEED x = (x1,...,2,) ER™ &, fFHD e > 01T L, Lem. 2.1.7 KD 2TD ¢
ZXHU (2, —e, 2 +e)NQ#0. £oT

<1_[(:JcZ —&,x; + E)) NQ™ # (.

=1

EoTaxe(Q)”. (cf Ex.2.6.8.) O
Example 2.10.9. Ex. 2.2.9 ® R>® O¥HES A Z2IRTED 5.
A={(x1,...,2,,0,0,...) |2, €Q (1 <i<k), ke N}

TabbH ADIEE, ZFUODOARRMEIZEIE, O IFET0OTHDIHIRFEHS. ok
T AREELSETHY R® THETHS. L>TR™® A4,

Proof. ke NIZX LT

B, EELLTA2QPTHY, A=UX A Zho, AZTTREATH S,
x=(21,22,...,) ER® ETB. Ve >0IHL U (x) NAADTHBI L %ERT.
e>0,9%. keNzftpRELBL

00 k 2

2 _ 2 o &

T; T; 9
i=1 i=1

EBB. Y,y € Q% |y — a3 < \/‘z—kkfgéiibité. oL &y =
(y1,--+,Yx,0,0,...) € A & = OFEfIX

k 00 2 2
d(%y)J‘ (%?JZ)QJZ(%%)Q—F Z $3<\/k§—k+3:5.

i=1 i=k+1
FoTyeUsl(r) 2720, U (x)NA#£D. LIzA>Tx e A% O

WK

1
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Definition 2.10.10. A, BC X 9§ 5.
A D BIZBWTHE & A"DB.
Example 2.10.11. R % 1 X1 —2 Y v FZEH LT 5.
1. (0,1) € (0,1] C R IZ5WT, (0,1)* = [0,1] D (0,1] 7H 5, (0,1) 1 (0,1] 1= B
THIE.
2. QQ° CRIZDVWT, Q" =R>SQ°, Q=R > Q #55, Qi Q° lKBWT, Q°
X QIzBWVnTENZTNHE.

Definition 2.10.12. AC X &9 5.
A D4 (nowhere dense) (ﬁ(Aa)o = 0.

Proposition 2.10.13. A 2’2 & A® ¥ X THIE.

Proof.
(Aa)o — (Aa)cac — Aacac — (Aac)ac — (Ae)ac — (Aea)c

s,

ABRB & (A°)° = (49)° = §

S A =X
& ACHIFHE.

Proposition 2.10.14. A 2’2 < TEOETHRVWHEA O C X IT/L, O Iz&Fh
H7ETIRWVWHESE O COT,ONA=0L1K2LEDNFLET 5.

Proof. Prop. 2.10.13, Prop. 2.10.3 & 0, A B2 & A° DHE < [LRZDETHRWEE
HOCXIZTRHULONAADTHDZ LIZIER.

=)0 =0NA° B, EOEENS O 1XZETR\. 72 A FHELERDOT O
LEHEET, hESNIZOITEENSE. O CA°C AP O NA=0.

<) 0 ZZETRVHESRL TS, ONA® £ 2REIXEV. (RELD, ZTRVEHE
B0 COTONA=0,R2EDVPFHETSE. O XA LRDOLBRVHESRE»S
O' CA®. 5T, 0NA*DO #0. O
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211 RIDINR

Definition 2.11.1. X 288295, HRBO 2K N 25 X NOEH{%E X OFSlE
W9,

FAL N = X & f(n) =2, THHEE, LIXUIX, 58 21, 20,... HB5WIERF
{z,} ERINS.

Definition 2.11.2. X ZfifHZ2E#E 5. X O {z,} Pz e X ([ZPURT 3 8. D
FEDOEEU L, DE2EARBN e NBEELT, n>NESIEx, eU b,

FAI Az, e e X TINHRT 2 & &, 2 2558 {z,} OMRA (limit point) & W\,
lim z, =z ®2WiEz, -z (n—o0)FLHL.

n—oo

exercise 120. U*(z) % z DEAEHER LT L. TDL TRz RE.
lim z, =2 & EEDOU e U*(z) IZRHL, BAIEARBN e NPHFELT, n> N5

n—oo

WX, cU Lins.

Remark . X ZBREEZERIE 5. € X 1L {U(2)},.-, EF:.J:U‘{
BEAREHERTH B0 5,

1
k

(2 )}keN Lz ®

Iim z, =z
n—oo

<Ve > 0,IN € N,Vn > N, x, € Uc(x)
&VkeN,IN e N,Vn > N,z,, € U%(SL’)

THB. LI 1 WIEL—2 Y v KM R OS5 (EBS) oMo T, LOEH
2.11.1 LEE DEBINIDINKDEZILFEMETH 5.

exercise 121. d Xt 1—27 VU v RZM R O 55 {2,}, 2 = (Tn1, Tnoy - -+ Tna) B
a=(ay,as,...,aq) € RUIZWKT 272DDBEFHEMEFLETO I (1 <i<d)IiZ20
T, EXe] {xni}neN 7 a; € R R85 ThS.

FA{x,} W e X ITPRT 2 & & hm Ty =x LELDTH DD, —MRDOALFEZE R
WZBWTIIMRSDA—REIZEE DI T ;tt,w\@f ZDRIRIZIZEREVPBLETH 5.

exercise 122. X 2ZEEMHEME TS, 20L&, X OFEEDEIIZ X DEED HIZ
PERY 5.

Theorem 2.11.3. FHEEZEM X 12 W T, SAOMBR AL, FET X, #—DThH 5.
(X 7 Hausdorff Z2[#] (Def. 3.3.1) THhHIX K \.)
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Proof. x € X 258 {z,} DMERTHLLTE. ye X,z #y &7T5.

e=d(x,y)/2 B &e>N0.

z € U(z) = d(z,2) < e = dz,y) < d(z,2)+d(z,y) < e+d(z,y) = dy,z) >
dlz,y) —e=ec=2¢ U(y) 2m5

Ue(2) N Us(y) = 0.

g = lim z, THENS, HBEAMN BHEELT, n > N 5251 2, € Us(z) &7

n—oo

5. foTn>N%HoIEr, € U(y) &0 y ik {z,} OMEETIERW. O
Theorem 2.11.4. AC X &9 5.

1. Aogidl {a,} (ie.VneN:a, € A) Prxe X IZPRTNIXz € A* TH5.
2. x € X WA[EEALDERZRTE (22 X BEEEEZERA 51X #HELW.
Bbhbb

re Ao ADgd {a,} T lim a, =z LB EDNFIET 5.

Proof. l.a, €A, a, >x &35, xDEEDEREUIZHL, »5HRK N BFE
LT,n>N7%biXa, eUTHd. &XIZayeUNABDZ, UNA#D. £oT
Thm. 2.8.6 XD x € A%
2. {Upn}tneny % x OAIRERLEHERETS.

n

wzﬂm

=1

EBLE Vatnen ® 2 OFREREHERTH O V, DV KD ZD.
Thm. 2.8.6, exe. 106 £ D

r€A*SVneN:V,NA#(]

ThHd. HZneNIZHL,a, eV, NAZOEDED, fFl{a,} 2ERDL, HE
5 DUT ILm a, =x. (exe. 120 Z2MR)

O

Remark . fFTIER<, 74 VX —DPERE WS &% M 21X, —BOMMHZEMTH
] HEO D,
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exercise 123. LD {V, }en B2 OREKEHERTH B Z L 2RE.

Corollary 2.11.5. 1. A:closed = A D {a,} PEM 2z € X 25 Tikx € A.
2. X D —wHAH (Def. 2.6.6)) 2 A7-tE (& ITHEBEEMIZBEWTIE) &K
DD, Tbb

A :closed & A DR {a,} PRF 2 € X 25 TiH z € A.
Proof. A:closeds A=A ThHhsdZ &, Thm. 2.11.4 X OHES. O

exercise 124. X #7456, ZD& &

re A A {a,} T, anp #x (VYn € N) 2D lim a, =z L7822 EDVFET 5.

n—oo
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2,12 MEXGIAE, EoZ=EE

Definition 2.12.1. (X, 0) ZfitH%EM, A C X 2HnEGL 5. A DHMAEEE O
%
Oa={AN0O |0 e}

LEDBE, O 13 ADNMERSE., ZOMMHE X (2X5 A DM (relative
topology) &\ 5.

R ZE [ DR A TR &2 WA TR A ZE ] & A7z & &, #0221 (subspace) &
W

exercise 125. O4 W A IZfifH2ED 5 T & &Rt
R EEEE R oMM ZFARTA LS.

Theorem 2.12.2. ¥ EEE2E QA A IZHHNAAHTH 5.

bbb, X ZEHZER, A C X 20 iEREZR, B C A 20 RE LT 5 & SIMAK
URVASH

BlZ ADHEATHS & X OHESR O BFHELT, B=0NA.

Proof. a € AU, a 2 e 3 2% r ® AIZET 508K
Up(a)a = {z € A|d(a,z) <r}
W, a 2 e 95 r O X IZBIT55IER
Up(a) ={z € X | d(a,z) <r}

Y AL oERY, $ubb, U(a)a =U,(a) NATH B LITHET 3.
B ADHESTHZ LT 5. HEEZERORESIZHERONESTH 572 (Thm. 2.3.5)
Mo

B:UUA,a:EJ (Us N A) <UU)

£7%%. 12720 Unyn, Uy BENTN A, X TBT2HERTHS. O =, U, £BTIE
L.

WE EOFMmEFIZZENIXI WD, L FOLSLTH LWV, O c X »EEST,
B=0ONATHhdL35. 2€cBE&T5L,2cO0THY, OZHEEDZ, HDe >0
WEELT, Ud(z) CO 243, Ulz)a=U(z)NACONA=BWX, Bz ADH
£H. O
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Proposition 2.12.3. X Z2{iMZE[H], A 22D n%EME L, BCAELT3. ZDEE,
Bt ADHHEATHS & X ObDUES FH#ELT, B= ANF.

Proof. BC AIZH L, BDO X 283 5MiEa% B, AT 5Mitha%s B L #LZ
i N A

B°={reX |z ¢ B}
B ={zreA|x¢B}=ANB"

CcXtdsk,
(ANC) =AN(ANC) = AN(A°UCY) = ANC®

ThbIEITHE.
=) BMN ADHESTHE LT 5L, B 13 ADES. Lo T X OFES O MFE
LT, B =AN0O k3. F=0° B, Fli X OBHESGTH Y,

B= (BC’)CI — (ANO) =ANO0°=ANF.

S)FHX OB#EAT, B=ANF Th22T5%. 0="F B 01k X OBEA
TH5.
BY =(ANF)’ =ANF°=ANO

Y70, BY 13 A DBIEA, W& Bix A DMES. O

Remark . BCACX &35. B=ANBTH5DT,BH» X O () £656ThHN
X, BIZ¥Ro e A Ol () A THB. UL UL —MBITIZaz Uz, EB A H
X Ofd (BA) & TIERVwE &, AR %EM A TlEB () £4TH50, X TlEES
TIEZRWN,

ADHEED D WEHEED & SITIRAPK D L.

Proposition 2.12.4. X ZfifH%EM, ACc X 20 (FA) #£&& L, BC A LT3,
DR
B 3B A 0B () £4TH5 < BIlZ X O] () #£4TH 5.

Proof. < 13 ETHRELZ. = Z2R%E .

AW X OHES, BR ADOHEATHD LTS, ZDLE, X OHES O MFHEL T,
B=ANO ¥ %%. A, 0O LHIZ X DEATHS156, BH X ODRES.

FASE A DS Rk O
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exercise 126. FAE A D %2 RE.

exercise 127. X ZAMZEM, A # 2D P%ER, 2 c A VCALTEH. ZDLZE
VRAZBIS xDilifE e x® X IZBI5i06 U »MFELT, V =UN A.

exercise 128. X ZfitHZE/], A 2 2 Do e 5. T2 £ TIZH - =8k~ 2l
WZOWT, AIZBII2HDL X 2B T30 DBFREELRYE

R . 179

Example 2.12.5. n+1{&Xx1—2 U v N2 R 0452 M

n+1
Zw? = 1}

S" = {(1}17 ce ,In+1) S Rn+1

=1

(FRZzrdub e 545 1 OKM) % niXuBkE (n-dimensional sphere) &\ 5.
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213 EREHK

Example 2.13.1. OB THAL, BEOEGEEZ Bz 5.
1Z2BEE fRRMVHacRTHEETHD &I

Ve > 0,36 > 0,Vx (Jx —a| <0) : |f(x) — fla)] < e

M ONLDZ & ThH o7z,
Riza—27V vy FE#iz N5 L, ZD5RMIE

Ve > 0,30 > 0,Vx € Us(a) : f(z) € Us(f(a))

H BV
Ve > 0,30 > 0: f(Us(a)) C Ue(f(a))

EEITD. 56T, e IERERPEAEHERZ LTI LICHERT L, Zhi
YV eU(f(a)),3U eU(a): fU)CV
LIRETH 5.
IN%SEZTHAMHEROBOBEHROERMEEZRD K S IZEDS.

Definition 2.13.2. X,Y ZfifH%M & 3 5.
B f: X =Y D a € X THlfit (continuous)
C<1:e>ff(a) DEZEDIEE V IZHU, a DEFE U PMFEELT f(U)CV 725,
[ X YR X OFRTHGETHD L T f %#KEH (continuous map, continuous

mapping) &\ 5.

Definition 2.13.3. ##HEE f: X - YV I, @EHTH O »OWEL 1 £HETDH
% & %, [AMHEH (homeomorphism) THD &\ 5.

X 2o Y NOFRMEEGENFET S L&, X &Y IZHAHM (homeomorphic) TH % &
W,

Proposition 2.13.4. 54 f: X - Y »fia € X Tl & f(a) DIEEDEME V T
L, f~1(V) i a DIEHETHS.

Proof. f(U) CV & U C f7YV) Thb, iEE2EBHIESITEHETHL I L
(Thm. 2.6.10 U3) &, f(f~1(V)) C V TH3 Z LIRS HIZH S 2. 0
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exercise 129. GFBHDEEN % .

exercise 130. X ZAiMHZER], (Y,d) 2@z L 75, 20 &, GH . X Y »
Mae X THt & TEDe > 0ZHL, HaDh2EHEU BFELT, z e U BRHIE
d(f(z), fla)) <e &%,

N ZE I DRI DR G IEPAT O & 5 IR o h 5.
Theorem 2.13.5. f: X —» Y 254 & 9 5. RILFEHE.

1. f s
2. FIEA®D fIZ & 2R IIFHES.

TRhbLL, Y OMLEORES O TR L, f71(0) Ik X OFELATH 5.
3. FEAD fIZ k20 BITHAES.

b5, Y OAEBOBES FIzxdL, f7Y(F) IZ X oM%EE&TH 5.
4. X OEBOWHES ATNL, f(AY) C f(A)™

Proof. 1 = 2) f »ifie U, O £ 0 %2 Y ORELELTS. (TED 2z € f~1(0) izxtL,
f(x) €O THY, O FHELENLS, O Ik f(x) DIEHETH 5. fIFN o THEFEROT,
Prop. 2.13.4 &0 f~YO) &z DiEHETH 5. £>T Thm. 2.6.3 £ b f~HO) IXFAEE
ThH5.

2= 1) TEOMESOHBIIFHEEGTHE LT L. 2e X &L,V % f(z) DiEfELT
5. 0EDERDS, f(r) €O CV ERBHEE O DFEAETS. U= f"10) LB,
WELD UHEATH Y, 2 € U THE75,Uldx DEHETHS. f(U)COCV T
HENS, Fds e Tl ¢ ML 50T f I

2& 3P L.

3= 4) TEOHMEADOHHBLHELATHDI LTS, f(A) C f(A* THDEH5
AC fTH(fAY). F(A* ZBEATH I OHELY 1 (f(A)) BHEA. £oT,
AT C fTH(f(A)Y), TabB, f(A®) C f(A).

4= 3) LB AKX, f(A%) C f(A)* ThDHLT5. FCY 2HEALTS.
FUFUP) CRIRERTZE, RELD f(fHE)Y) Cf(fHF) CFr=F. &5
T YR C f~YF) iy, f-YF)* = f~YF). LEdoT f~YF) kE%Es. O

exercise 131. LD 2 & 3 Z/RE.
(2015 &I R)
Proposition 2.13.6. f: X - Y #'a € X Tilifi & VA C X(a € A?): f(a) € f(A)“.

Proof. =. YV € U(f(a)),3U € U(a) : fU) C V. a € A* 2322, UNA+ ()P
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FUOUNA)£D. VNf(ADFUNSFA) D FUNA)BDZVNFA) £D. £oT f(a) € f(A)“.

< MNEERT. fH e THESETREWET S, AV e U(f(a),YU € Ua) : f(U) ¢ V.
A=fH V)=tV esl. fO)gVeUZfH(V)eUNA#DITEETSE,
a€ A" THD. —H, HESPIT (A CVRX F(ANV =07Eh»5 fla) & F(A)™ O

Example 2.13.7. X #AfHEM, A 2 Z DA ZEME T 5L E, @E5M4i: A — X IX
HEETH D,

exercise 132. 72Hh.
SIZIRDIE D LD,

Theorem 2.13.8. X ZMifH%EM, A 2 ZDWNEES LT 5. A DMK, E& 54
it A= X BHEGGIZRDEEO0 ADNMEDSI bREFTVWEDTHS.

Proof. EDH] 2.13.7 THA= & 512, A TR Z VNS & i 18R TH 5.
F7z, i (A,0) = X MR THhNE, X OEBEOBES OTHL i~H0)=AN0 1%
ARG 06 AN0 € 0. T74bb, HMAHEIXO L5, O

Example 2.13.9. XY ZAiMZE/R & T 5.

1. X DA D e &, FEOEHK f: X - YV IXERTH 5.
2. Y WEEMNMHEMOL E, TEOEH f: X - Y 3#GETH 5.

exercise 133. 72H M.

Example 2.13.10. X 284, 0,0, 2 X OfifAE2 35, Tk ZEHEGH
Lyt (X,00) = (X,00) BHEHETHHZL L, 0y < O) ThHDHZ L LIRFAMTH .

exercise 134. 72H M.
Theorem 2.13.11. XY, 7 #{itHZEM L 9 5.

1. [: X =Y, g:Y - Z2edillinol, 6figof: X - Z HfETH 5.
2. HEEMR 1x: X - X I3EfGETH 5.

Proof. 2 1% Ex. 2.13.10 THA7z. 1 I&6E A, O
exercise 135. 1 2/t
HEHAA, LR, IRV D LD,

exercise 136. XY, Z ZfitlZEM, f: X =Y, q: Y - Z 2 5HL 5. fHRfHac X
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CHIETH D, g B f(a) € Y THETHNIE, A go f: X — Z i a € X Tl
b5

Ry 22 AN D GER O M 2 AR DB, IRIZEHTH 5.

Proposition 2.13.12. X,Y ZAifH%EH, B CY ##7%M, i: B—-Y 2d&54L
ERSRR) P
BB/ f: X - Bkt < Gio f: X — Y hiEf.

exercise 137. iFHHE XK.
TR & B L TIROBEERD LIFUIEHDNS.
Definition 2.13.13. X,Y ZfiMH%EMH], f: X - Y 25K L5,

1. f BG4 (open mapping) TH 2 & X ODLEREOMHEGOHENY OHELEAT
H5.

2. [ DPHER (closed mapping) TH b & X DIEEZDOHAEEDEN Y OHEAT
H5.

PO [ () GEThHNE f(X) XY O () £&6TH 5.
BHH g, G, AR THL2 L VWS DIFENETNMNLLZMETH S.

Example 2.13.14. X O#7%EM A DaA&EHi: A - X BERTH S (Ex. 2.13.7)
2, ADB () E£ETHRITNEH () GHTIER.

exercise 138. A DA D & &, WEBGHRIIFAGEEHR L ? HAEEDEEIXE S 01?7

Example 2.13.15. 1. Y BN ZER O L & EEOE/R f: X — Y IZFH» DM
BRTH5.
2. X WEENMEMOL &, B4 f: X - Y » (B) BHchsrz ey f(X) W
bl (BH) £4THLHZLIXAMETH 5.
(Ex. 2.13.9 & Mgt &)

Example 2.13.16. X 284, 0,0, 2 X OfifHE T5. Zor EEEEH
1x: (X,01) = (X,02) 2B () Bfchsr e, O, <Oy THBHIZ L LIXFAMET
H%. (Ex. 2.13.10 &g &)

Example 2.13.17. (%0 X OES G438 OBH» OB EHTH 5.

exercise 139. FAEM4D & IZBI GG 7
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[FEMBARIZDOWTEZS.
Theorem 2.13.18. X, Y ZAMHZEM, f: X — Y Z#E545 e 95, RIZFAME.

[ X FEMHEEA.
W5 g: Y - X T,gof=1x, fog=1y Z2A=TEDIVFLET 5.
IR BG A DORHBAA.

1.
2.
3. f1
4. fIZE B OHE G,

Proof. 1=23dE o (g=f1 eBFHTEV) . 221 £H =50, ERID LS ARE
g HHNIE, fIFEHHTHD g= 1 ThH. 134 bbEoh. HE, f LR

ThdrE, fHHEER (HEH) Thslrr [FIPdETHI I RAMTHS. O

Remark . #iG2 2HEIILT USEMERE IR S 2. EE 0,0, % X OAHH
TO, <0 TH2b0LT2L, il 21310 THA L2, HEGEHK 1x: (X,0,) —
(X, 00) ILEFZEHETHDH, ¥ 1x: (X,05) — (X, O0) 1FHkETIXAR .

exercise 140. 5 f: [0,1) — St % f(0) = *™0 TED D &, f FHEG R LHEH TH
20, FAMHEGATIEARW. 22T, [0,1) 1iEa—29 v NEH»SEZ 2 0MHE VDT
5. ¥-CeRZEZHRICA—FLT S CcCLATVS.

Example 2.13.19. 1 kot —2 U v FZEBROHZZEM (—1,1) 56 1 koga—2 ) v
RZEM R ANDOE f: (—-1,1) = R % f(z) =tan Jo TEDD &, f IAMEGHTH 5.

Example 2.13.20. n ¥kt 1—2 Vv RE/ R Oz = (21,...,2,) XL, R*HL
BWT S" O N = (0,...,0,1) &5l (z1,...,%n,0) ZFEIELEN S™ LRXDDE (N
PAD) fizE p(x) &35, ZNIZEIDEHR o: R* - S™ — {N} BEF D, ZNIXFAMHE
BTH5. ZOGHROYEGRE N h 5 DIARG R (stereographic projection) &\,

exercise 141. 1. p(z) 2 BHEIIZ (21,...,2, ZFHWVWT) H5DL, o DEHLTH
52 ¢ %Y.
2. ¢ DYEGLERD, o DHEE/{RPERGTH D Z & 2mE.

Definition 2.13.21. FEMEHIZ L > ThAN S MHEE 2 AL HKMEE (topological

property) £\ 5.
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2.14 EFEEEZEEDEDERER

PR OB O BG4I, FHEOED BMMHICEL THfiTh b L &, Mt THDE L\ D.
TROb,

Definition 2.14.1. (X,dx), (Y,dy) ZiE@fZEf L 5.
B f: X Y Briae X Tl (continuous)
<:>f( ) DAEEDERE VAT U, a DI U BMFELT f(U) CV &85,
f XY P X OERTHEMTHD & & f 2#k 54 (continuous map) &\ 5.

PRI B W T e IEENEREHERZ LT I ITERT S L, (X, dx), (Y,dy) %
=R T 5 e &,
G f: X =Y Dfiac X Ttk
SAEEDe> 01z, %6 >0MHFHELT f(Us(a)) C Us(f(a))
SERDe>0I1IML, 5 6> 0DPFELT, dx(z,a) < BolX dy (f(z), fla)) <e
ThHdHI LN

exercise 142. TN %z RH.

(2015 FEE LS R)

Example 2.14.2. f:R >R % f(z) =2 TEDZ &, fI3H#FETH 5.

Proof. a c R & T 5. f 2 a THEFETHDLZLERT.
e>0&795%. 6 =min{l,e/(2la| +1)} LBLLI>0THY, |[x —a| <dRolX

(@) — f(@)] = |2* — a*| = [2a(x — @) + (2 — 0)*| = |¢ — al|2a + = —qf
< |2 — a|(2]a] + |z — al)

< oa |+1(2\a]+1)—5
Remark . EOREFIZONWT.

22—’ DKREZ R s —a DRZIICIHMMLAV. fAEMTHEZLERTDIZ, fOTF—F—
JBRZMES WD ORMYAREE TR L INY, f(z) =22 =a DEbL Y TTF— 7 — &
T25&, 2° =a®+2a(x —a) + (x — a)’.

MOEZFHE LT, 22 = (r—a+a)® = (x — a)® +2a(x — a) + a®. B, ZEADHE, Hi

ZXZDOEIBEREMEZE, T—F—DEBIZLSTITT — T —EHANHERS Z L 2RE5.

O

Example 2.14.3. (X,d) ZEREZEM, 20 € X &35, 29 2o DHEREZ 1305 B8, T
bbb, dy () =d(xg,x) TELDEHR dyy: X > RIZEHTHS.
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Proof. ZAAREXRELY, FED a,z € X ITHL
—d(z,a) <d(xg,x) — d(xg,a) < d(z,a) (2.1)

TRDE |d(xg, x) — d(xg,a)| < d(x,a) THBI Wb, EoT, EED e > 0I1TH
U,d=ec B, d(x,a) <dH6IE,

|dyo () — dyy ()| = |d(zo, ) — d(z0,a)| < d(z,a) < § =e.

exercise 143. ~EX (2.1) 258,

Theorem 2.14.4. X,Y Z ML T4 20L&
[+ X > Y Pae X TilEfieo mae X ITERTBEZEDRH {x,} T L
Tim_f(zy) = f(a).

DF0, fAERTHLE VS Z LI, lim 2HICVWNDE I EARHEKSE, TRbE

n—oo

lim f(z,) :f(nm gcn) YIRBENS I THD,

n=r00 n=r00
Proof. =) f i ae X THEHGTHY, mfl {z,} P alZPRT 2 L35, f(a) DIEEDE
BV IS L, a DU T f(U) CV & RBEDMHETS. ZOU KL, 55 N e N
PIAEL, n> NS a, €U &%45. LhoTn> N R6E f(z,) € f(U) CV
Thb. £oT f(z,) — fla).

<) Proposition 2.13.6 D VA C X : a € A* = f(a) € f(A)* ZREIX L.
ACX,a€ A 295, X IXIF#EZEH7Z7° 5, Theorem. 2.11.4.2 £ 0, A D51 {a,} T
lim a, =a &H255008H5%. KELD, nli_)rréof(an) = f(a) TH 2. {f(an)} i f(A)

n—oo

DFITZD S, Theorem. 2.11.4.1 £V, f(a) € f(A)“. O

Remark . SEBHZ R 5 D5 L5112, = IMEEOMMHZEHTE V. <X, Hae X 21
REAREFERZ S TIEL V.

exercise 144. f(z,y) =z +y, g(z,y) =2y THASNL =2 ) v FEHOHDOTH
fr0:R? 5 RIGHFETH 5.

exercise 145. R, R™ R" Z#1—27 Vv N2, X Z2MMHZME U, p;: R" - R 254
LA NDER, 375805 pi(r1,...,2,) =2; THEAONDEHRET S, WERE.

2. f: X - R" Dl < TRXTO 2L po f: X — R AVEKE.
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3m>n, 1<i; <ig<--<ip, <m&35 plx1,...,2m) = (x4y,...,2;,) TH
ZHNBE M6 p: R™ — R [$H.

4. BCR" 284 %8, f: X - B25HLT5. f 1R OREEEM>T f(z) =
(fi(x),..., folz)) ERINB L E, fHHEE < & fi: X — R D

FIREL . 85(2) 99 106

Example 2.14.5. (X,dx) ZHE#ZM, (V,dy) 2657, T5bb §(Y) < 0o, THS
HEEER e §5. X 5 Y NOEH2KE F(X,)Y), #5524 % C(X,Y) TKT.
frge F(X,)Y)IzxU, 8 d(f,9) %
d(f,g) = sup dy (f(z),g(z))
zeX

ICEDEDS (Y IFEREDS d(f,g) <o) &, d1E F(X,Y) LOFMERTH .

{(fu} & F(X,Y) D51, bt X 26 Y ~AOEEDOF T 5. {f,} NETE
DEEHIZELT f € FIX,Y) RT3 & &, {f,} 1 f 12 —#RIUCKR (uniformly
convergent) 35 &\ 9.

BT ERDF { fr} DB fIZ—RRNKRT 522561, fI3#ETHS. L>T Cor2.11.5
0, ZOHF#MOEDBMMIZELT C(X,Y) X F(X,Y) OBEATH 5.

Proof. i GBDH {f,} PEH fIZ—HRPURT 2L &, fI3EHRTH DI L &2mRT.

a€X ZERORETS. ae X TfHAEHKTHDI L, ThbE, [EED e > 0120
U,a DH2EHEUPFIELT, 2 e U %6 IE dy(f(x), fla) <e &b & Z2REIRX
EQAN

e>0&92. {fulE fIT—HRIKETZ2DT, 5 N e NPFELT, n > N 72olE
d(fn, f) <e/3 &3, £oT, EBD x € X THU dy(fn(z), f(z)) <e/3TH5. fn
FHERTHED5 a DHBEHEU BEFEL T,z e U RS dy (fn(z), fv(a) <e/3 &
75, ZOUIZOWT, zelU sl

dy (f(x), f(a)) < dy(f(z), fn(2)) + dy (fn(2), fn(a) + dy (fn(a), f(a) <e.

exercise 146. LD d» F(X,Y) LOEHEAKTH 2 Z L 2R,

Definition 2.14.6. (X,dx), (Y,dy) %t e 5.
B f: X - Y P—#EHE (uniformly continuous) T % < FEED e > 0I1TxHL,
H25>0DFHELT, dx(z,2') < 5 dy (f(x), f(2)) <e b,

Remark . e IZRLU M X OEIZESTIzEn5.
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B DM — R 7 5 IXEE TH S
exercise 147. —fEHE L S IXEHKETH 5 Z & 2RE.

Example 2.14.7. f: R — R % f(z) = 22 TED B &, fld—BEFHE TR,
(Ex 2.14.2 BIR.)

Proof. fEED 6§ >01Z6 L,z =1/6 £55&, [(x+§/2)) —x|=0/2<§ THEM,

|ﬂm+5ﬂ)—f@):(m+§)2_ﬁ

2
52
—(5%4‘2
> dx = 1.

O

Example 2.14.8. X DA #0 £95%. dy(z) =d(x,A) TEEHHMda: X - RIF
—kRERETH D, & <12 Ex. 2.14.3 OB d,, IF—FRERHTH 5.

Proof. D z,y € X &, fEED a € AIZXHU d(x,y) + d(y,a) > d(xz,a) > d(z, A),
TRbb5 d(x,y) +d(y,a) > d(z,A) 225, d(x,y) + d(y, A) > d(x, A) D3EK D LD,
FoTd(z,y) >d(z,A) —d(y,A). x &y Z ANHRZ T d(x,A) —d(y, A) > —d(z,y).
£oT

|da(z) —da(y)| = |d(z, A) — d(y, A)| < d(z,y).

IRELE . 97 103(1)(2)



B3IE

(WRERAE

3.1 fIEDEEEE

Thm. 2.3.5 TA & 512, FEHZEHORES IZFHROMNESA L U TRHEBN TS Z T
5. —BOMNHEFIZBENTE, DRI PTVWELETHEAZREMN T2 Z LV TES
ERTHB.

Definition 3.1.1. (X,0) ZfitHZEfE & 5.
B C O MO D% (base) & %\ EFA%E (open base) TH 5 < EEORES O 2B I

BT BHEAOHEE L LTEES: 0 =00, (Ox € B).
U, 0 DEEDORESFEEGTH S, HDVIEZ SHHT .

Example 3.1.2. Thm. 2.3.5 225, FE#EZEH X 2B WT e imfE24K
B={U.(z) |z € X,e >0}
I$HETH 5.
FEGDENHEL RO DOMELIFELEEZVE DDA L.

Theorem 3.1.3. (X,0) ZfiM%E[H], BC O &3 5.
BWOOHETHS & FEOHES O EEEDzc Oz, 5 O € B WFLE
LC,2c0 COLiB.

Proof. = 13d& & 5.
)0 zZfEELTS. RELD, 2 e0 N L2re0, CO LbL5% 0, €B
PEHETSE. FrcOIlZLIDEI R0, € BZEVLDENZ,

O=|J{atc|JO.cO

zeO zeO

169
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WA, O=Ugco0, &725. O
exercise 148. = Zt.

Definition 3.1.4. fiMHZEMIE, S4B LEEZ DL & HF oA HAM (second axiom
of countability) ZA7=d &\ 5.

Example 3.1.5. n X1 —2 Y v FZEE R" IZHWT,

B={U,(z) | z€Q",reQ,r >0}
LB BIFMBEETHS. Lo TR IFE MBI EAT.

Proof. O #B6, 2 €0 L5, ZOLE, $5e>0MHELT, Ul(z) C O L75.
0<r<s5tR2&58rcQz0&2t% (Lem. 2.1.72K) . Q" L R" THEHT
Hotz (Ex. 2.10.8) 26, U (x)NQ? # 0. 2/ € U(z)NQ* 202, 3L U.(2)) €B
Thd. EEDye U (2)) 1T,

d(z,y) <d(z,z')+d,y) <r+r=2r<e

2056 yeUlr), $7405 U (2') C Us(x). 722 € Up(x) 2026 2 € Uy (2f). &o
CTxeU () CO &7, Thm. 3.1.3 76, BIEHETH 5. O

Theorem 3.1.6. {iHZZHDVE AR AN Z A7, BB/ E AT,

Proof. B ZfifHZEM X ORAEREL T2, c e X T L, U*(z) ={VeB|zeV} L
BL. U (z) 12 BOEHREAE»OEZ A HEST, U (z) DItlE, v 2ETHREEED
5, x DEFHETHD. UzoDilitiedsre, €0 CUB3HESLE O VEETS.
BIZETH I, 0=UV;,,V,;e BLHob¥E2. 20,6, H5 i BHFELT
x eV, &b . V,elU*(x) THO,V, CU THB0o, U (x) iZzd (AIRH) HAEH
RTH5. O

£E X TAHZED BB, IRD Lemma IFHEATH 5.

Lemma 3.1.7. X 252 L, O\ 2 X Ofitie 5. 2O E 0 :=(,c,O0n b X
D& 725

Proof. O DDA E AT E2F oy 7T HUEL . O
exercise 149. iFHE &.

Remark . X 12\ 3 Z & DHR D MMHEED R TIHFESIZEWT, O =inf{O,} T
H5.
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HBEX L, TOHREEDP VL DORG 26N E, INSDHDPEEVHES LD
EOBNMEEZEZT-WGELRD L. HHAAMBAHEIZZD LS RAMETH 508, &I
HEZ o HMnEE0ERES > L XKML DEE X2\, Lem. 3.1.7 12X D IRDES
RN D 5.

Definition 3.1.8. X 2#6¢345. BC P(X) T UL, Bz & AMHETOI@EED,
Tt BOPHEG LR E XS LmBEDOAHEEZ B MERK (generate) 3 564 &\
W O(B) T&KY.

O(B) DREBICELI-WEEDD B,

Definition 3.1.9. (X,0) #fifHZEf L 3 5.
Bc@b%?@ﬁ%@mmm@f%é<¢8®ﬁ@ﬂ®m@ Wiy e L TRINDE

BERERD O DFR LS.

727120, 0 HDEADIEI S IFEE X THD, HDWVIEEIHHT 5.

DFED BBRERTH S LI, EREOBHESD, B DDA RMED @IS 725 OFES
THhITHENWD L Th5.
HEONIZBAEETHNITHILTH 5.

Theorem 3.1.10. X 284, BC P(X) &35, Z0& & Bl BDERT 50
O(B) D¥ETH 5. T70b, O(B) D (FHES) &, B DOAREO @) 725
DHEATHITEHDEHETHS.

Proof. H#E& 6 BC O(B) TH 5.
B OtEREDIERS & LTH T2 X OBDESLEDRTHESE B & h<:

B::{UCX

U= (B FHR%EA,B; € B}
1eEF

BOEREDTLOILBENE B OTLTHE I LITEETS. 72, BOTOHMESTHIT

3 X OMHESREDRTELGE O Lnl:

0= UU)\,U)\EB}

O::{OCX
AEA

O=0B)THbBILERES.
BCOB)EH»S (02&0) BCOMB)THY, (03&0) OcCOB) TH5.
OB) C O %#FRTITIE, BC OIEETNE, O BMNHTHE I 2RI L.
(O(B) I B2ECHEFHDOMHTH > 72.)
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.
—

v AH 22 ]

OL. DI OHOELEDHMEEDZ Ve O, X Z 0D coiL@EHLITHENH X € O.
02, 01,0,€0,F%. 01 =, U, 02 =U,V,, Ur,V, e BEPIFB. ko

@m@:(QUOmO¥m>=mem

Ap
THY, U\NV, e BERS 0,N0; € 0.
03. BORTOHELAOHES XL LA A B OTOHES.
O

Remark . ZOEM® S, RO B C P(X) FHEY LA HOUER L 725 Z &b h 5 D3,
BT UBREE TR SR, BEE 190 2.
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32 EREEM

Definition 3.2.1. (X,0x), (Y,Oy) ZfitiZEE & 9 5. EMES X x Y T, LS
DfEB={UxV |Ue€0Ox,V €Oy} PEKRTZMHEEZNT-AHHZERZ X t Y OE
M2 (product space), & %W & T AV b B (Cartesian product) &\, Z OfiAHZ E
BRI (product topology) &\ 5.

Eig, LT Z L5 RITNE, ERESICIFERMMHEEZ VNS,

Proposition 3.2.2. B={UxV |U € Ox,V € Oy} FERMNHOHETH S. T2
ERMHDORESIX X OFESGL Y OHESDEMONESETH»IT S DRIKT
»H5.

Proof. BREMAMIE B DERKT 20 MHTHS 55, Thm. 3.1.10 £ 0 BIF¥ERETH S, ¢
nhb,

B:= {UCXXY U= ﬂBi,F:ﬁﬁE%é},BieB}

i€

DN TH2. B=BThdILa25r%5. BCBaREIEE. X €Oy, Y €0y T
HEN"6 X XY eBTHD (0fEDILDIL@EBD) . Uy xV; e B(1<i<n)ITxL,
A RE OB S OB IZBESTH B0 5,

; i=1 i=1
Remark . F@EE 190 2> T BYREDOSRMEEZAZTI2F v 7L TH LW,

Theorem 3.2.3. X.Y,7Z ZAMHZERM, px: X XY — X, py: X xY =Y Z24%
5.

1. X xY OEMAMHEIR, px & py BDEDBSBHERIZHRD KD LHEFHOMHTH 5.
2. Px,Py iﬁﬁ'@’@fi)é
3. B4 f: Z - X xY WMl THS & pyof,pyof BEL LD

Proof. X xY OEMAIEEZ O &9 5.

L px: (X XY,0) > X, py: (X xY,0) > Y WEfHTHEI LiEHE 5.
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O % X XY ODMNHT px: (X xY,0) - X, py: (X xY,0) - YV »¥
LLHbEHETHLIZEDET L. O < O THBIeERTD. OB =
{UxV |U€Ox,VeOy} WEKTZAM, $42bb, BxELHRSDAM
ThHo7=2ho, BCO THE2ZLaRBIEEW. UeOx,VeOy £T5L, K
ES p(U),py' (V)€ O THB. £oT

UxV=UxY)N(XxV)=p(U)np; (V) € O.

AL DBIEDOREATH S - L ITHEE TN, RO OGN BEL T
BB EFEEEON, px(UxV)=U, py(Ux V)=V THENISHE5h.

BB BROGRITERRDT = EH E 5.
pxof,pyofREBLLLERTHE LTS X XY OREAD fIZk MK

N Z DHEETHBE I L Z2RE ;t“cku\iai‘, —MRIZHEADOH B IETROMES
ThHy, LB LD OWHRIITHEOILEHR D TH D Z L ICHEET L, EREDOTOD
WEHBHESTH DI 2 REREEWN. UcOx,V ey &322, RENS
(px o f)~HU),(py o /)~ (V) €Oz THB. &> T

fFHUXV)=fH{{UXxY)N (X xV))
fl(UxY)mf (X xV)
FHex @) N oy (V)

(px o f) "U)n (pyof)’l(V)EOz.

exercise 150. WAMMEHR A: X - X x X 3K TH 5.
exercise 151. px: X xY — X DHGH L 137525 0 lZ 21 &.

exercise 152. yo €Y & 95. B i, : X = X X {yo} %& iy, (z) = (z,90) IZX D ED
B. iy, FFAMHEGEHTH D Z L a2RE. 72720, X x {yo} IT1F X x Y 25 DML Z W

exercise 153. X1, X5, Y1, Y, ZAMHZER T 5.

L fi: Xi = Y, 856835, 208X, (fi x fo) (21, 22) = (fi(21), fa(z2))

THZ 5N 5 ERZER O M D54
fixfo: XixXe =Y xYs

FEETDH .
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2. X1 b Yi, XQ b Yé ﬁ‘lﬁli‘ﬁf%j’bii X1 X X2 b Y1 X Yé tilﬁ]*ﬁfa’f)é

exercise 154. (0,1) x [0,1) & [0,1] x [0,1) IFFtHCTH B Z & &2 RYE. 770U
(0,1),[0,1),[0,1] C RIF 1w —2 V) v K2R OE T2 H.

Remark . (0,1) & [0,1] ZEMHTE LW (BOHIZR). X xZ &Y x Z PHEMETH>T
L X LY BRAMICARSbIFTRAY. HOSVEETAE, X &Y BEMTRAEVLA,
XXZEYXZDWAMHLEREZZIEEDHS.

MIREEE . 196, 197, 198, 199

Definition 3.2.4. {(X,O0x\)},cp ZMHZEROBEE T 5. ERES [[ o0 X I8, #D
H£E5 DK

U {r'(0) [0 € 0:}

AEA

PR BRI (Z ORAE BRI 2\ ) Wi R R 18 (X, Ox)} ey @
ERZER % 72 XS £ B IR 2 N 5. 727 U pa: [ X — X W EIHERISH
BRI ESA e <122 &b b AT FERIHEZ Wh 3,

Proposition 3.2.5.

B:{HAA

HHEWESL L CADMEIELT, A e L251E Ay € O,
AN L7ESIE A =X,

AEA
ERMNHDOBETH 5.
Proof. Uyen {px1(0) | O € O} D0 FBREDILEL > & LTHSbINSHIES
RN BTHS. N

MREEE . 193, 194

Remark . EREE [[cp Xa 21,

BY" = {H Oa

VAeAwAeCA}
AEA

AR T B (Z N EFAAH (box topology) WD) 2W\WbdZeHTES. AWE
BREES DA IO & ERMARIX—3T 208, —MRITIZFENAE DO HAERAME L D B8
W B IR AL TIERIREEE 194(4),(5) 1245 Z L DSRAZ L 72RO,

Definition 3.2.6. {(X,0\)},cp ZHMHZEROEEL T 5. ERM X =[]0 Xo I,
RE
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O={0CX |V eA:0NX,ecO,}

:{0:]_[0A

AEA

O)\ € 0)\}

& &7 Z 7RI (X, 0) & 1R {(Xx, Ox)}yep PRHARIZ S,

Theorem 3.2.7. X =[], ., X\ Z0MH, ix: X\ — X 2FRENUEEHETL. (i
FIFIDALAR L, £2TD iy DR L 725 & 5 RRMOMIETH 5.

Proof. O MMM ET 2. HESHITiy: (X,05) — (X,0) EHETH . FEEE,
Oc0e¥T3L, i (0)=0nNX, € O,.

O % X OMHT, FED N e AZH U ix: (X,0,) = (X,0) D THBHD LT
. 00<OTHHIERREES. 0O LF5. FAcAITHL, ONXy =i '(0) €
O\ TH5Hh5,0cOTH5. O

exercise 155. i) I GG 1 OHEHRTH 5.
exercise 156. % X, 1 X = [[ X, OH»OHELETH 5.

exercise 157. R Z 1kt —27 VY v NEf &L, R OWHEM AB %
A={zeR|z>0}, B={zeR|z<0}IZ&VEDS. DL HEGH
id: AJ]B — R i TH 54, AAGEETRAEV. (R A[[B & R ZRMAT
XRWNWZ b bhnd.)

exercise 158. (X,0) ZfitHz%EME 5. AL LT X =[[X) LIHFZMZDLPNT
WBHEL, & X\ 2O s EZ Oy &35 2Dk,

O D {(Xx, 0y))} DRNAHFIDOMAMTH 5 < [FED M ITHL X\ 2 (X,0) OBES
ThH5.

L . 195
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3.3 Hausdorff Z2f&]

6211 THEEULZ X212, —BOMMHEMIZBEWTHESIOMRIIHT LD ~RICEE S
DITERN., —BILEEE-0D00205%M4%252 5.

Definition 3.3.1. fifHZ2[E] X »% Hausdorff (N7 2 KL 7)) %2 TH 5 <:> R DR
152,y e X IHU, 2 DEHEU &y DEHEV T, UNV =1 t&é%@bxﬁf
T 5.

exercise 159. itHZZff] X 7 Hausdorff M TH % < (LEDOHER S 2 i v,y e X I
MU,z 2BCHAEE0 Ly 2ECHES O T, O0N0 =0 %225 DPFHET 5.

Remark . Hausdorff TH 2 &\ DIFNMHEME THS. Thbb

exercise 160. X, Y ZFEMAfMHZ2ER & 95, X 5 Hausdorff THNIXY 5T
H5.

Example 3.3.2. @201 Hausdorff 22l TH 5. FEEE X ZEEZER, 2,y € X,
r#y&ddL e=d(x,y)/2>07T, U (r)NU(y) = 0.

Example 3.3.3. #fazE 13 Hausdorft Z2[MTH 5. FEEE X ZEEAER, v,y € X,
x#£yedse, {z}, {y} BHEET, {z}n{y} =0. (£525AMHBIEREZR & E >
L)

Example 3.3.4. &% 372 DL E& %572 1X Hausdorff T\,
Theorem 3.3.5. Hausdorff ZZfIZ B\ T L, mAIOMIRIE, FET X, BN TH 5.

Proof. FERHIZ Thm. 2.11.3 DHD LR U. (SR, BEHD R 1 > MIEEREZZ /A Hausdorff
ThHdILERTILETHo7. VI LD, 55 A, Hausdorfl 22 & W5 DX Z DEE
RS < WK EHRZE/ELTEZONZHD.) O

Theorem 3.3.6. Hausdorff ZEfI2 B WT, | fIZEALETH 5.

Proof. X % Hausdorff Eff], 1 € X &9 5. RO ye X \{z} L, z#y THB»
L, x DIEFHEU &, yDEHEV TUNV =0 85800 H5. £<XIZaxgV ThHdH
LBV CX\{z} %0, yld X\ {z} DA O

Theorem 3.3.7. Hausdorff 22[E D #l4r 22+ Hausdorff.
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Proof. X % Hausdorff 22[f], A C X 2 nZEM& T 5. a,bc A a#b2T DL,
a®DXIZBFBEFEU &, bD X IZBF2EFEV TUNV =02R55D0H5.
U= UNA, V' =VNA LB, U,V BENERa,b D AIZBY BIEHT (exe 127)
unv =9. .

Theorem 3.3.8. X,Y #MMHZEME T2, ZDEE X xY A Hausdorff & XY &%
\Z Hausdorff.

Proof. =) exe.152 X0, X, Y I3 X xY O ZEMEFAETH 555, Thm. 3.3.7 XD
&5 5% Hausdordt.

<) (21,11) # (T2,92) € X XY &9 5. 27 # 2z &L TEW., X X Hausdorff 72
MOz OEFEU; TULNUy =0 &5 00FET 5. Uy x Y & (25,y;) DEET,
(U1 xY)N(UzyxY)=0Th5%. O

Remark . SERRMEDERIZN LU CTH R Z A3 0 2D, FFIAE IZIEXE U.

Theorem 3.3.9. X ZAMHZEME$T5. ZD& &, X » Hausdorff & X AMRES
A={(z,z) |z e X} P X x X ODFES.

Proof. v,y € X WU,z 4y & (v,y) € A & (z,y) € A THB. kb,
ABCXIHL, ANB=fo (AxB)NA=f< Ax BCATHb. o7

X »¥ Hausdorff & V(x,y) € A, 3U e U(x),IV e U(y) : U x V C A°
& V(z,y) € A%: (z,y) 13 A® DA
& ACITRHES.

O

exercise 161. (Z @ exerceise (M AH & IXEZIFEARR V) XY, Z 2584, f: Z — X,
g: Z =Y 2EH{LTE. BB (f,9): Z > X XY % (f,9)(2) = (f(2),9(2)) T& D&
BB ERACX,BCY 2HAHEALTE. 20X (AxB) NIn(f,g) =0 &
FUA) NG U(B) =0 THB T & 2RE.

Corollary 3.3.10. X #AifH%E/], Y % Hausdorff Efi], Ac X & U, f,g: X =Y %
GG L T 5. ZDL ZRDED LD,

1. X OHnES
C:={zeX|f(z)=yg(x)}

FHEETHS.
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2. & g PENES A L—BF g, A0 BT,

Proof. 1. Y ¥ Hausdorff 2D THAMRES Ay XY xY XA THS. BEH
(F.9): X > Y x Y BEEERS C = (f,9)) (Ay) BHES.
2 FY g A E—BINEACCTHE. CIREELELS A7 C C.
O

Example 3.3.11. R % 1 k12— 2 Y v FEMET5. @K f,Lgo R-RH»Q Lk
—HT2HHL f=gTH5.
Corollary 3.3.12. X Z{itH22[#, Y % Hausdorff EEfiiE §5. Gt f: X — Y HVEfE
molXr o7

I'y={(z,y) e X xY |y=f(x)}
X X xY OF%ES.  (cf. MESE 84)
Proof. f x1ly: X XY — Y xY 3@ TH Y (exe. 153), Y A Hausdorff O & &

A={(y,y) |yeY}IEY xY OHEETHS. £>T Iy = (f x 1y) 1(A) ZHEA.
O

exercise 162. [® Corollary (36 5D UMEMTE 5. X ZAMHZH, Y % Hausdorff
e dTs. GH X oY Bae X THEBEZOIX, EREDbeY (b# f(a)) TR,
(a,b) IXT; DI RTH 5.

exercise 163. YV 2WEEZEMDO L &, f: X — YV IFERZH T (ZBHTIER W Z 20
L. (BARAIZZOEE AEED flddEi.) Iy BEHESIZREZLEHE0 7

exercise 164. (X,0) #Hausdorff ZZfii L, O’ % O L i\ X OMMHE T2, 2D
£ &, (X,0) £ Hausdorff.

exercise 165. R 2%V AFfifH%E W5 & Hausdorff Tld7a.
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3.4 EiEH

Definition 3.4.1. 1. AZAHZER] X 23FEiEES (disconnected) & 5 WIEAHKSTH 5

(ﬁX X, ETRV2ODHESDIERFNIRT ZENTES, bbb, HDHET

WS 01,02 BMEIEL T,

X201U02, O]_m02:®

&b,
E7, TOXIBHES 01,02 2 X OHFEE WS,
2. fitHZER] X 23RS (connected) TH % <:>X IFFEERE TR,
3. AIAHZEM X oA A Hhd %*1%5@ o> ZEE] A R TH B,

Remark . ZDEFIZ I L, BES 0 1EETH D, 2, EEASITEETIIRVWEFE R
FWREEN LW D%\, (cf. 1 IREHR TRV, EESIEEL 352V S
EHZRZBEUNMEET D (HD2WVIFEESITEFETIERVWENHRT D) ZLHLAHETH 50,
CDHBBETIFEELSOHFEEIZOVWTIRISAEETAZ LIZT 5.

Proposition 3.4.2. X ZfitHZEH & 95, (RIZFEMETDH 5.

1. X i3#EETH 5.

2. X XZETHR V2 DODHEADIERHICET Z R TE R,

3. X O EATHLOHTHEEDIZ0, X DA,

4. X #BTRVW2DODHESDOMESL L TERE, TD 2 ODOHELDOILE RS X
NG AT
X =01UOs, O; #0, O; :open = O1 N O3 # 0.

5. X #ETRWVW2DODOMHEASDHMESL LTEEE, 20D 2 DDOHESOILEIRD X
NG AT
X =FUF,, F; #0, F; :closed = F; N Fy # 0.

6. X 225 {0,1} ~OilifgEAR £HIIFIE LRV, 27U, {0,1} (3B Z WD,

Proof. 12 <3 &4 <5 3D E o h.
16 Z2RTITIFIRDBEMHTH 5 Z &2 RmEIX 0.
17 X kIRt
6" X 25 {0,1} ~NOEfERERHPGFIET B.
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6’=1) f: X - {0,1} 2dfmme2fed5. O;=f1(),i=0,1 8L f 2
WDTO; 0 Th Y, frEKT {i} 1£{0,1} DFEAZL»S O; IZHEATHS. &
ES5MZ, 00NO01 =022 X =0,U0; THENS, X IXJEH.

"= 6") X 2IFEFEL U, 00,0, 2 X ORE$5. G f: X - {0,1} %

o 0, €0y
f(ZL‘) B {1, x € O

EOVEDD. O # D THHEHMS flkesHTthds £ {01} OBEASIE
0,{0},{1},{0,1} T, ThZThDH&iZ 0,000,001, X P SHEETHS. Lo T fIdH#
Aot O

exercise 166. FD 12 &3 &4 &5 2RE.
exercise 167. AC X &9 5. RIZ[FEME.

1. A 3RS

2.AC01UO02, ANO; #0, ANO1 N0y =0 £725 £ 57 X DHEE O; HMFAE
35,

3. ACFRUR, ANF#0, ANFINF, =0 752 X57% X OMES F; B MHE
5.

exercise 168. A C X &9 5. RIZ[FHE.

1. A lFoERS.
2. X ORIES O; B AC OLUOy, ANO; £ 0 %781 ANO; N Oy £ 0 L1205,
3. X@Eﬁ%/ﬁ\Fz fJS‘ACFl UFQ,AmFi%Q%Jj\fC'&Ci“AﬂFlﬂFg?é@ AN

Theorem 3.4.3. HEkEZR O HEEEMARIZ X 5 HIZEKE.

Proof. f: X =Y %z 6L $5. MM, $4bb f(X) MK & 51X X 13RS
THhdILiRTd. f(X)PHEEZETD. [ 2 X 25 f(X) NDEH{EAD L 24
MO TH S (Prop. 2.13.12). f(X) FFHEHEEEZ2 S f(X) 206 {0,1} ~DiEfe 4
WWFET S, Zhe fLORBEEZERSD L, X 105 {0,1} ~NOEGLREHME N5,
Lo T X FIHEKETHS.

HENE, RDESITRLTH IV Y OHEA U, T, f(X) CcULUU,, f(X)NU; #0
fX)NUINU, =0 755D 0H%.

o U; 1Y OBIEST f IRk 2 5 f~1(U;) Ik X OBEA.
o f(X)NU #07Eh5 f~1(U:) # 0.
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° f(X)CUlUUQ ffﬁ‘BX:f_l(UlLJUz):f_l(Ul) ( )

e F(X)NULNU; =0 7Zh5 f~HU) N fFH(U) = f~ 1(U1 NUz) = 0.
EoT N DY), f~HU) X X OnEle b2, X I3IEEETH 5. O
Corollary 3.4.4. EFEMEIIAHMHEETH 5. O

Theorem 3.4.5. X ZfitH%E[M, A, B% X D HEETOAACBCA*TH5SD
DEFTH. ZDrE AMEKERSIX B b HEKE

Proof. f: B — {0,1} &5 H LT3, f HREETIEIEVWI L 2RTS. A HEER
DT fla REFTIERWY, ThbE fId A EERTHS. f(A) =0 LTEV. G
g:B—={0,1} 2 g) =012 & D EDBLEHE SN g FHHETH Y, fla =gla TH
%. {0,1} 1% Hausdorff 2 TH v, A 1Z B THZELRDT Cor. 3.3.10 &b f =g, T4b
5 flkeFTikzw.

H BN E

OMNX OBEATHZELE, ANO=0ANO=0THsIZLIZIEETS. EE,
O WHEATH D Z L IEETE

ANO =0 ACO“= A CO°“= AN0O =0.

O, % X DREATBCO1UOy, BNO; 0 275D 35. BNO;NOy #0 T
HBHZEEREIXL.

° ACBﬁ‘OBCOlLJOQ 72h 5 A C O U0y Ths.
e BCA*D»DBNO; #0705 ANO; D THH, LOEENS ANO; #0 &
AN

ERERDTANOINOy D &7, ACB7ZDTBNO,NOy # 0. O

exercise 169. AC B C A* ThH b L &, B %EM B OMHES A1XZ B IZBWTHE
ThsHIZLZRE.

1t a—2Y v FZEHE R OEGERDPESITOWVWTIHNREL .

Definition 3.4.6. R DA ESE C &, fFED a,b € C (a < b) IZH LU, [a,b] C C &7
%L EMES (convex set) THD LWV,

(R" OHES ClE, ZOEED 2 FUZH L, N5 2RSS D C It Ehd e &
MEATHD L VD))

Theorem 3.4.7. 1 Xt —2 1V v N2 R OF S X M 13 HERS.
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Proof. a < biZX L, KM A = [a,b] I3EFETHEI L 2RTD.

Fi,F, CADADZE Tﬂb‘%%ATA FIUF, THh2LTH. FINF, D TH
ZEEAFTEEEV. AXROHESENS, F,IE RO (ETHVWER) HEEGTHS.
be INF, D& EEFLNEy #0.

bg FiNE, &35, . beFy,bg Fy ELTEW. F IFETHRVWERESERDTLERD
FETS. c:=supF; £8<L. ce€ Ff = Fy. (cf. Cor. 2.8.7.) ce F1 CA®DZ ¢ <b.
bEFL RS c#b PR c<b (¢, CF, THDILzERT. E, c<z<biolX
(z>c=supF), B%DT) v € F1 D (AIZXHZDT) re A=FUF, DX e Fs.
FoTceleb)=(c,b)* CF¢=F,. £oTce Nk kb, FiNE#0).

]

Corollary 3.4.8. 1 Xt —2 Y v RZE[/] R OMEE IFER.

Proof. C CR % (TR MEA, f: C — {0,1} ZH#EEE&R L 5. f ARH TR
ZE, ThRObLEMEHETH DL ERFITEV. EED a,be Cla < b) 123 L, C I1EM
DT, [a,b] CC THB. [a,b] FHFEIZDS fliqp) ZEMEEHD X f(a) = f(b).
H DN
FEHEAE LRI LG TN TIERVWZ L2 REIXEWVW. ACR %2 (BThRW) JEEELRE S
EHELTS.
ACFURANF, A0, ANFINE, =10

Y75 ROHES Fy, Fy BEET 5. a, € ANF, 285, ANFLNF, =0 D% ay # as.
a; <ay EUTEW. [ag,a0]  ATHBEI EERED.

a1,a5) ¢ FLUF, DY 51 (AC FLUF, £55) [a1,a0] ¢ A TH5.

la1,a2] C FiUFy £ 3%, [a1, a2 (&#KET, a; € [a1,a2]NF; # 0 72925, [ag, as]NFL N
Fo£0. ANFINF, =0 &9 [a1,a2] N A D [ar,aa] NFyNFy 72025, (a1, a) NAC # ()
Thbb, [ar,a0] ¢ A. O

Proposition 3.4.9. 1 ¥t —2 Y v FZEH# R OEMEH 2 EAILNEEGTH 5.

Proof. M TRWEHAEAIZIEEETHLZ L2 REIX LWV, A CR ZTHRVWSE
BrTh. [ab ¢ ALBBES R abe AWGEETS. € la,b|N A ZVEDL B,
rZ€ A abe APRa<xr<b £oTAN(—oo,z), AN (z,00) & A DE %5 2
5. O

Proposition 3.4.10. R OYEA L IZXETH 5.

Proof. XM THBDIEH E S M.
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ACRZETHRWVNEGLTS. ADVARTHLILEEEZZEZLS. (APFRTR
WHEBRBRZBDALPILWV.) ARFETRVWAERESGEZDLS ER, TRMGFET 5.
=infA, M :=supA &£EL. iIm,M) CATHBIL%E2RT. m<z<MedT5.
m=infAZPSOm<a<z&Rdac APFETS. AR, s <b< Mii3
be AVFIET . AFNENS [a,b) CADPR x e A UL7zh>T ADPETHRWVWAERMN

BELOWE, (m,M) C AC [m,M] &7%0 Ak (m, M), (m, M], [m, M), [m, M] D\
Thir, DEVKHETHS. O
PEziedTREZS.

Theorem 3.4.11. 1 Xt —2 VU v RZEE R O (ZBTRHR\W) HOoEE A K UIRILFHE
HThH5.

1. A 1o
2. AlFMMES.
3. A XK. O

Corollary 3.4.12 (HEMEDOEH). X A f: X — R 1,20 € X, f(21) <
flag) &3 5. ZDLZF, [f(21), fz2)] C f(X).

Proof. f(X) C RIZ&EFE7ZH 6. O

Remark . Z O HEEDEEOIEIIZIEEKEZ 51 (Prop. 3.4.9) 72& W5 Z #5723,
XEOEAEME (Thm. 3.4.7, Cor. 3.4.8) I IAETH 5.

ZOHEMEDEM» S, WS CORMMEOEMZEL 720121, €HRKTH 2HAKXM
DOEAEE S BENZ 72 5 .

Example 3.4.13. *£HIX[H [0,1) & BXME (0,1) R TE W, K 0ig<, [0,1) 2
5 (0,1) N AR R B IAEL 2V, Gt 2idH 5 wsin = EnERIE. )
EE, £:00,1) — (0,1) ZEfARREHZETD L, f% (0,1) =[0,1)\ {0} iZHIBRL 7=
b Ok (BH) 58 f:(0,1) — (0,)\ {f(0)} 2H7=2 5. (0,1) IZHKEZ0 6%
DEHEBHERETHS. (0,1)\ {f(0)} 1FIEEKE LD T f((0,1)) # (0,1)\ {f(0)}. £-T
f([0,1)) # (0,1) &b, fiFRH TR,

Definition 3.4.14. X ZAifH%EM, a,be X £ 95, 1t —2Y v N2/ R OFX
f[0,1] 2o X ~DiERELR ¢: [0,1] > X Tp(0)=a, p(1) =be%25D%ald
% #5808 (path) &\ . a ZEDIEA, b ZEDKE NS,

Remark . B 35K o DI THY, TDH ¢([0,1]) C X DI & TiEAR\.
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Definition 3.4.15. fiFHZE[H] X A3RERE (path-connected) TH % (ﬁ&' (Da,beX
WU, a &b ZFESEPFLETS.

Remark . arcwise connected &\V5 & 2% dH 5. path-connected & arcwise connected

ZHIOEKRTHS 22 HH 5.
Theorem 3.4.16. JLREREZ S IX#ETH 5.

Proof. FFHHIE Cor. 3.4.8 LA TH 5. X & (FET72\) sHREREZER, f: X — {0,1}
ZEGEBRET L. fARFTERVWIEEZRERXIV. ae X 20 DEET S, R
DxeXIZHU f(z) = fla) THEZ ZERTI. X FREREZD0 S a & o 2FES
8o, ThOLEFEGH 0: [0,1] - X Tp0) =a, p(l) =z L7250, BFET 5.
fow:[0,1] = {0,1} I TH Y [0,1] 1ZHFELDT, fop(l)= fop(0) THS. o
T f(x) = flp(1) = fopl) = fop(0) = flp0)) = fla). 0

Example 3.4.17. #5722 ORERE TR W, 2—2 1) v K22 R2 O ER5 221

A={(z,y) eR* |0 <2 <1,y =sin(l/z)}
B={0,y) eR*| —1<y<1}
X=AUB

BEZDHE, X ILERETH 2 HNRGERE TlE .
exercise 170. 2% (HATHE> THEZ B0, iltIHAPEH > TWAAZHL T) RE.

Theorem 3.4.18. X ZfiHHZEM, {A\}ren Z X OHEHROEREDK, $00b, (T
DN e ACHU Ay C X BEMTHB LT 5. ZOLE, LD Ay e A KL
ANA, #0251 A=, Ay bk

Proof. f: A —{0,1} 2G5 HET5. fREF TRV L, Thbb [EEDa,be A
XU fla) = f(b) THEZLEREIXEIV. a,be AT B 5 \pe ADPFEL,
acA\,be A, k5. ENDS AXNA, #DTHD. cc AxNA, 20EDLE. [
MR f: Ay — {0, 1} 133EHET, Ay 1XERE7Z2 5 f(a) = f(c). FBRIZ f(b) = f(c). -
T fla) = f(b). O

Definition 3.4.19. X #{ifA%EM, v €¢ X &9 5. 2 280 HEEBLEE TR TOH
®£E
.= |J C

zeC
CC X jHfE

% x eat X DR (connected component) &\ 5.



186

Proposition 3.4.20. #EfEK D 2 2 HEORKOHEFEREAETH 5.
Proof. Thm. 3.4.18 & 0 HiE7 I3 ERETH L. MAMERIEERIVHE 5. O
Proposition 3.4.21. HfE 2 IEPHEETH 5.

Proof. C, % x 2 BCHAEK D T 5. C, C C2 T, Cp 1FH#AE 7225 Thm. 3.4.5 &0
C bEfh v e Cf T O ITEMELE»SHMER I DERLD CCC Cp. £oTC, =08
L C, IZEAEE. O

Proposition 3.4.22. X ZfifHZM &L 95. X (BT 2EK ~ %,

x~y sy e C lRBEMTPESC C X BWFHET D

CEDDE, ZTNIFFEMERBRTH D, v € X 25T FAMEHEIT x 280 EER S TH 5.
ZDOFRMERERIZE D X OFR & #EAEBL S NDRRE NS .

Proof. GERAIZIRD exercise IZ K 5. O
exercise 171. X ZAfHZEME U, v €¢ X 2 &SRS %2 C, TRT.

L {z} I3ERTH 5.
2. Prop. 3.4.22 ® ~ [X[EMERERTH 5.
.r~ysye .

Example 3.4.23. 12—V vy RZE/- R OS2 R* =R\ {0} DS 1%
L ={r€R|z>0} LR ={zeR|z<0} D57, F¥E Ry, R_ I R QKX
e SHRE Ry CACRY IEA=R, U(ANR.) & 4%EN5DTEATRAL.

Definition 3.4.24. AitHZE[H X 23582 A EHE (totally disconnected) T®H % o & R R
DRETI R S48D.

Example 3.4.25. BEEZEHIE5762 A HRS.
HEWLRT W, B TH DL WVWS T B REREETHL L VWS ZEIKES. HlX
X, 1ot —2 Y v RZE/ R O 5220 Q X578 AREkE THh 2 7%, BERZERM TIER .

Proof. ACQ,8A>2, 9 5. rscAr<szildé, r<z<seRbEHE T I»F
1195, {geAlg<at{qeA|q¢>2} B ADRENEDHZBDT AIZERETIIZR
W, Ko TEreQITHL, r 2 &L HEK KD X {r}.

FERED e >01IZ/]L, (r—er+e) ¢ QThHIho, {r} X Q DHELETIEA
A% Ol
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Remark . Z OFID & AR 3T U BES & IR S 200 U, LA 22 M 2585 5 43 D
FFERI & 722 DI TIERNWE WS Z bbb,

exercise 172. X OHIER D VBERMETH 5 & &, KLk o IIHEAETHE I L %
R~

exercise 173. Z % R IZ Zariski fifH%E W 7= fifHZEM & 4 5.

1. Z 3 TchsdZ & z2rRE.
2. 7 OWEFENEGITEDL I RE DN ?
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35 dv/XY MZEE
Definition 3.5.1. X 2586, A ZH0EE, {Extaes 2 X OHREAOHBE T 5.

L ACUyer Ex THDEE, {Er}ren 2 A DB (covering) &5,

2. {Exrea P ADHWETH Y, A WEREAD & & ARHE (finite covering) &
W9,

3N CALTE. RK{E\ en DADOWETHZLE {Er}ren 2, (ADOHHE)
{E\}ren DB (subcovering) &\ 5.
ELIZN PHEBREGD L SERBOPE 05,

4. A DWHE {E)\}ren DWERIAHEZ S D < HEAERMAEEG T C ADPFELT,
{E;}ic1 W ADWEL 5.

5. X DIAHZEM, {Ex}aen B A DBET, FED N e AT U Ey 2 X OBEAT
HBELE, {Extrer & A DA (open covering) &\ 5.

6. ERDOAERMAIEA T CAITHL, N, BEi #0THBLE, K {E\}ren FHEHR
R XM (finite intersection property) 252X\ 5.

Definition 3.5.2. 1. fZFHZEME] X 2332282 b (compact) TH 5 <:>X DAL DR
WEIERIBIHEZ S D.
2. NAHZER] X OEREG ABIV NI N THD o WAEM ANV NI NTHD.

Remark . ZOEHBHEDHNERDOEIKR (THLZAEFERINITEMAELIZ< WhreEI2FN) Ik
EENLK, EEDXDEMNZ EHEI T &

Remark . 2> %2 s Hausdorff B0 Z &2 a3 /87 & ww, ZOESH 3.5.2 DEM
AT EHED VT b (quassi-compact) £ WD ZEH B D.

Proposition 3.5.3. fiMHZE[H] X OMAES APV NI THE & HEGE AD
(X 2B B) EEOBRWKENERT I HEEZ S D.

Proof. A DWHEATE (Ex) 2NH%0 A OBBETH 5 o HAES A OHME [0y
TE\=ANO)\ 55D H5. O

Theorem 3.5.4. X D217~ & X OMEEHE {F\}rear PARZXMEZE D45
i Maen Fr # 0.

Proof. X O EEHKE {EA} 20U, {E\} PHETHEILL N, E{=0ThdI L
ERBTHS. £72, {Exbrea WERBAHEE S0 & H2ERBAES [ C A B
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U, Nier Bf = 0 & 15 {Baen PEBRRXMEE 7270,
X DS ENHEATHEI LY B PHEATHE I LRAMTHS Z LI
EId s,

O

Example 3.5.5. BHEMAHEMIZI LT N THD. HESIK X & 0 ZTE25.
Example 3.5.6. X Z#iiififHZEfe 368, X a7 b & X DERES.

Example 3.5.7. niX;t1—2 Y v NEF R X3 V7 b TRV, EBE, {U,(0)}en
ZR™ ORHETH 2 WHREIBE 2 B 7272\, 72720 0 € R™ 1350

[FRRIZ U TR DD B
Proposition 3.5.8. FgfZefin a7 MEDESIIERHELEETH 5.

Proof. X Z#fRHfZER], AC X 2av 7 hed 5.

ETAVERTHEILERT. 2€ X 208285, ACU,enUn(z) K0, %
NeNPFELTAC Uy(z) &0 AFHES

ADPHES, Thbb, AHHEATHEILERTD. c€c A, DFD ad AL T 5.

UE@=JyveX|day>r}=X—-{z} DA

r>0 r>0

Z00 {E (2)}rso & A DBIEE. AlZa v 7 NEPSHRED E,,(2),i=1,...n T
Bbib. e =minr; 2BIFEe >0T

AcC U E, (z) = E.(x)

&h
U.(z) C Ec(x)¢ C A°.

£ O —##1Z Hausdorff 22D 3 N NEDESIIHESTHA I L 2B TR,
=27y RE/MTEHEEK DD, T 1RTDOEGEZRTD. B Ta V37 M2E[E
DOUBEZHWNT n IRTCDGEERT.

Theorem 3.5.9 (Heine-Borel). 1 ¥t —2 Y v FZEHE R OFHRELEIZT N7 |k
TH5. LXIZARMKEIZIY N7 M THD.

Proof. A C R #HREEGL L, A DEHELK {F\)rea WERZEXEZE D2 T 5
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A£0DEEEERNEEV) &,

a := inf {maxﬂ F;

(ZJ;«EICA,ﬂI<oo}

i€l
EHBITIE EED N e AiTHL

a = inf {maxﬂ F;

)\EICA,JjI<OO}EF,\

i€l
DA (Myen FAAD &Y, AFIVRT MTHD. O
E5DLTEIZEVWTALS. ROETRVWAERBES IR, I GEED I &I

HE9 5 (Cor. 2.8.7).
P={ICA|I#0 I <oc}&BE ANcAlTdL P ={IeP | xel}&sKL.

¥/ PIZHL

Fr=(\F, a; = max Fy € Fy

el
L. ADPROEFRALEZDTEF b ROEFRHEST, IRELY I BERES
DEERZXF ADTHE0S Fr iZIBRRITHEFEETS) ICIJDEE D F; RS

ar >a; THHZEIZHERETS. I 6l

a = inf ay, ay = inf ay
IeP I€Py

EBL. A£D7EPSOPAOPTHY,a; € ATAITEREP»SZDOFRIFGFIETS.)
ITeP\DeE NelZro FiCF\®WZXare Fy ThHb. £oT

aA:inf{aj | IGPA}G{CLI | IGPA}GCFSZFA.
L7t C, EED A € A IEHL, a = ay THB I LERER, a € yop Fr # 0 555

mb.
PyCP7EMNPSay>aThb.
—HMEED T e PIZXU, I CIU{A} € P\ THE05, ax <ajupy <ar £729,
O

ay < Iig}faaf = a.
AERZIZ EOEREFALCTHEM, a € F\ ZRIDIFIUTOLIIZLTE LW, (2
01 24EFEDO#HFBTIILATOEHRZ H W)

EED e > 0L, [a,a+e)NFy #0 THsDI&rERBIELW.

F\eB305) a 3 FRENS, HEERBOES [ C A BHFLEL,

(Zpe =

a € F} =
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ar<a+e kb TU{N}IZAERESTITI 2E500T
a<aupy<ar<ate
7Y apuay € la,a+¢). e
aruxny € Frua C Fi

WX arupay € [a,a+e)NFy # 0. O

Remark . —fDOREEEZERTIXAERBRS I3V 87 MrATZ 2id0. (0,1) & 2 HE
PRAEZERD & 2. L

exercise 174. 7 % R IZ Zariski fifH%E W 7= fifHZEM & 4 5.

1. Z1FdayNNo N ThaHIZ L zRE.
2. Z DAV NERPEEIZEDESIBREDHN?

a7 MEROWEZHANES.
Proposition 3.5.10. A, Ay C X WAV XTI M5 A UA, AT NTHD.

Proof. {Ox}xen ZE0HEE AJUA, ORIME, $7005, O, 17 X OHEST, A1UA; C
UOLTH2LT 3. HESMT {0\ 13 A; OBBETH Y, REED A; a2k
BOTHHIARTPESE J, CADPFIELTA; C Ujes, 05 7%, J=J1UJy C Al
HIREATHD AyU A CU e 05 £7%5%, D&Y, {O0;}jers & {Oxtaen OHEMIERIH
BThH5. IoTAUA IV INTHS. O

Theorem 3.5.11. I X7 M EBOHAHSESIZA VNI v TH 5.

Proof. X a7 pEME L, AC X 2HHDEAL TS, {Or}rer 2 A DHEHE,
T50H 0\ 1E X OEAT, ACUONTH2Ld5. Z0e&E {0,}U{4A}IF X D
ETHS. X 13a2 "7 b DT, HE5HRMAIEE T C AT, X =J,;0iUA°
LBRBLDNHD. HESMPIZAC ;0 THB. O

Theorem 3.5.12. 2237 NZEEOEGEHRIZ L 2B T X7 N THB.

Proof. X, Y &AMz, f: X - YV 2¥fEHe L, X Zav X7 Thd LT 5.
fX)DavRI v THBEIEERTD. {Orkaer 2 f(X) OBME, T72bb O, X
Y OHEAT, f(X) CUyrOr THZ2ET 5. X OMASEGHE {f71(Ox)}rer %
FAB. fAREEE»S 710N X X OBEATHD. £, f(X) C U0y ENDS
X C f7HUON) = UfHO0N). &oT{f 10N} 1F X ORfEETHS. X 131
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VT NEDS, BEARHAEET C AT, X = U, [ HO,) £ BBLDHH 3.

f(X):f(UzeIf_l(Oz)) Cuie]Oi- O
Remark . 32X MES O HEGELIZ W N7 PEIEBES V. BIZIER E
DEBBEABZEEZTHL.

Corollary 3.5.13. 2 /%2 MEINAHBHEETH 5.
Corollary 3.5.14. 3> /%2 22 Lo EREEG R BT R & B/MiZ & 5.

Proof. X #3227 b f: X 5> R ASHEKET 22, & f(X) AR DIV bE

BFED S EREES. £ oT £(X) I BATE, BNEAET 5. 0
Corollary 3.5.15. A FEHX [ Eodi BB R AME & f/IME % & 5. O

Theorem 3.5.16. X, Y 6227 b6 X xY £330 b,

Proof. {Ox}xen # X XY OFItfEL 5.

U={UxV |U€eOx,VeOy,INeA:UxV CO,}

3B UD X xY DFHETHS. (X xY OFHESIX, X OESL Y OB
ELEDEEOMESGL LTRINIDTH 7)) U DPERBAOWEE2E DI L E2RT
5. x € X 2022k 3. {2} xY XY LRAME»PSTIVARZ N, koTUDAE
BRAE D IE Upr X Vs ooy Upny X Vi, DEAEL, {2} x Y C U2 Ui X Vi 72 5.
{2} XY NUy x Vi 20 2 UTEO. W, = N2, Uy B (FRIEOR%ES D@
HR7eDT) W, 3 X OFEATHD e W, THD. 7=

Y :pg({l‘} X Y) C p2 (Lj Ui X ng> = OPQ (U:cz X V:m) = Lj Vi
=1

=1 =1
EhS . i .
meY:WxxUVm:OmeVmCUUMXVm
=1 =1 =1
ThHd (BEFHONTAL) . KFre X ITHLIDLIIZLT W, 2enlX X O E
Woteex BAOND. X EAV AT N EDPSHZERMADE 21, ..., 2y, € X DMFEL
X=U~r, W, £7%85%. £o<C

m N,

XxY = UW xY C | Usij x Vi

1=1j5=1
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) U DERRIBIHEENZ 5Nz, %’L,j W2 L Umij X Vmij C O>\ij AN >\ij cA
EMAIE X <Y €Uy Ox, 2750 {02} OHRHAMENZ 505, 0

Remark . LOFEHTIHERRABZ Z 52 0ffioTWEN, 5 EFL LRITNITERR
Hzffbanwk S IcHks. BEREOEMDOGEB KR EDVELD (Fa /7
(Tikhonov) DEH) A%, 56 & [FERNABAKE GENABL L FH) TH DFEHIES 54
U i f.

exercise 175. X # 0, Y A0, X xY a7 ed5. 20 E X, Y &HITTUR
JRNTHDILiErE.

NN SIRDIRES.

Theorem 3.5.17 (Heine-Borel). 2 —2 1 v RZEM R" OFMAEENR AV I M TH D
O DBEAREMIIERHALETHL Z L.

Proof. A7 M b HERHAEETH S I LIFBEIZRLU 7.
ACR"DPEFRHEEGTHL2LTS. ARTHEI»6H5 K € R PEFELELT,
AC[-K,K|" ¥7%. Thm. 3.5.9 &b [-K,K| &3> /,X7 hTH 555, Thm. 3.5.16
0 [-K, K" ®avR27 b Thsb. (R" & Rx--- xR IXFEM, FEE 106 28 A%
IV RY NER K, K" O$EA&TH 255 Thm. 3.5.11 K avr vThsd. O

Example 3.5.18 (cf. exe 140). St 75 [0,1) ~NOiffia 2 FHIFAE LR, &<
[0,1) iZFEFHTIEZRW. STIE R OFRBEEEZPS5 a2 b THD, [0,1) IR D
FEATIIRVDOTI VN N TIRBRWRS.

2> 827 » Hausdorff ZZEIZDWTEHRES.
Theorem 3.5.19. Hausdorff Z2Eflo a7 NESIIHESTH 5.

Proof. X % Hausdorff ], AC X 237 MNBREEG, v € AL 95, oh A°D
WRTHEILEZRES.

ac€ALTBHL, v#aTHY, X » Hausdorff 2D T, x ODFAERE U, & a DB
Vo CUNV,=0 28 DRFET S ac AITHLIDESMU,, V, 20D
HER. (HEWIXZD LS B TE2EAZETNERABEIT VS22V, HilZIX

A={(a,V)|aecAV: open,acV,z eV}

) {Vidaea 3 A DBMWHETH Y, AIZI VNI N BDT, 5 a1,...a, € ADFIEL,
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Ug, NV, =0 7%2DT

UmACUﬂOVai:CJUﬂVai:@

=1 i=1

LY (fRefiVWTAhE) UC A5 xld A° DAL 0

Corollary 3.5.20. 2> /327 b Hausdorff ZZR] D DEEN IV NI N THE-DD %
Bt IHEETHE I L.

Proof. Thm. 3.5.11, 3.5.19 £ 0 & & 5 . O
Corollary 3.5.21. 2 /%2 FZEf]H: 5 Hausdorff 22~ DEG G BG4 TH 5.
Proof. Thm. 3.5.11, 3.5.12, 3.5.19 £ 0 H Z 5>, O

Corollary 3.5.22. 2> /327 hZE[li]H: 5 Hausdorff 22 [l ~ D i 22 4 B X A A G5 T
Hb. O
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Definition 4.1.1. (X,d) Z @z e 95, X 0K {z,} PEARH (fundamental

sequence) $ %\ & I — ¥ —J41] (Cauchy sequence) TH 5 @E (De>0ITHNL, HD
HARB N e NDPFELT, EED m,neN (m,n> N) | ﬁb AT, xn) <€ &7R5.

BHIDBE (§77) L ARG, FEEEZEEIC B 1 2 RFNE AT TH 5 &, HASLAE
RTHDBILhbN5.

FHAR RIZHE W TIEEATNIIHSTH - 7258, —~ ORIz WTIRLTLEZ
S TR\,

Example 4.1.2. BIKME (0,2) C R % R O#4 220 & LCHMER L »5 &, (0,2) ®
S0 {1/} neny 1RIEARF 7 IR L 2200,

exercise 176. &7

Definition 4.1.3. FffZEf X 1%, TR TOREARFIDUHKT % & &, 52 (complete) T
HBHENS.

exercise 177. BfEEEREZEM XM TH 5.

Theorem 4.1.4. X 5% < [ X O TLHRWHESGOEDN X D FF D F, D - D
F,D>...»" lgm §(F,) =0 %A, N, Fn#0.]

Proof. =) & ne NIZN UKz, € F, 20&DZ265. Z0D& &R {x,} 1FEART]
Thb. FEE, le S(E,) =07=Z05, FBD e >0 L, 5 N € NDBFHEL T,
n>NRBROIEIF,) <ekd ZONIZHL, mn>NROWXE,, F,CFy7Z»r5

195
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T, Tn € FN TH Y, d(zm, xn) < 6(Fn) < €.

RELD X IF5ZMTHEDS6 {z,} THdnire X ITRETE. neN&T b . i>n
BOWEF, C F,®x x; € F,. F DiFl{x;}isn &2 ZPORL, F, FBAEEZL2S5
reF, &oTaze(),F,. &<izN,F.#0.

<) {zn} 2 X OEARFNE TS, A, ={0;}i>n CX, F, =A% £35. HES5MITF,
X THRVEHESTH Y, F, D Fupq.

{2, } BEARFITHEDS, FBD e >0 L, D N e NWHFHELT,i,j > N 7=

Sl d(x,xj) <e &72b5. n>N7KSIX A, C Ay THE056

d(Fn) =6(A5) =0(A,) <0(An) = sup d(z;,x;) <¢

ij>N
2720, lim §(F,) = 0 ThB.
FoThELY N, Fh #0VTHB. z e, F, 95, 2,2, € F, X d(zp,z) <
8(F,) =0 (n—o00) 2720 {z,} 1Tz IZPRT 5. O

e . 100(1),(2),(3), 101(2),(3), 104(1),(2),(3), 111(2),(3)

Definition 4.1.5. fifHZEM X OIS EE A D 1 FHES (set of the first category,
meager set) TH 5 e A FHEEO R EEDOHES:

A=JA (A& X TRE).
Theorem 4.1.6 (~X—)l (Baire) OFZVEEH). sefEMiZZM X 128 WT, 8 1 HES
DIFEAIE X THETHS.
Corollary 4.1.7. ZZ TR\ SafpREEZE X5 1 FHES TIZRW.
EBLDFEH DO 72Dl 2 O L DHET 5.

Lemma 4.1.8. X Zigt2EM], A C X 220 %E, O C X 2ETRhVWHESL
5. Z0OLEUCONA BB L%, BTRVWHESR U »EFETS.

Proof. AZ2B7ZH 5 Prop. 2.10.13 £ 0 A° ZWETH 5. &> T Prop. 2.10.3 £
ONAS#PTHY, O, A IFFHEEZENS ON A HEHEAR. 1 e ONA°ZVEDL 5.
ONA®BFIRAENOHB e >0MPFELT U (2) CONA® &7%2%. U=Us(x) T
X . O

Proof of Thm. 4.1.6. X D A =r—; Ax (Ap: BB 2B 1 FEA LT 5. A BHET
HBILZRED. Prop. 2.10.3 &0, HETHRWMEEOHES O IR L, ONA°£() TH
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52 EREIER V.

OCX%2%ETRHRVWHESGLTS. Uy=0c35. k>1xl, RFIZ, 22T
BWHEEG U, 2 U2 C U1 NAS, 6(Ux) < 1/k 2722 k5122 5. (Lem. 4.1.8 &
) X B5ElTcs o205, Thm 414 &0, (0, UL £ 0 THB. Uy DLV b
L0, U2 C AL CA THENS, Mee  UP C Moy A5 = (Upe A)" = A°. F72
Mie Ut CcUFCUy=0. o2 TONA DN, Ut #0. O

Cor. 2.10.5 THAT= & 512, ARMEDOHIE L FHEA O HIEE 5 1IHE T - 7= TRt
ZERNZB W T RERE TS L.

Corollary 4.1.9. X %53z, Op & X THHAMEG LTS L, E =02, Ok
XX THETHS.

Proof. Ay = Of 8L &, Ay BHEAT, Op BREENS, (A2)° = A5 = 0F° =
O =Xe=0 kb, A BEHTHZ. E=N0r=NA; = (UA) EDbd, "=
DEME Y, EITHZ. O

Remark . £® Corollary iIZBWT5ME W REIIBETHS. Q 2 R DI HZEME
LT, BEBEER L 2%, Q T 1 SUIZHIEAZE A SMED r € QT L Q\ {r} 3BES
THY, £72 1 FUIFEETIERVDOTQ\ {r} REEATEZVYS Q\ {r} IWET
HB. B, TNSTRTO (W) IEHBD N,cq (Q\ {r}) = 0 3FETIRAR .

Definition 4.1.10. HiEtZEH X OIDEE A 5 @(iﬁﬁj\) PREEZE ] A DITEAH.
Theorem 4.1.11. FEEEZEM X OHSES A PR olX, AIXHELETH 5.

Proof. {a,} % ADgFIE L, lim a, =2 € X &35, {a,} 1 X OPHRFITH 5 »»
5. X DEATITHE. ko> THHER A DEIIL ST L SHARITHS. A 5%
T, {ap} 12 A DRICIET 5. 5T o= lim ay € A 270, Cor. 2.11.5 £ 0 A (X
£ATH, o 0
exercise 178. X ZJH7EM, A C X 280 EE, {a,} 2 ADRINE TS, {a,} B X
DIEARFITH S Z & &, MR A DRFIE UTHEATNTH S I LIZFAMBTH 5.

Corollary 4.1.12. A C X DL 51X A IF5EMTIEAR.
Proof. A® =X # ADZ AFHEA TR, O

Example 4.1.13. RZ 1 #Xc2—2 Y v FZEEE L, QCR % R O 2EME U TR
B AL, ThbbE d(q,r)=|¢—r| TQIZHHEZ NS, ZDLE QTR THE
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72D THEM TIE7ZR .
Theorem 4.1.14. X %5efipEeifie 5. A C X PHAEERSIE A LXSHMTH 5.

Proof. {a,} %2 ADEARFNETE. HE SN {a,} 1F X DRI ATHEHEARYTHS.
X 35715 {a,} B X Dl e X ITPRT L. A BZHEEEPSrc A £oTA
e TH 5. O

Corollary 4.1.15. X Z5EfiiElzEf, AC X &35, 20L&, AWM < A X
£4H.

Example 4.1.16. (Y, dy) ?VE 5oz /72 51X, Ex. 2.14.5 OFE#EZH F(X,Y)
LEMTHE. £oTZDLEOX,Y)d (F(X,Y) DHELSERDT) %EHETH 5.

Proof. {f,} & F(X,Y) DA $5. ERD xz e X ITHL,

dY(fm(x)7fn(x)) < sup dY(fm(x)7fn(x)) - d(fn;fm)

zeX
THZ2D0, {fo(x)} 1 TY OEAFTHS. V IZZMTHLZDS {fu(x) 1IFIEKT 5. B
B XY % fx)= h_)m fa(x) eY TV EDS.

{fu} M fIT (k) WERTBZez2RZEDS. {f} FEAFITHED2 6, [EED e >0
XU, 5 N e NDBEEL, mn > N 725X d(fim, fn) <e/2 &85, TED 2z € X
XU, n> N &old

v (), @) < dy (F (@), £u(2)) + dy (), S(2)) < 5+ (ful2), £(2)
THY, li_)m fu(z) = f(x) THEN 5,

L7z ->T

oT,n>N=5IE

N ™
\)

O

Theorem 4.1.17. X ZPEREZEM, YV 2 5%ME#ZEM, A C X 2o %EE, [t A—>Y
bl B R T ZDLE, flk A FTEBICHERI N, TOIRIZ—-ENTH
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3. Thbb, MiEGEE f A S Y T, fla=f LB260ONEEVEDFET S, X5

Iz FiE—RERTH B,

Proof. L. EH R —BNTH L2 . (INERTDITIE—Rodeth s 5ot

b 7eu.)

g,h: A® =Y 2 EHRT, £ED ac AIZHU g(a) = f(a) = h(a) AT H
DET 5.

xeA* & $ 5. ADrS {a,} ’C“nli_{réoan =x ERBELEDNFIET S, g,h &HIT
L TANONE

g(z) =g(lim a,) = lim g(a,)= lim h(a,)= h(lim a,)= h(zx),

n—00 n—00 n—00 n—00
£oTg=h.

2. IR —RRERTH S L. (THERTOIZEMIER D)
B g: A" Y & gla=f e 5EHEHRET L. g P —HEkiTHd I L 2R
9.
e>0&95%.
fr A=Y Z—BERRZDOT, 56> 0P FELT, FED a,bc AL,
d(a,b) <30 51X d(f(a), f(b) <e/3 &75.
ZDSITHU, v,y € A D d(x,y) <d AT LT 5B,
g \ZHEARRDT, H5 6, > 0 PHFIELT, g(Us, (x) C Usys(g(x)) £78%. 6, <9
ELTEW. FARKIZ, 50 <0, <0 BMFELT, g(Us, () C Ugys(gly)) &%%.
x €A o Us (1) NAADTHD. o5Taec ATd(a,x) <, £7RDBED
Bhd. FAKIZbe ATd(y,b) <d, £BDHLDNH5.

d(a,b) < d(a,x) + d(z,y) + d(y,b)
< 0p+0+0y <30

THY, gld f DIERRDT

d(g(a), g(b)) = d(f(a), f(b)) <e/3

Thsb. £oT

3. LA HRAMFET D Z &
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() A ©EH {a,} BUHRIITHNE, Y ORI { f(an)} BIHIITH S Z & %5

9. (—RRERE, eSS 5B BE)

Y BEMRDT {f(an)} BEARFTHZ I 2REIXLV. ¢ > 01T 5.
Fl— RS THED5HSB 5 > 0 BIEELT, EED ab e A KL,
d(a,b) <6 % olX d(f(a), f(b) <e &7, {a,} IFNHFZ2DTHARFITH
5. £oT, 55 NeNMPEFELT, mn>NBoIEdany,a,) <0 £725.
2T, mn>N722oXd(f(am), flan)) < e.

(i) A DPCRA {a,}, {bn} A hm a, = lim b, 2#&A7ZEIE, lim f(a,) =

n— oo n—oo

nh_)rgof( n) CTHBHZ Z%/TT

A DRF {en} % cop1 = ag, cop = by TEDD. (DFED {c,} &
ai,bi,a9,ba, ... EWVIRFITHB.)HE SN nler;Ocn :nli_{r(ioan :nli_{r;obn
THY {c,} FIERFITHS. EoTH) &Y ORI {f(c,)} BIKIITH
5. {f(an)}, {f(bp)} EEBSE {f(cn)} DEBRFITH B H & T DMIPEATIE

lim f(c,) TH5 (Lem. 77 Z) .
n—oo

(iil) GA% f: A® - Y 2RO K5 ICEDD. z € A TN L, A D5 {a,} T

li_)m ap, =2 272550 (7 Thm. 2114 2L DFHETHDTEN) 2& D,
F(z) = Tim flan) LEDS. (1) £ ZOBRRAEEL, (i) & b 2 kT
5 ADIIIDE D HIZE SR
Fik (—B) WiThBr2mES.
ES0LTE [ASY BHEHTHENSHE S > 0 BIHELT,
ERED a,b € AIZXU, d(a,b) < 20 51X d(f(a), f(b)) < /2 L2 5.
z,y € A% d(z,y) <6 &35, xIZPURT 2 A DS {a,} & y IZHNKT %
ADEF b} 2L B, fFOEHELY lim f(a,) = f(z), lim f(b,) = f(y)
THDH koTHs N NHEELT, FEDOn > N ZH L, dan,z) <
6/2, d(bn,y) < 6/2, d(f(an), f(x)) < /4, d(f(bn). f(y)) < e/4 £7525.
dlay,by) < d(an,z) + d(z,y) + d(y,by) < 0/2+5+0/2 = 20 TH
515 d(flan), f(bn)) < €/2. &=>Td(f(z), fly) < d(f(z), flan)) +
d(f(an), f(On)) +d(f(bn), f(y)) <e/d+e/2+e/d=¢.

Ol

Z OB QRS ILRD —EMEIE S o & —MRNAIRBLTHGLT 5.

exercise 179. X, Y Z#AAH2EM, A € X Z2RARLMAES, f,9: X — YV ZE#GEE4

—HTB (TRbLEED ac AU fla) =gla) £%3) bDLT 5.

1. Y » Hausdorff M THNIX f =g TH D Z & %2RH.
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2. f=glEESRVESE (X,AY, f,gD) Hla%T k.
S 2 AR AR 13— RS DS B T b 5.

exercise 180. R # 1 Xt —2 Y v RZEH, R* =R\ {0} &L, & f:R* - R %
flz)=1/x TEDS.

1. fIERTHD I L E2RE.
2. fERECHBICIIETZZLIITERY, T2DLEEH R - RD flgx = f
AR fIREBE TN & 2 RE.

7R IR DFAEIIZ Y DREMTHE I L L RETH B,
exercise 181. R % 1 ¥t —2V v N2/, A C R 2FBRMBIELE LT 5.

1. AT & 2Rt
2. %G 1,0 A— A% R ETHSICHIET 2 2 LIXTEAR, T4b b M54
FiR = AT fla=14 AT HDIIEELRND & %2R,

EHEX POTNAGADEH f: X - X XL, f(z) =2z thdmze X & fOR
1 51 (fixed point) E7ZIXEERE VD . RERDATEICET 2 0WA WA LRERPR S N
TWVWAD, MFZDO—FHHRRDHDDVEDTH 5.

Theorem 4.1.18 (#fi/NE 4 D LH (contraction principle)). X % 5 fif B i 22 [,
f: X = X Z#i/NG (contraction map) , 74805, 5 0< a <1 MWFELT, 1T
BDz,ye X ITHRHU, d(f(x), fy) < ad(z,y) AT ERTHZDLTEH. ZOLEf
W727Z0e 20 RH M ae X 25D, 61T, FED 2z € X ITHL nl;rr;of”(x) =aT
»H5.

Proof. 1€ X 2022, 5. z, = f(x) &0 X OS] {x,} 2EDD. {z,} IFEK
HTHHEILZRTD.

d(zy, Tnt1) = d(f(zn—1, f(zn))) < ad(zp—1,2n)

Z05 d(xn, ne1) < d(x,21) THB. 0<a<1Z06 {EEDe >0 L, N %
taREl e aNd(x, 1)/ (1—a)<e &b . n>m>N&oIE

n—1
d(xma a’;n) S Z d(xi7xi+1)

=m

n—1

< Z o'd(z,z;)
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Y70 {2,) EEASITHS.
X 352D A {a,} RIGRT 5. [ 1ZMNGHEDRS (B EFTHE. ko7

f(lim x,)= lim f(z,)= lim 2,41 = lim x,
n—oo n—oo n— o0 n—oo

&0 lim z, 3AERTHE. TR820L, LED x € X L, lim f™(z) PFEEL,
n— oo

n— o0

TN f DAHRNTHS.
a,be X % f ORHRET L L,

d(a,b) = d(f(a), (b)) < ad(a,b)

WA (1—-a)d(a,b) <0. a<1lIZEEITDE d(a,b)=0. £oTa=0. O
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4.2 Baire OEEDSAEH

COHEBTIHPHEDIZEHD S AR Z D THA L ZEMRIE, fFEEDEH
(3.4.12) , Heine-Borel ®&H (3.5.9,3.5.17) , Baire OFIZEMEEH (4.1.6) , fi/NGARD
JREL (4.1.18) OADEIFTHD. ZHEIDDODVTWVWEL 5WVWELrL ENE KA RNHZS
DEBEREMRDTH 57, Baire DFZEMEEH (Baire DA77 I3V —FH e KiEhs Z
EDFHNLENRELNR) ZIIUDTRAZEZEZIBEZSLMBDDDR7Z0DR 5 X 5E
DRMERNDTIFRWAE RS, KL<HMo Nz U TBEBINAICB 1) 25 440E
H, A 7PN INGIXZOHEETHE I ITIE (EREZSIABLELZL) IS
bLLRW, ZZTERUATOHEZEFELS. (B%5< Baire RAILL S, [2] 24.)

421 RAFUEEETHB &

Proposition 4.2.1. X # () 23 S%2 7280 (Tbb, 1 8h ok 2HMOEE XM
KETIE ) THE#EME T2, X IEGL UTHEITRESTH S.

Proof. IRE XD 1 o R2HDMERIIRHMTHS. o T X OufBEIMAESITE 18
LABTHD. LA > T Baire DFEML Y X FARES TRV, O

Corollary 4.2.2. R IZFnHELETH 5. O

422 FBEHOERSEDERS
I<HSNTVWAES TR R R %

rgQ
r el

x€Q—-2, z—[x] = %, p,q €N, p,qlEFHWIIZFHE

flz) =

Bl= = O

(727U [2] &z 2R R WERADEBE, $hbb (2] <z < [z] +1 &2H7T &5 2B
CEDD L fIFETORMATAMER, 2 TCOMMLTH{LTDH 5.

Tk, 2 COFBSTHEG, 2 COME S TAREGEZEKIEDZ2D0? L W0HDIFHA
REERTH A S.

Proposition 4.2.3. R EE I N/ZELMERK f- R > R P2 TOFHLATHERE TDH
X, fIIE RN ECHEfRTH S, L <IT, R EERI NAFEBUEEE T, 2 TOH
BRTHEETHY, ETOEBELTRERTH S &5 4H DIFFEL RN
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Proof. f: R —=RMEEDrc Q THftTHB LT 5.
QRARELETHE»O N LOMIZEBFAPFNLETS. Q= {rptneny (Z7ZULi#£j
o FEr) L35,
neN&$5. fidr, e R THEERDT, HDELKS, >0 PEFHEL TIREAZT.
1
| = rn| <200 = [f(2) = flra)l < o (4.1)
HZneNIIZHL, RDOHHES U,,0, 2L FTEDS.

U, = (rn —0n,mn + ) CR
On=J U = {ra}
j=n

ZDLE O, TR THELHESGTHS. EE, & U, HRKMTHLZLh5, 0, H
FEETHDZLIEHSD. £720, D {rj}jsn THD. TRD e >0 LAED z e RIT
U U (2) NQIFEREATH 205, U(x) N {rj}jon ZDTHB. LEDR>T {r;}ion
X R TH%E, LoTxhzaT 0, %*H&“C%é.

C:ﬁOncR

n=1

£95.

R IZ5EHTH 27005, Baire DEH X D, C 1E R TH%Z, FIZZETIERW.
aceCeddL EFEDOneNIZHLaeO, £o5Ta#r, (VneN). T4bb
0 QTHB. koTCCQe.

a€Cldd fEMaTHEBTHLILEERTD. e>08F5. LceBnks
LHRBneN 2025, ac C=(2,0; b

aEOn:[jUj—{rn}C DUJ
j=n

j=n
FOoTN>NTHBELIBHEHRE N e NHBFIELT
ac€Uy=(rnv —On,T"N +IN)

ZDEE ]a—rN] <ON <208 THEMIO, 0y D& 97'3(41) £0

[f(a) = f(rn)] < 557 (4.2)

2N
|z —a| <dy &I BE

|z —ry| < |z —a|l+|a—rN| <Oy + 6N = 20N
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THdNH
|f(z) = fra)| < 5+ (4.3)
L7=Mo>T

|f(x) — fla)| <|f(x) — f(ra)| + | f(rn) — f(a)]
1ot _1_1
SOoN AN T NS

D IR a THEBETH S, KoT flid (R THELR, BEE»SREEG) C L
TH5. O

<e
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4.3 SElEME

Definition 4.3.1. X % [R@kZEM & & 2. SEiiifze X &, g2 Eo5440: X — X
T, i(X) DX CHAETHS L5755 00M (X, i) 2HH#EZEM X O5EMIL (completion)
W,

LIELIZiIC&D X (X)) Cc X 2A—BWLT X CX &AL, i 28KLT X %
X O5efift & K5

ZOHIT, (LR OHMERIIN U, ZD5EMLVFET ST LDt Z 2580 52 %50,
Z DENZ e b D&M & SREN T 25 XA TH <.

Theorem 4.3.2. X %@z, Y %2 5SiiEREZM, c: X - Y 22 ROEH L T
5. ZDOEERIIAMETH 5.

1. (Y,e) & X O5EfH{kTH 5.

2. c: X > Y iZkoEEEEZ S D ¢
RO EMZER Z &, REOHMZROEHR [+ X - Z 1T U, iz RDOE
BFY 52T foc=faATL0ONEE0LIEET .

3. c: X - Y ImoEEEE D ¢
RO BN Z &, FEO—HREREHR f: X — Z1ZW L, —HREER
1Y 5 ZTfoc=faRhTH00RE0LE LT 5.

X
1N
Y o > 7

Remark . EEL 3 IZDOWTIHIRDIETIRREZREDE LR
X ZIEEfEzef], Y 25t ZER], ¢ X - Y 2 —FREREGS e T5. 2D ZRIEAE
HTH5.

ZRU (—kR) fitHzZED YL Z D & (Y, o) 17 X OFfiifbe 5.
2. c: X > Y ZkoEEEEZ S D ¢
EROZMIEREME Z &, RO —HEREGHR f: X — Z 1T L, —HREEHR
fiY 5 ZTfoc=faalTH00NEE0E2HET 5.

EH OO EED RIS LT—EBEMZ2RLTEID.



4.3 Sefiik 207

Corollary 4.3.3. Hiffi7ef] X 053X OE®RT—EHNTH 5. (X,i), (X,]) 2 &
BIC X Ot T3 e, FlEmMe UTORBMEG Bz E o288 f: X - X
Tfoi=j B30 EEVEOFETS.

Proof. i: X = X, j: X - X OEEMEL VEMEHESTEH f- X 5 X,9: X X T
foi=j,goj =1 %ARTHEDNENETNZIZ0 L DEET S.

foglg: X - X ZELLHHHEMREDEHRTHY,
(fogloj=folgoj)=foi=1]
lgoj=3j
b, koTjoEaEE (ZOXSBRERIEZZVED) LD fog=15. HRIZLT
gof=15x DRE, fIZEEH (T, g BWTOHEEH) TH5. O
Proof of Thm. 4.3.2. 1=3) ZHIIAEMIZIE Thm. 4.1.17 TH5. c: X - Y 2 X D
SEfifbE 5. j: (X)) =Y 2AEEHEL, c &
c:joc':Xﬁl)c(X)i&Y

ERRET D, c IFHEEZRDODT ¢ X — o(X) (ZEEEEZER & LTCORBESLRTHS. %
DHFEMR%E s: ¢(X) > X L.

7 % SEBER, X — Z % Holiigmr 75, s BEZRODT fos: o(X) -
ZH B TH 5. «(X)* =Y THBH» S, Thm. 4.1.17 & v, —KolE54 f: YV — Z
Tfoj=fostRhBEDNEEVOLOEETS. Ik
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BATZT. iz, —RREREB g: Y - Z D goc= f AT,
goj=gojocos=gocos=fos

Y70 glE fos DEEIAILRETH S, Lo THIEED MRS g = f.
3=2) Y BEMT, A RO TS c: X > Y A3 0EEEEE DTS,

L e(X)*=Y ZmR7. j:e(X)* > Y 20E85H L, c %
c:joc’:Xﬁl—>c(X)a1>Y

ERRET DY BEMTHEDOXTDHAEETH S ¢(X)* BEMTH Y, ¢ i
ZRODT C B2 RS, L <IT—HEKRTH L. Lo TcDEHEEDP S, —F
HEEER r: Y = e(X)* Troc=c¢ £330 0 (72720&D) 717 5.

Jro(X)® = Y IXAETGEE D S A RS —BoEsTH B, k5T Cor. 4.3.3 D
HEMEFEBKIZUT cOWEWEDPS jor =1y Doh b, 2 IZBEGHK j Bk L
RBEDT (X)) =Y.

2. 7 Z5olmiEmtzEM, f: X —» Z 22 R OGH e T 5. fIZHEHMERDODOT—H
M TH D, c DR 3 DS, Bl G f1Y — Z Tioc=1i L7325 EDN
(7=720kD) F1ET 5.

X
1N
Y oo -7

FIREGETH D, of BHMEZBEODT flx) FHBZED, «(X) 13Y THET
BB fIXHHEEE D,

2=1) EOFEHD 1 LFABZLT e(X)2 =Y THD I 2hbhb. O

exercise 182. X, Y ZHE@ZEf], A C X, f: A* = Y ZHEER, fla (ZHE#ZHEDO L
5. Z0LE fLEMEROI L ERE.

PIF, SefifbMFAES 2 Z L DRt & 2380 52 5.
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Theorem 4.3.4. {EEDHEEZFIFSSMEMERICERIZOODINS. T48bL, (LK
DEREEZER] X T U, Seliristzem Z EERGE : X — Z BMFET B.

Proof. X #0 2L T&\W. 20 € X 20 DETET 5.

Fo(X,R) = {f: X >R sg§|dm0(x) — f(z)] < oo}

YB< &, Ex. 2.14.5 L ABIC

dr(f,9) = sup |f(z) — g()]

IZX D Fy(X,R) \HilE dp 22552 L ATE (HEEE 87(2) 2H) | Ex. 4.1.16 & [k
U CoBfiipft M e b Z e b, 72720 dyy: X —» R i dy, (z) = d(xg,z) TH
Zod (—kadii) GHRTH 5.

EED z,y,z € X I U, Ex. 2.14.3 TAZ L DT,

|da(2) = dy(2)| = |d(x, 2) — d(y, 2)| < d(x,y)

THhY,
|dx(y) — dy(y)| = |d(x,y) — d(y,y)| = d(z,y)

THDEHNH

sup |dq(2) — dy(2)] = d(z, y)
zeX

7%, EXITERD z € X TR U sup,cx |dg, (2) — du(2)] = d(zo,2) < 00 EH 5
d, € Fy(X,R) THY, Gl& 5: X — Fo(X,R) % 6(z) = d, TEDD &,

dr(6(z),0(y)) = dr(ds,dy) = sup |de(2) — dy(2)| = d(z,y)

zeX

Y70 § MR RO, Z = Fy(X,R),i=06 £BFIEIW. 0
Corollary 4.3.5. (T3 OFMZER X IC8 U, Z OB EET 5.

Proof. i: X — Z % SHIEEEER Z ~\O%EREEKLT5. X =i(X)* C Z L BFIE,
X MMM OHEATH B S RMTHY, HE 5N (X)) IF X THETH 3.
£oT (X,i) 1 X OFEMLTH 5. O

exercise 183. X ZNifH%EM, ACBCX & 35%. ZOLE AN BTHETHALZL
L, AP ZEN B THETHS ZLREMHETHS (Tabb, AD X 128 5MA%
A BIZBI35HE%E2 ALz & A D B< A=B) Zt%xrtE.
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Cor. 4.3.5 DHIDFHZ S Z LS. ZOEHOT A 71 7%, AN ZDEH D% Z DF
DWR7ZE AR TENVIBDTH LS. ZOMBIKIZMEP DR TRRSBRNI EAZ N
WO RIEDHZD, H L OFFHEZERDB R Y MVEREOREE 2 R > TV 5 54512% D5
EIZHRIZZOMEZIRTE A L WO ML H D, FFAUHFEZFHITL 0 HEEAE? S
FERAR WK TES.

Proof of Cor. 4.3.5 D 2. X ZihpzEfEle U, X OEAF 2RO T HES
X ={{z,} € X" | {2,} ¥ X OHAS}
EHEZD. X WIBITAHER~ %
{an} ~ {a} & Jim (s, ya) =0 (4.4)

ZEDED, ZORMERICLIESE X = X/ ~, EAY {z,} OFREREZ [2,] &
<.
{xn}, {yn} € X ITH L, MEE 1(2) &b

ATy Ym) — (T, yn)| < d(Tm, T0) + d(Ym, Yn)

THBN S, EE {d(zn, yn)} FHEAIITH O IKT 5.

5({$n}, {yn}) = nh_{IOlo d(l‘n, yn)

LEDD. {zn} ~ {zn} {ynd ~ {yn} S 6({znt {yn}) = 0({an} {yn}) THZZ
EBEGIHEPD SND. & oT 2], [yn] € X 12U, FE d([zn], [yn]) %

d([n): [yn]) = 5({zs}. {yn})

IZEDEDDIIENTES. ZOLSIZLTEDE

d: X x X >R
I3 X ORI B
i X 5> X &2 reXka,=0 L WDELFNIBTEHRETEE, hEoMIT
IXEEHE D,
(X)X THHETHLZ L %27T. [, € X &35, {2,} 13 X DEAFITH 57
5, EBD e >01ZxL, 5 N e NBWFHELT, mn > N 251X d(x,, 1,) <e/2 &
5. koTm>N%HmoE

d([xn),i(zm)) = lm d(zn, zm) < e

n—oo



4.3 Sefiik 211

27320 i(xy) € Us(r,]) THS. Lo Tlimy oo i(zy) = [2,], & <12 [2,] € i(X)2
LD Ti(X) R X ITBVWTHETH 3.

Bz X BEfchs e e2nt. {[z).) & X ORI, {zp, ke % [2], &5
509 X ODHEAFIE TS, i(X)I1F X THEZOT, &ne NIZHL, 2, € X T
d([@]n,i(zn)) < 1/n B EDEZSIIENTES. Z05H {z,} 1E X OEAFIT
B5. F e>02T238 {[x]n) 1E X DEAFITH o5, HBHEHRE N > 3/e H
BFIELT, fEED myn > N 12U d([z]m, [2],) < €/3 &7 5. (L&D k,m,n € N IZ
%L,

ATy Tn) < d( Ty Tleom) + ATk, Ton) + ATk s Tn)
THBEPH,MEED m,n> N IZH L

(T, zp) < klim (d(@ms Tlem) + Ak m, Ton) + d(Thons )
— 00

DX ODEKRH {z,) OHS5bT X O [z, 2EZXDB. x, DETHH S
limy oo d([2]k, i (z)) = 0 TH O, F7 ETHIZE 51T limy_oo d(i(xr), [20]) = 0 TH
205

Jim d(fele, [2a)) < Tim (d(f@le, i) + d(ilwn), [22])) =0,

k—o0

Thbb, {[z]n} & [z,) CDRT 2. £oT X FEMHTH 5. O
exercise 184. FOIEHHD M %2 MEMEE L TH L.

1. BR (4.4) AR T H 5.
2. {znt AAmn o Ayn b {yn ) € X U, {zn} ~ {2}, {yn} ~ {yn} 5

d{znt{yn}) = 0({zn ) {yn}) TH 2.
3. d X X FOMBERCTHS.
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