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1.1 000
gdoogooooooogooog.
Definition 1.1.1.

1.00000 p,¢0,0000000000000000000000,p=q0
oo.

2. 000000000000 P,QO,000000000000000,0000
000000000000000000,P=QO00O0.

111 0O0O0bOOoDbOoo

oo bbobobbobbobbb. bbb, 00
oobooobobooobobooobboobobooobobo. oo 1bogo,o0oboOb
gogoo.

00000 p0D000000000D0D0D0D0O0O00022=400.(1)0p00000

rlol@]e | w
1 1 0 0
1 0 1 0

[

011

000, (4)0 p00000000,(2)0p0000000000000OOOOOO0N
00000 (3)000.
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Definition 1.1.2. 00 000000000000 —pO p0OO0O (negation) 000 .

p|p
110
0] 1

0000, -p0p000000,p000000000.
-p0000pO000O0O0DOO0.

20000 p,q000000000O000O0D0000O2¢=1600.

r dJowlale|lwlele|n]|s
1 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 0 0 0 0
0 1 1 1 0 0 1 1 0 0
0 O 1 0 1 0 1 0 1 0
p [ [e o) @@
1 1 0 0 0 0 0 0 0 0
1 O 1 1 1 1 0 0 0 0
0 1 1 1 0 0 1 1 0 0
0 O 1 0 1 0 1 0 1 0
0 1.2

0000 (n) 00000 (»/)00000000000000000000. (1)000
0,(4)0 p000000O,(6)0 ¢0O00000,(3)0 (5)0p,¢0000000000
00000000000000000000 (2), (5),(7),(8)000.

Definition 1.1.3. OO0 OOOOOOO.

@) 6@ 6

o O = o=
O = O =

S == =
_ = O =
_ o O =
o O O =

1. (2)0000000D000 pVveOOO,pd ¢qO0O0DO0DO (disjunction) 0000
gooo

goooo.




1.1 000

pvVqUDODOOpUOOO qUOODO.

2.(8) 0000000000 pAgOODO,pd ¢qO0OODO (conjunction) 0000
ﬁDDD.
pANqgUUOOOp0O0O gLDOOO. o

3.(5)0000000000p—¢000. 0000 — 000 (implication)d 00
oooQ.
p—¢O0O000p000 ¢0OODO

4. (7)0000000000 p«q¢O0D0.
peqOO000pO ¢0DOOOODOO

Caution/ . 00 0000000000000400000000000 [5000000
000000000=00000000,0000000—00000.
000000O0p=¢000p—¢O000000,0000,p000000 ¢O000
ooooooooo.

Remark . 0000000000000 (2),(5),(7),8)000000000

1. 000000000000000000. 000 (8) 000000, NANDOOO
00,pl¢0000000000000.

2. 00000000000000000,000p—q¢0AD0 —-0000 (p—
QA(g—p)000DD0O.
00 NANDOOOOOOO 1.1,1.200000000000000000000
000 —-p=plp,pAq=(plg)lple) DODDODO.

Definition 1.1.4. 00 10000000 [2]000:

2] := {0,1}.

Def. 1.1.2, 1.1.300000000, V,A,—,« 000 [2000000000000
0000000 (binary operation) 0, =000 00 (unary operation) 0000000
ogooobgooo.ovli=100 -0=1000000.

pVyq PAQq b—4q p—4q
P\ |0 1 p\g |0 1 P\ |0 1 p\g |0 1
0 0 1 0 0 O 0 1 1 0 1 0
1 1 1 1 0 1 1 0 1 1 0 1

00000 p—¢OO000p0 ¢0O00OODODOO.

Theorem 1.1.5. p,q,r 000000. DOODODO.
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1.0000 0, commutative law(]
(i) pVg=qVp.
(ii) pAg=qAp.
2.00000, associative law[
(i) pV(gvr)=(Vvag Vr.
(i) pA(gAT)=(PAG) AT
3.00000), distributive law[
(i) pA(@gVr)=(@Aa)V(pAT).
(ii) pV(gAT)=(Va) A (pVT)
4. =(=p) = p.
5. (i) pVv(-p) =1
(i) pA (=p) = 0.
6.0000000000, de Morgan’s law(d
(i) =(pVa) = (=p) A (=q)
(ii) ~(pAq) = (=p) V (—q).

Theorem 1.1.6. p,q000000. OOOODO0O.

L.p—q=(-p Vg
2. p—>qz(—|q) —>(—|p).
3. 2(p—q) =pA(79).

Proof. 0ODOO0ODODOOODDOOODO.
OO0, Thm. 1.1.5.600000,40000,00000000000000.
00 Thm. 1.1.6.2,30, Thm. 1.1.50 Thm. 1.1.6.1 0000000 ODOOOO. O

Caution! . 00000000000 ,p—qU0O000 pA(—q) OO0, p— (—g) 00
ao.

Remark . 00000000 — 0000000 (p—q#q—p), 0000000
p—(@—r)Z((p—q —r). Thm. 1.1.50 Thm. 1.1.6.1 0000 - 000000
obooboooooo.

Remark . p,q,r € [2) =40,1} 0000 Thm. 1.1.50 Thm. 1.1.6 000 =0 =00
oboobodod.



1.1 000

1.12 OO0OO0OO

e 000000DOO0ODLDDODUOO0O zUOUOUOLD,zO0bDbOOOUODDOOOUORO
00000 (predicate) 00000000, Thm. 1.1.5, Thm. 1.1.6 000000000
ggoooo.

Theorem 1.1.7. p,q,r OO00000. DOODODO.

1.000000
(i) pVg=qVp.
(i) pAg=qAp.
2000000
(i) pVigVvr)=mVa) Vr.
(i) pA(gAT)=(PAG) AT
3000000
(i) pA(gVvr)=(@Aag)V(pAr).
(i) pV(gAr)={@Va A(pVr).
4. =(=p) =p.
5. (i) pV (~p) = 1.
(ii) pA (=p) =0.
6.0000000 (de Morgan) DO OO
(i) ~(pVq) = (=p) A (7q)
(ii) ~(pAq) = (=p) V (—q).

Theorem 1.1.8. p,q 000000. 000000,

l.p—qg=(-p) Vaq

2. p—q=(-q) — (—p).

3. 7/(p—=q) =pA(—q).
0000000000000000000,0000000000000000. 0O

000000 P(x)U0O0,200000000 Ple)ODDOO0OOO0OD 00,000
goooo.

Example 1.1.9. z € {1,2,3,4,5} 000000 P(zx)=02z000000000000
goooooo.
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P(x)00000000 z€{1,2,3,4,5}010000.
P(z)00000000 z€{1,2,3,4,5}020000.
P(x)00000000 z€{1,2,3,4,5)000000.
P(z)00000000 z€{1,2,3,4,5}000.
P(x)00000000 z€{1,2,3,4,5) 000000 10000.

A A

P(zx)00O000 z e {1,2,3,4,5}, 000 1,2,3,450000000000 2,4000
000 1,3,400,2,500000.0000000000000000.

0000000 Px)OO0O,0000000000 2x0000000000D00OO
goboboddb. bbb obbooobooboboobobbooobo. o
oooo0obooobooboboobooobbooo™@oboobD 1oobDbboob o
gobooo.obogoooboodgooboooobobooooon.

Definition 1.1.10. P(x) 000 000000000,

1.0000 20000 Px)D0DDODDOODOODOODO
Va : P(x)

000,000000 0000, P(x)000000000000 20000,
P(z)0DOOO.
2.0P(zx) 00000000 000000 100000000000

Jz : P(x)

000,00000 00000, P()00000000000 x00000,
P(z)0DOOO.

ooooo

Remark . 000000000000 0D0ODO0D0ODO0ODO0OOOOOOOOO (quantifier)
00o0000000o0

O000. VOOOOOO (universal quantifier), 0000000000000, 30

00DO0000ooo

00000 (existential quantifier), 00 00000000000O.

Definition 1.1.11. P(z), Q(z) 000 2000000000
1.Ve: Plz) - Qz) 000000

vr(P(x)) : Q(z)

0000000D0. 0000000P(z) 00000000000 0000,
Q(z)DODOO.



1.1 000

2. dz: Plz)ANQ(x) 000000

Fx(P(x)) : Q)

00000000. 0000000P(x) 0000000000 z00000,
Q(x)0OOOO.

Remerk . 000D00000000000000000000000000000000
0000,000000000000000. 000 P(z,y) 000 2,y0000000
oooo,

vy : Pz, y)

000 000000000,
Vo : (Vy: P(z,y))

gogobooo.boobooad
Ve,Vy : P(x,y) OO0 VaVy: P(z,y)

gooo.

ooov,J0000oooooooooo.
Theorem 1.1.12. P(z,y) 000 z,y000000000. 000000,

1. Vo,Vy : P(x,y) =Vy,Va : P(x,y).
2. 3z,3y : P(x,y) = Jy, Iz : P(x,y).

Proof. OOOOODOOOOO. |

Caution! . 000 Ve,Jy: P(x,y) # Jy,Va : P(z,y) OO0 .

oo0oVv,J000b00000o00oboooooon.

Theorem 1.1.13. P(z),Q(z)000 x000000000. 000000,

1. =(Vz : P(z)) = 3z : =P(x).
2. =(3z : P(z)) =V : =P(z).
3. =(Vz(P(z)) : Q(z)) = Fz(P(x)) : =Q(x)
4. =(Fz(P(2)) : Q(z)) = Va(P(2)) : ~Q(2)

Proof. 1,200000000000.3000000000000000,000000
ooo,
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4000. U

000 VvV, 3000000 v, A, 0000000000000 O00O0O (http:
//www.math.u-ryukyu.ac. jp/~tsukuda/lecturenotes/joron-note.html, 2012 O
20 1500 §12) 0000000000, 0000000000000, 0000000
gobooooooobog.

Theorem 1.1.14. P(z), Q(x)000 x 000000, 0000000000 200
000000000.000000.

AT
L
8
—~
i)

Proof. 1,20000000,0000 00000000000 0O0DOOCOOOODOOO
OooO0.300000000000,

p—(rvVg) =(p)V(rVveg)=rVv((-p)Vq) =rV(p—q)

Oo0Oob0Oo0 10000

(
=Vr:rV(Px) — Qx))
=rV (Vz: P(x) — Q(z))
=rV (Vz(P(z)) : Q(x))

40000000000DO0OD. 560000000,OD0000DO00DO0ODODOOOO
goo. O

Caution! . 00 5,60 VO 30000000000000000O00O0O.


http://www.math.u-ryukyu.ac.jp/~tsukuda/lecturenotes/joron-note.html
http://www.math.u-ryukyu.ac.jp/~tsukuda/lecturenotes/joron-note.html

1.2 00

1.2 00O

0000000000000 D0o0o0ooooooo0 (Russell’s paradox) 00 00O
ggd.

Definition 1.2.1.

1. 000000000000000000000000000 (set)000.
ZSDDDDDDDD,SDDDDDDDDDDDSDﬁﬂDDDD(&mmﬂD
oo.
ez0 SOO0O0O0D0O0D,0z0SO00000,020 S000000,080
¢+0000 00000,2€eS000 S32000.
e -(z€S)00000,0000 0 S00000000,0x0 80000
00,020 S0000000,080200000000000,2¢500
0Sz%2000.

Definition 1.2.2. A, BOOOOOO.

1. AD BODOOOO (subset) 00O %ADDDDD x0000,2cB0O0O0.
0000000000, Ve:z € A—-2xe B (000000000 VxeA:x €
B)OOooOooOoooOoOo.

o000, AcCcBO0O0O BDAOOO.

2.00 ADODO BOOODO (%ACBDD BcADOOO.

Ooooo,A=B000.

Definition 1.2.3. OO0 O0OO0OO.

oooooo

1. 00O (extensional) O O
00000000000,00000 {}oO0o0O.
gobggobog, bbb oobboobbo,ooboboo
gooooooo ...ooo.
0. {1,2,3,...,10000} (10000 0000000000000)

2. 000 (intensional) 0 O
000000000000 0000000DO0D000. P(x)00D0 200000
0000. P(>) 000000000000 x00000004z|P(x)}00O0O.
002000000000 0000000000O0, P(x)00000000OO0O

00 z (000 zeU)0000000 {zeU |Px)}000O.
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0. {neN|n<10000} (100000000000000000)

Example 1.2.4 (00000000000, Russell’s paradox). 0000
S={X|X¢X}

Oo000. 00000 XO00O0OO,XO000O XOoOoooooooooooooogooo
SO0D0.000N¢gNDODOONeSOOO.o0Og,800000 8SesS085¢8500
goboboooooooo

SeSOpooO,SOoooooo S¢gSooQ0. SgS0o0ooo,Soooood
SeSOO0O. 0000 SO SODOOODOO,SOO0DO0O0OO0O0OOOOODOOOO
ao.

gdodooooouoooooobobbbbbbboooddoooooooooooon.
00000000000000000000000 (axiomatic set theory) D00 00O
000000000. 000 Zermelo-Fraenkel 000000000 (ZFC)OO0OOOOO
ggodoooobooooboboodoooooooooboooboobo. og,booooooaa, g
Oo000.0ZrCOOO0O0OO0OODO0ODOOOOUOODOOOO, MJODOODOUODODO.
goobobooboboobodooooooooobboobbboboddooooubL, oo bo
gob.dobbobdoodooboogobobooooo,gobboooooboobbooon.




1.3 00000 11

1.3 0DOOOn
0000000000000000000.

Definition 1.3.1. 1. A, BOOOOOOOO,A, BOODODODODODODDODDODOOOO
000000000 A0 BOOOODODOODOOOODO (uwnion) , 0000000,
AuBOOO.
goo

AUB={z|ze€ AVze B}.

2. A0 BOODODODOOOOODOOOODOODODO AD BOooOoooOooOooo,d
00 (intersection) 00000, ANnBOOO.
gon

ANB={z|z€ ANz € B}.

ANB=(0000,A0 BOOOOO (disjoint) 000 .

3. A0000,BODDDODODODODDDD AOO BOOOOOOO (difference) O
000,A-BOO0O A\BOODO.
000

A-B={z|zec ANz ¢ B}.

4. 0000 X0O0O0OOO, X00O0o0ooooooooooooOo,X—-—A0 AO
0XO00O00O0OO0OO (complement) 0000 A°00000. 0000

A={zeX|z¢gAl={zeX |- (zecA)}.

0000 XO0OO0O0OO0OO (universal set) 00000000000,

Thm. 1.1.70000000.
Theorem 1.3.2. A, B,CO00000O0. 000O00O0O.

1.0000 0, commutative law[]
(i) AUB =BUA.
(i) AnB=BnA.
2.00000), associative law[]
(i) AuU(BuUC)=(AuB)uUC.
(i) An(BNC)=(AnB)NnC.
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3.00000, distributive law[
(i) AnN(BUC)=(ANB)U(ANCQO).
(ii)) AU(BNC)=(AuB)Nn(AUCQC).

Proof. 3(1)000000O0.

AN(BUC)={z|z€ ANz € BUC}
={zx|z€e AN(zeBVzel)}
={z| (x€e ANz eB)V(ze Arnze ()}
={z| (x€eAnB)V(zre ANnC)}
=(ANB)UANC).

OO00obOo00. obo0o,Db0 Lem. 13400000, 000000000,0000
0o0o0o0ooooboooooooooa. U

Theorem 1.3.3. XO0OUOUOO, A BCXOUOO.00OOOODO.

1. (A9)° = A,
2. (i) AUA® =X,
(i) AnAc=0.

3.00000000004, de Morgan’s law(
(i) (AU B)¢ = A°nN B“.
(i) (AN B)¢ = A°U B°.

Proof. 2(1) 00 000O0OO.

AUA={ze X |ze€e AV e A%
={reX|zcAVv-(ze A}

reAVv-(zreA)DDODOOOO
= X.
0oooooo. O

gdddooooooooboobobobobobobbbbobob, oo o. Ood
goboboboogoouoooboooo. goboboboodooobobobboooooooboo
gooo. 0bbooooooboboooob.o

Lemma 1.3.4. A,B,CO000000. 000000.
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1. AcBOOBcCC=ACcCC.
2. AcCOO0BcC=AUBCC.
3. A>DCUO0O0BODC=AnBD>C.

exercise 1. 00 2, 30000000000000.
000 . 4(1), 6, 7(1)(2)(3)(4)

Definition 1.3.5. X 000000. X 00000000 00000000000 X0O
0000000 (powerset) 1000 P(X)000. 000

P(X)={A| ACX]}.
gooooooooooooon.

Theorem 1.3.6. 1. ACX & AcP(X).
2. 0 e P(X).
3. X e P(X).

Remark . 00000000 «000000000D0OOO0ODOD.ODOODO,000
gooddodooddoddo, iU UL Q@
U0 «~doouobbooooboboogoooo.

Example 1.3.7. L. P({1}) ={0,{1}}.
2. P({lv 2}) = {®7 {1}7 {2}> {17 2}}

3. P0)={0}. DODDDODOODOOO.00O0DDDOODODODOOOOOOOO.

exercise 2. P({1,2,3})0000.

Definition 1.3.8. 20000 ¢,b000,00000000000000000 (a,b)
ooooooo

0 a0 b00 OO (ordered pair) OO0 .
200000 (a,b),(@,)) 0, a=¢ 00 b=0000000000000,

(a,b) = (a",0)0DO0O.

Remark . 00000000000 {a,b}00000, {a,b} ={b,e}000. 00,00
0000,a#b0000, (a,b) # (bya)000.

Remark . 00000 «0 500000 (a,b) := {{a},{a,b}} 0000000000
oo.

Definition 1.3.9. X, Y OOOOOO. 000000000 XxYO X0OYODOOO
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000 (Cartesian product) 00 0. 000000000000 DO0OOOOOO.

XxY ={(z,y) |lzre X NyeY}.

X=Y0O0OO,XxX0OX?00000000.

Example 1.3.10.

Example 1.3.11. X x0=0=0xX. 00,yc 0000 y00000,z2€XAyc
oooo.

goboboooobobboooooooooooo.

Definition 1.3.12. n e NO O, Xy, X,,..., X, 000000.

(X1 xXo)xXs0, X1 xXoxXs000. 00, X; xXexXs000, ((1,22),23)
000000, (z1,2,23) 000.

goooo,odood

Xy X x X=Xy X+ x Xp1) X Xp

0000.00,X; x---xX,000 (v1,22...,2,)000.
X,=---=X,=X00000,Xx---xX0OX"00OOOOOOO.
N————
n 0
exercise 3. 1 =[0,1] CR, S' = {(z,y) eR?* | 2?+y?*=1}000. 0000000
00.

1. I x 1.

2. St x 1.
3. St xSt
4. N x N.

ooog . 13, 14
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1.4 00000
141 OO

Definition 1.4.1. X, Y OOOGOGOO.

RO XO0OYOODOOOOOO (binary relation) 00O
(i)}RD XxyQoooooooo.

00, (x,y) e ROODDOO, 2Ry 00O,

00000000000000000000000 (relation) OO0 .

Example 1.4.2. X =Y =R0O00O.

1.
A ={(z,r) | z € R} C R?

0000, zAy < x=y.

L={(z,y) eR? |z <y} CR

0000, xzLy <z <y.

I ={(z,20+1) | » € R} C R?

o000, o'y y=2z+1.

142 OO

014200007T7T0,00 f(#)=2c+10000000. 00000000000
goobooooobo,jgoboboogoboooubboo0. ogoboboog, ™
oL bUbL. bbb, 00000 UoUoQ
gyooddodoodo. o000, U0 LUUO g
ooooooO0oOo0dbOo0oodDbOo,0b00obo0b0 Xoooooboobo yoooooo
ggobobboooobobobooo.o

Definition 1.4.3. X, Y OOOGOGOO.

fO0XO0O0YOOOO (map) 000
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1. fOXDYOOOoOOooooOo.

£92 000zeXD00,00yeY0000000000,
(x,y) e fODODO.

f0X00YOOOOOOOOOO, f:X—YooooXxLyoooo,xo fo
000 (domain) 000000, sourced 000. YOOOODOOOOOOOOOOOO,

00, codomain, targetd O 00O .

fO0XxYOOOOOODODOODOO,000000000 fO0000 (graph)00OO.
ooo0oO0oooooooooon f:X—-YOoOoooor,0000.

00, (z,9) €T, 00000,y0 f(z)000, 20 f0000 (image) 0000
y:f(.r)ézgf(a:,y)EI’f.DDDDD I't={(z,y) e X xY |y=f(z)}00D0.

Remark. fO XDOD YODODODDODOODOOD.DDOO, (z,y),(x,y)ely 000 y=9y'0
OO0.00000,0 14220 LOO0O0OODO0O.OD00O0OO0OOODOOO.

Definition 1.4.4. f,g: X - Y OUOOOOO. 000 2€ X000 f(x)=g¢(x) 00O
000,00 fO ¢00000000 f=¢0OO00O.

Remark . f=9g&T'y=1I,000.

Example 1.4.5. 00 f,g9: {0,1} > RO f(z)==x,¢9(x)=2?0000000, f=g
oogd.

Example 1.4.6. X OOOOOO.

1. 000¢00 XO0Ooooooooooooo.
X#£00000,X00 00000000000,

2.10000000 [1)={0}0000O.
XO00o[1jooooooooooooo.
100 XO0O0OOODOOODOO0O0,X00000000000000ooooo.
O000,0000000 {0}0000000000,000000000000
O000000000. 00000000000000000000001000
(singleton) O OO .
00z X000 [1)00XOOO0O0OO02:[1]—-X000000DODOO.

Definition 1.4.7. f: X —Y,¢: Y > Z000000. 0000 (gof)(z) =g(f(x))
00000000 gof: X — Z0O fO¢gOOO (composition) 0D O00OT0O0O
(composite map) 00 0. go f0 ¢f 00000000 DOO.

Definition 1.4.8. . [ X—-Y, g0Y—>Z h:X—-2Z000000. h=gfO
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00000000000 (commutative) 100, 00000000 (commutative

diagram) 0000000
N

Y

2 fi: X =Y, ¢:Y, > Z0i=1,20000000. 1fi = gofor 0000000
00000 (commutative) 000, 00000000 (commutative diagram) O
gooooao

x-y

Y2 — 7.
g2

Example 1.4.9. 00 f: X -Y O, 00 yo Y OOOOO,0002ze XOOO,
flx)=900000,0y 0000000000 (constant map) 000 .
00 f: X —-Y0O0OOOOODODOOoOD,00yweYOOODOO,00000000

0oOooO0O0O0oOn
X ! v
1] :

000,ceROOOOO0, f(z)=c0000000000 f:R—-RO,c00000
ooooooo.

Remark . 000 z,2’ € XO0ODO f(zr)= f(2)D000000000O0O0O0OO0OO
0.000000X=Y=000O00O0O0oooooOo.

Definition 1.4.10. 00 X O00O0O0OD0D0O00O0O0O000 XOO XO00OOOO XO0O
000 (identity map) 000. 00000 idx 0O 1x OODODODOOOOOOOODOO.

idX:X—>X,

idx (z) = x.

00000000000000 (diagonal set) 000 0O

Tigy ={(z,2) |z € X} C X x X.

Proposition 1.4.11. f: X —-Y,¢g: Y - Z h: Z—-W 0OOOOOO. OOODOOO
ogooa.
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1. ho(go f)=(hog)of.
2. fOldX:fZIdyOf

Proof. 0ODODO. U
exercise* 4. f[: X -Y,g: Y —-Z h: Z—-W0OOOOODO.

1.00 ¢gf0000T,,0000000000
2. h(gf)=(hg)f00000000000000000.

Definition 1.4.12. X OO0, ACcX0O0OOOOOODO.

1. ADODe€e AD X0O0O0O ee XOOOOUODODODODOODOO AOD XOO
0000000 (inclusion map) 000. 000 ¢: A—-XOODODOOODODOOO
i(a) = a.

00, A—-X0000000000,i: A= X0O0000000.

2. X -YOO0O0ODO.0000#:A— X0 f000 foil f0 ADDD

O (restriction) DO O, fla, f[ADDODODOO

fla=foi: A=Y.
Definition 1.4.13. f: X - Y DOOOOOO.
1. X0OO00ODoo AoDooo,Yooooog
[f@)|ze A} ={yeY |3we X y=f(2)}

0,00 AD f0000 (image) 0000 f(A)0DO.
2. f(X)DO fODO (image) DO0D0O0O (range) 000 ImfOODOO.
3. YOOUOoOOoO BOOOoO,XoOoooo

{re X | f(x) € B}

O f000 BOOO (inverse image) 000, f~Y(B)0OO.
BO100oo0oOooOOo {00000, 00000000000, 0000O
f~t{phH o fFyyooooo.

F7HO) = f({b))
={z e X[ f(x) € {b}}
={reX| f(z)="b}

gono.



1.4 00000 19

Proposition 1.4.14. f: X - Y 0O0O0DO, A, A1, Ao C X, B,By,BoCcYdOno. 0o
gooooooao.

f(A)c B& Ac f~4B).

(i) A1 C Ay = f(A1) C f(A2).

(i) f(A1UA2) = f(A1) U f(A2).

(iii) f(A1NAz) C f(A1) N f(A2).

f(A%) D f(X)N f(A).

B; C By = f(B1) C f(B2).

f7HB1UBy) = f~1(B1) U f~1(By).

f7HB1N By) = f~1(B1) N f~H(Ba).
“1(B°) = fH(B)".

Proof. 1000000000.23Gv)00000.000 23i)00 f(X)=f(AUA°) =
FAUF(A) DD f(X)N f(A)° C f(A°). 3(v)000000000. 00

1.
2.

)

)

)

(iv)

3. ()
(i)
(iii)

) f

(iv

ze (B & f(z) e B = (f(z) € B)
z€ fN(B) < -(zefH(B) e - (f(z)€B).

agooooo. U
OO0 . 16(1)(2)(3)(4)(5)(6)
Definition 1.4.15. f: X - Y OOOOOO.

1. fO XOOYODOO (surjection) 00000 D0 D (onto map) 00O
C%Ver,erX:f(a:):
000000 fO0000O0O0ODOO, f(X)=YOOOOOo.

2. fO000 (injection) 000 1 O 1(one-to-one) OO0
éie)fle,xgEX(ml%mg):f(xl)#f(mg).

3. f0000 (bijection) OO0
Ci)}fDDDDDDDDDD
XO00DYOODOOOOOOOOODO X0OYOOO (equinumerous,equipotent)
god.
OO0O000bOO00o0boOOo0ooobOoOooobooXoboyooooboooo

X=zyQooo.

Proposition 1.4.16. f: X - Y, ¢: Y - Z000000. 0000000000.
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1. f¢00D0D00000 gofO000D0DOO.
2. fq00000000 gofOOODODOO.
3.gof000000 fO0OD0O0DODO.
4. gofO0D0O0O00D0¢O0DOOOODO.

Proof. 0O DODO. O
exercise 5. 00O 1,2000.
Ooog . 18(2)(3)

Definition 1.4.17. 00O f: X - Y OOOOOO,0ye f(X)OOOO f(x)=y0O
00 2zeXO00O00OODDOODOO.002z0 fYy)0D000 f'0 fA(X)O0O0 X0OO
00000.000 f0000 (inverse map) 00 0.

00 f00000D000, f'O0YOD X0ODOOOOO.

Proposition 1.4.18. 00 f: X - Y OUOOO <« 0000 ¢g:Y - XO0OOOO,
gof=idx, fog=idy OO QOQO.

Proof. 00O 73(1). O
Definition 1.4.19. f: X - Y OOOOOO.

1.007mY > X0O,rof=idy 0000000 fO00000000 (retraction)
00000000 (leftinverse map) D00, 00000000000, fOO0O
000000000 fO00000,00000000000D0A0O.

2. 00s:Y—-X0O fos=idy D00O00D00 fO000 (section) 0000000
O (right inverse map) 000. f0000D00 f0000O00, 000000
ao.

o .
PI‘OpOSlthl’l 1.4.20. c201400000000000000000000000000. 0000, 00000 f: X — Y OOO, 0000

p: X — Z0OOOOO 4: Z — Y OODOO, f=40p0000. 000, 0000000000000000. f: X L w L yogooo, 50000

o
0000000000000, 0000000000000000 g: Z ?» w ooooooooooo

Z
N
X EIg%E Y
NS

w .

P’I“OOf. 0000000000, Z = f(X)000,00 f0 X00 Z = f(X)0000000000 p, 00000 ¢: Z = f(X) — Y
0000, 00000 p000, <0000 f=4o0pO00.
0000000000, f =4p = jq, p,gO00, 4,7 000000. f=4p00 p00000000 Imé =1Im fO000,4: Z — Im f0O
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00oDO00. 00000 5: W — Im f 0000000, g =5~ }4000000. 00 400000000, jg=4i000000 g: Z — W
00o000O00oo0 73(2)0.
O

Remark . f: X - Y OOOUOO BCYOD f(X)cBUOOOUOOOOODOOOOO. O
000 f0 XOO BOODODOOOUOODO. O0O0O0OO0OO0ODOOODOODODOOOOOODO,
oo00oo0ooooooooooooon f: X—-BOOO.

exercise 6. [: X - Y, ¢g: Y - Z000000. fO0000000 Imgo f=Img0O
gooooon.

000 . 15(1)(2)(3)(4), 16(7)(8), 17(1)(2), 18(1), 19(1)(2)(3)(4), 25,26, 73(1)(2)(3)

143 0O0O0OOOOOO

000 s814300000000000000000DO0O0. 0DOO0ODOOOOO
gooboboooobobboooo.o

Definition 1.4.21. 1. X;, X, 000000, i=1,2000, pi(z1,20) = a; 00
000000 p: X1 xXo— X;00:¢000000 (projection) 000 .
gooooo pi((x,y))DDDDDDDDDDDDDDDDDDDDDDDD|:||:||:|
ao.gd

2. £V - X, (1=1,2)000000.00 (fi,fo): Y — X1 xXo O (f1, fo)(y) =
(fily), f2(y)) DO DO DT,

3. X0O0oooo.00 A=(1x,1x): X - X xXO0O0O0O0OO (diagonal map)
000. Alz)=(z,2) e X x X DOO.

4. fi: X; = Y, 1 =1,2)000000. 00 f1 X fo: X1 x Xo - Y1 xYe O
(f1 x f2)(z1,22) = (fi(z1), fo(2x2)) DO O OODO.

Remark . 1.00 (f1,f2):Y - X1 x X, 0 (f1,f,) 0000000000000
00. 00000000000000,000000000000 (00000,
00,0000000000000Prop. 1.4370000,00000000000
oo.

2. 000000000000, 00000000000000000, 00
fiog:Y = X, 0000, f; =¢0000 (f1, fo) = (g1,92) 00O

Example 1.4.22. l.a,b>000,R200000

@) -1)

E = {(a:,y) € R?
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0000000 p:RZ—-ROODOOOOOO. p1(E) = [~a,al, p2(E) = [-b,b]
goo.

2. fi: R = RO fi(t) = acos(t), f: R — R O fo(t) = bsin(t) DO O 0O,
(f1, f2): R = R20 (f1, f2)(t) = (acos(t),bsin(t)) 0000000000000
goooog.

3.1=[0,1]00000000,00000A:TI—IxI00A)0O0O00IxI
gooo.

4.9: S' - R? j: 1 =00,1] -=ROODOODOO0O. 0000 ixj5:8 xT —
RExR=R’000

{(w,y,z)ERS|x2—|—y2:1,0§z§1}.

00000 X, x X OOOOOOOOODOO, X, 00000 X;,OOODOODOODoOOo
OO0D0000000DO000O00O0bO0oO0b00oDODOobDOob0O0Prop. 1437000.

Proposition 1.4.23. f;: Y - X; (i=1,2),¢9: Y - X; x X, OOO0OOO. OOO
ogoooooao.

L pio(fi, fo) = fi (1 =1,2).
2. g=(p1og,p20g).

00000 g0 piog=/; (i=1,2)00000 g=(f,fo)000.

Y

f f2
<f1,f2)l9

X1 <—p1 X1XX2 —>p2 X2
00 1x,xx, = {p1,p2) 00000000000000000O.

Proof. 1. 000 yeY OOO, (p1o(f1,f2)(y) =p1 (f1(y), f2(y)) = f1(y).
2. 0000000,000yeY 000, gy) = (pig(y), p29(y)).
O

exercise 7. fi: Y — X; (i=1,2),h: Z—-Y 0OOOOOO. (f1, fo)oh = (f10h, fooh)
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ggo.

fih fah

f1 f2
<f17f2>

XlTXl XX2 ?XQ

exercise 8. L. fi: X, =Y, (1=1,2)000,p;: X3 xXo— X;,q: 1 XY = Y
(i=1,2)000000.
(i) gio(fix fo) = fiop; (i=1,2)000.
(i) fi x fa=(fiop1, faop2) DD D.
X, <2 X x Xy 2 X,

fll/ lflxh lfz

Yl q1 Yl X Y2 q2 }/2

2. fi: X;—-Y,0: 72— X, (1=1,2)000000.
(1) (f1 % f2)o{g1,92) = (fiog1,faoge) DD O.
(ii) <91 g2) = (91 X g2)oADDDO.

(f191,f292) Y; x Vs (91,92) X; % Xy
X1 X XQ A

exercise 9. 1. X, YODOOOO. 1x x1ly =1xxy O00O0O.
2. fZXZ—>Y;,gzY;—>ZZDZ:1,2DDDDDDD (91Xg2)o(f1><f2):
(g10f1) x (920 fo)DDOD.

Xy % X, g1 f1xgz2f2 71 % Z
Yl X ng

exercise 10. f;: X — VY;, ¢;: X; - Y, 000000. 000000 0O0ODOODOOOO,
ggoboobooooooog.

1.f1,f2DDDDDDDDDD<f1,f2>ZX—>Y1XY2DD|:|.
2.f1,f2|:||:||:||:||:||]|]|:||:|<f1,f2>ZX—>Y1XY2DDD.
3. g1, 0000000000 g1 xgo: X1 XxXo >V xY,000.
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4. gl,QQDDDDDDDDD 91X921X1XX2—>Y71><Y'2|:||:||:|.
5. gl,QQDDDDDDDDD 91X922X1XX2—>)/1X3/2|:||:||:|.

exercise 11. X, Y OOOUOOO. OO0 7: X xY =Y xX0O 7(z,y) = (y,z) 000
oo -roooooon.

exercise 12. X, Y OUOO,yeY OOO. 00 4y: X - X xY O iy(x) =(z,y) 00
gooa.

1.4, 000000.
2.¢,: X —-Y0Dy0OOOODOOODODOODO. iy,={lx,c,)000.

0o0oo00,00004,000 X0000 Xx{y}CcXxYDOOOOO,X0O XxY
00000000000000.000,X0 Xx{x}0000000ooooo.

exercise 13. f;: X =Y, 9;: X; = Y, 000,¢: Y1 xYo =Y, 000,B;,CY, 00
ogooood. ogod.

1. B1 X BQ = ql_l(Bl) ﬂq;l(BQ)
2. (f1, f2)"N(B1 x Bz) = fi {(B1) N f5 ' (Ba).
3. (g1 x g92) ' (B1 X Ba) = g7 ' (B1) x g5 ' (Ba).

Example 1.4.24. 00 p: R — S 0 p(t) = (cos2nt,sin2rt) 000 0. pOO0
000, p~t({(1,0)}) =z000. 00,p0 [0,1) 000000000 pOO0O00
000000000000, 000,00 pxp:RxR - S'xStoooooo,
(pxp)~t ({((1,0),(1,0)}) =ZxZ. 00,00 pxp:[0,1)x[0,1) - St xSt 00O
nooo.

Example 1.4.25. c2014000000x 000000, X x X 00 X O0OOODD X 000000 (binary operation) 0000000

0.00p: XXX — X0000000000, p(e,y) € X0 zpyD0 2y 00000000,
p: X X X - X0000000, pu(e,y)0 zy000.

1. 000000000000, 0000, u(p X 1x) =p(lyxy X p) 0000000 w0000 (associative) 0000000

X1y
XXX XX — X XX

XXX —> X.
o

000 000000000, 000 =,y,z € X000, p(p(z,y),2z) = pu(z, n(y, z)), 0000 (zy)z = x(yz) 0000000000,
2. 000000000000, 0000, p= w7 0000000 w000 (commutative) 0000000
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000 7: X XY - X XY O1(zx,y) = (y,z) 00000000. 000 00000000, 000 o,y € X 000, p(z,y) =
w(r(z,y)), 0000 zy = yz 0000000000,
3. D000000O00000O0000O00oooooon
n:[1] - X

0000000, 0000 pu(n x 1x) = 1x (u(lx xn) = 1x) 00000000 nOO000000, p0000000000C0000,
e=n(0) € X0 p00000000 (unit) 000. 00000000000000 0000000000, ed000000.

nx1lx 1x Xn
] X X —— X X X <=— X X [1]

N

000 e0000000000000, 000 € X000, u(n(0),z) =x0u(x,n(0)) =z0, 0000 ex = zlxze = 200000000
ooa.

Example 1.4.26. 02014 0000000000RXR =R, (z,y) —mxz+y, IRXR —R, (z,y) — xy 00000000, 000
000000. 000000000000 00 1000. 000000000.

Example 1.4.27. 02014000000V, A, — 0 [2] = {0,1}0000000000. V, ADDOD, 00D0D0DO0O0. VODOOOO
0, ADODOO 1. - 0000000000000, 0000 100001 -0=0,1—1=10.

1.44 YX

Definition 1.4.28. X, Y OOODOO. X OO YOODOOODOOODOO
Map(X,Y)OOODO YX¥OOO. OHom(X,Y), F(X,Y)OODODOOOOODOOO
ooo.o

Map(X,Y)=Y* ={f|f0X00YOOOO}.

Example 1.4.29. Ex. 1.4.600.
00000 YOOOD,¢00YOOOODODODOOOOOoOO00O0O0 VY%= OO
p0 =~ [1].
X+4000D00,X000¢000000000000 0X =0.
00,00000 X0O00,X00 [1]000000000ooooooo 1% =)
Yllooooo Ex. 1.442000.

Example 1.4.30. 00000 NOO ROOOO

a: N—=R

0000 000.00 a(n)0 a,0000,000 {aptnen 00 {a,} 000.
RN =Map(N,R)0 0000000000000,

Definition 1.4.31. f: X - Y OO0, ZO0O000O0OO.
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1. 00 fi: Map(Z,X) — Map(Z,Y) O fu(g)=fogOO0O0OO

Map(Z, X) —2" = Map(Z,Y)

W W
J —-X b Z—>X7>Y.
g g

2. 00 f*: Map(Y,Z) — Map(X,Z)0 f*(h)=ho fO0000DO

*

Map(Y,Z) —'—> Map(X, 2)

W Y}
Y-~/ +—— X —-Y — ~Z
h f h

00 f., f0 f0000000000 (induced map) 00 0. OO f, 000 Z
Oooooooo. f. O Map(Z, f), Map(idz, f), Hom(Z, f) OO, f* O Map(f, Z),
Map(f,idz), Hom(f,Z) D OOOOO0OO000O.

yXoooooooooo, £0 f40, 0 z/ooooooooo

fZ:f*:XZﬁYZ
zh = . z2¥ - 7%

Caution! . OOQOQOQQGQOQ.

Example 1.4.32. X0O00OO,ACX,i: A—-X0O0O0OOO0OOOO. *: Map(X,Y) —
Map(A,Y)ODOO f: X -Y0OOO,00 ADODOO flA000000000DOO0O.

Example 1.4.33. .00 f:N—NO f(n)=2n00000, f~:RY - RN O
00 {an}tnen O {a2,}nen 000000 n00 ap, 000000000 D0O0OO
oo.

2.00 g:R - RO g(x) =2000000, ¢:RY - RYNOOO {an}nen O
{20, ey 000000 n0O0O 2, 00000000000000O0.

Proposition 1.4.34. f: X - Y, ¢: Y - 2000, WDOOOOOO.

idx ). =id: Map(W, X) — Map(W, X).
go f)«=g«o fi: Map(W, X) — Map(W, Z).
idx)* =id: Map(X, W) — Map(X, W).
go f)* = f*og*: Map(Z, W) — Map(X,W).

=W
~ o~ —~
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Remark . 2400000000000000 (gf)W =g"f»", w9/ =w/w9ag

f WX
e

Y

W (gn" A w2 w9
yw %%

Proof. h € Map(W,X)0 00O,

(idx)«(h) =idx o h = h,
(go f)s(h) =(gof)oh
=go(foh)
= g«(foh)
= g«(f«(h))
= (g« o f2)(R).

exercise 14. 3, 4000.

Corollary 1.4.35. f: X - Y O0OOOOOOO f,, /000000,

Proof. g: Y — X 0O go f =idx, fog=idy OODDOOODOfOOODOOOODOO,
giofa=(g0 flx=(dx)s =1id, froge =(fog)x =({dy). =id000O, f, 0000

0,¢.0 f,0000000. f~000.

PI‘OpOSitiOH 1.4.36. 02014 000000f: X - Y, h: Z — W OOOOOOO h* o fu = fx 0o h*0

f
Map(W, X) —— > Map(W, Y)

Map(Z, X) ———> Map(Z,Y).
*

O

000000 Map(h, 1x) o Map(lyy, f) = h* o fu = fx o h™ = Map(ly, f) o Map(h,1x) O Map(h, f) 00000000. 000000

oooo, Map(h, f)(g) = fogo hO0O0OO

Map(h, f)
Map(W,X) ———> Map(Z,Y)
w w
W—X }—m > Z—W  — X — Y.
g h g f

PT‘OOf. g € Map(W, X) 000,

(h™ o fx)(g) = K™ (fx(9))
=h"(fog)
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= (fog)oh
(fx 0 h™)(g9) = fx(h™(9))

= fx(goh)

= fo(goh).

Proposition 1.4.37. X, Xo, Y OOODOODO.

1. pi: X1 X X2 — Xz (Z = 1,2) ooogon D, <p1*,p2*>1 Map(Y,X1 XXQ) —
Map(Y, X;) x Map(Y, Xo,) 0O OO OOOO

Map(Y, X1 x X5) ———— Map(¥, X1) x Map(Y, Xa),

(Pl*,P2*>

(p1 Py )

2.X1NX, =000, ip: X » X1 0X, (k=1,2)000000000,
(i7,45): Map (X7 I Xo,Y) — Map(X1,Y) x Map(Xo,Y)OOOOOOOO

Map (X; I X»,Y) <—’ Map(X1,Y) x Map(Xo,Y),

y(anxz) =y Xy Xe,
(Yi1,yiz)
Proof. 1. 00000000 Prop. 1.4.23000. U0, Prop. 1.4.23.1 00 (p14«,p2«)
O000O000OO0o0DOOono, Prop. 142320 000000000000.
noo,
(f,9) € Map(Y, X1) x Map(Y, X2) 00O (f,9): Y — X3 x X5 € Map(Y, X; x
X,)00D0000000,(pra,pe.) 00000O0D0D.
O0000000000. 00 ¢: Map(Y, X1) x Map(Y, X5) — Map(Y, X7 x X5)
0 »(fig)=(fg)000000O.
(f,9) € Map(Y, X1) x Map(Y, X2) 00O,

((P1x,p24) 0 0) (f, 9) = ( (
(p1*7p2*)(
= (p1=({f, 9)
= (p1o(f,9)
= (f,9)-

000000000 Prop. 1.4.23.1000. 00O (pl*,pQ*)ogp:id.
hGMap(Y,X1 XXQ) ooo
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(¢ o (p1+,p24)) () = @ ((P1s, P24 ) (R))
= ¢ (p1«(h), p2«(h))
= @(p1 oh,pa o h)
= (p1oh,paoh)
= h.

000000000 Prop. 1.4.23.2000. 000 ¢ o (p1s, pas) = id.
000 (paype.) 0000000 000000000,
2. 00 : Map(X1,Y) x Map(Xs,Y) — Map (X 11 X,,Y) O

flx), z€X;

((f.9))(x) = o). reX,

000000000040 (¢%,4)00000000000000.

PI‘OpOSitiOH 1.4.38. 02014000000 f: X — Y (k=1,2)000, Z0OOOOOO.

O

1. pp: X1 X Xg — Xp, qp: Y1 XYy — Yy, (k=1,2)000000. 0000 (f14 X f2x) 0 (P1x,>P2x) = (a1, 92%) 0 (f1 X

f2)*D
(P1%,P2%)
Map(Z, X1 X X9) —— > Map(Z, X1) X Map(Z, X3)
(lefQ)*l/ lfl*XfQ*
Map(Z,Y] X Yo) ——— > Map(Z, Y1) X Map(Z, Yp).
(‘11*:‘12*)
2. X1 NXg =0 = Y| NYy 0O, 0 X — X1 I Xo, jp:Y, — Yy IOYy (k = 1,2) 00000000.

(Ff X £5) 0 (G1.45) = (. i3) o (f1 11 f2)*

@18
Map(X1 I Xo,Z) ——— > Map(X1, Z) X Map(Xqg, Z)

(f1Hf2)*T Tffxfé‘

Map(Yy I Yo, Z) 7 Map(Yy, Z) X Map(Ya, Z).
GE.i3)

P?”OOf. oooo.

(f15 X f2x) © (P14, P2x) = (f1x © P1x> f2x © P2x)
= ((f1 o p1)*, (f2 0 P2)x)
= ((g1 0 (f1 X f2))*, (a2 o (f1 X f2))x)
= (g1 © (f1 X f2)*,q2% 0 (f1 X f2)x)
= (q1x>92%) © (f1 X f2)*-

ooooood.

oooo

O

4. . O 000000p: Y X — Y 00O Y 0OOOOOOO00O, p(yy,ys) 0 y1 - yo 000. 000O0C
Example 1.4.39 2014 Y XY Y Y 1,92 1+ Yo
f,g: X —-YOOO,00 f-g: X —YO(f -g)(z)=f(z) -g(x)000, fO gO000000 (pointwise multiplication) 0000. 000

ooooog f-g=po(f,g) =po(f xXg)oADDD:
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(f,9) e YX xvX oo f-g e yX ooooooooo vyX 0onooooooo. 0000000 Ex. 1.4.37 0000000, 00000000
ooo

yX xyX = S vyxvX —— o vX,
(P1x:P2x) "1 Hox
oo, (u* o (pl*,pz*)_l) (f,9) =wpx((f,9)) =po(f,g)=1f-g.

X O0oooooooooooooooooo, 00oodddd p00o0o0oooo, 000000000000, p000000000000000, 0000000000, O
gooo, ooo0ddoo0odOdo, 0ooddoooOoOooooOooooooo

(=] s Xid
YyX xvX xy¥X —— 5> (v x X xyX —— 5 vyX xvX
=3 o =3
o (ke xid) «

YyX x vy xv)¥ — s> vyxyxMX —— 5 (v x X
id X px (id X p) s
yXxyX S vx)X — o vX,

= 223

Example 1.4.40. 02014 00000000000, 0, 0000 a,b € RNOODO, (a+ b)n = an + bn, (ab)p = anby 00000
oooooooooooo, ooooo, o RY xRN - RN oooo.

Definition 1.4.41. X, Y OOO, X, Y #0000. ev(f,x)= f(x) DOO0OODOO
ev: YX x X oY

0000 (evaluation map) 00 0. 0X O YO Q00000000 ev: VXXX =0 —
YOoooooooooop—-YyYoooo.o
00 20 € XOOD, evy,(f) = flzg) 000000

eV YX =Y

OO0z € XOOOOOOO (evaluation map) 00 0.
00000 evy, O evO iy : YX - YX x X i, (f) = (f,zo) 00000000 O
00000 evO YXx {2} 000000 Y¥x {20} 0 YX0OOODODOODDOODOODODO

Y¥ Sy ¥ x {2} > Y ¥ x X LY.

Example 1.4.42. X =[1]={0}0000000. 00000000000 Yy
OD000OEx 1.4.6 0000

y Y

1%
IR

ev

Y [1]

Example 1.4.43. nc NOOO,ev,,:RY - RODODO0OO00O00O0 n0000000
0oooo.00ev: RN -ROODDODODOOOOOOOOOO.
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Example 1.4.44. X 0O0OO0O0O. 00 2] ={0,1}00 Xoooooo X2 oo
O0. 00 (evg,evy): X — X2 (evg,evi)(f) = (f(0), f(1)) 0000000000
oo.

D00,n00000000 [n)={0,1,...,n—1}00000,00

(evgy...,evp_1): XM X"
W w

[ (f(0), f(1),..., f(n—1))
oooooo X - xrooooo.

exercise 15. 1. 00 (evy,evo): XP - X20000000.
2.0:[n]—[n]000D0000. 000000

(eva(o), V(1) - - 7eVU(n—1)) : X[n] X"

gopoooono.

PI‘O OSitiOIl ]_.4:.4:5. 02014000000X,Y,Z000, f: X — Y OOO, 29 € Z, g € X000, 0000ODODOOOOO.
0 0
1.

z fx xid z
X XZ —>Y“ xZ

ev ev

X <
<
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Proof. 1. hex?0z¢ezooo,

(evo (fx x id)) (h, z) = ev ((fx x id)(h, 2))
ev(fx(h), z)
ev(foh,z)

(f o h)(z)

f(h(2)),

flev(h, z))

= f(h(2)).

(f 0 ev)(h, 2)
oooo. O
exercise 16. 2, 3,4000.

Example 1.4.46. Z =[1|0000000. 00000000000

DD0O00,evo000 XMo X, Yo vyooooooooood, f.=fY0 f00
Doooo.

Example 1.4.47. X,Y, Z000000. 00000000

cxv,z: Map(Y, Z) x Map(X,Y) — Map(X, Z)
W

W
(9, f)! gof

oooo.
Ex. 14310000000 {g} x Map(X,Y) O Map(Y,Z) x {f} 00000000
000

g«: Map(X,Y) = {g} x Map(X,Y) < Map(Y, Z) x Map(X,Y) — Map(X, Z),
£ Map(Y, Z) = Map(Y, Z) x {f} = Map(Y, Z) x Map(X,Y) — Map(X, Z).

X=[1000000000000000000000000000000D00DO0OO00

Yyl <5 zI

idxevg l% jevo
Z.

><Y—>
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gooooooooooogo CX7Z’WO(idXCX7Y,Z):CX7Y,WO(CY7Z7WXid)DD
gaoo

idXCX’y’Z

Map(Z, W) x Map(Y, Z) x Map(X,Y) —————= Map(Z, W) x Map(X, Z)

Cy7z7w><idl lCX,Z,W

Map(Y, W) x Map(X,Y) Map(X, W).

CX,Y,W

000000000, Prop. 1.4.34, 1.4.36,1.4.4500000000000.

Example 1.4.48. t2014000000x 000000, 00
c=cx X,X* Map(X, X) X Map(X, X) — Map(X, X)

0 Map(X, X)00O0OO0OOOOOOOOODOOOOOOO. 0000 idy OD0O0. DOoOOooooog.
X 00 X 00000000 Aut(X)O00. 00O
c: Aut(X) X Aut(X) — Aut(X)

0 Aut(X)000000000 idy 00000000000, 000, 000000000000, 0000, 00000000 Aut(X) 00 (group) 000. O

000 f € Aut(X) 0000 foooao f~1ooo.
X ={1,2,..., n} On € NOODOO, Aut(X)0O Sy, 000, n 0000 (symmetric group) D00,

Theorem 1.4.49. XY, Z000000O.
00 ®: Map(X xY,Z) — Map(X,ZY) DO

((2(p) (2)) (y) = ¢(,y)

gooooog.
00,00 ¥: Map(X,ZY) — Map(X xY,Z) 0

(W () (2, y) = (¥(x))(y)
oooooao.

1. 0o0o0o0,¢0000000VVY0O0O0O0O0O0O0OO0O0O
&: Map(X xY,Z) —> Map(X,Z").
0Oooooooo
b: 7Y = (7).

2. 02014000000f: X1 — Xo, 9: Y] — Yo, h: Z1 — Zo00OO0O0O. 000000,
(i) ®o(fxid)* = f*o®, Wo f* = (f xid)* o ¥:

S N
Map(X71 X Y, Z) ——> Map(Xq, ZY ) ——> Map(X; X Y, Z)

(fxid)*T Tf* T(fxid)*

Map(Xg X Y, Z) ——> Map(Xg, Z¥ ) ——> Map(Xg X Y, Z).
® v
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(ii) ®ohy = (hs)x 0P, Yo (hx)x = hyx o ¥:

@ N
Map(X X Y, Z1) —— > Map(X, Z ) ——> Map(X X Y, Z1)

h*L l(h*)* lh*

Map(X X Y, Zg) ——> Map(X, Z3 ) ——> Map(X X Y, Z3).
@ v
(iii) ® o (id X g)* = (g™)x 0 ®, T o (g*)sx = (id X g)* o ¥:

£ v
Map(X X Yy, Z) ——> Map(X, Z¥1) —— > Map(X x Y7, Z)

(idxg)*T T(g*)* ](ing)*

Map(XXYQ,Z)?Map(X,ZYQ)?Map(XXYQ,Z)A
OO0O0o0,0000 00000000 DOOO0OOOO.

Example 1.4.50. 1.0000000 X = {21,...,2,} 0000000000
D=1{1,2,...,30,31}000 W={0,0,0}00000000000

I In
1 U U
2
30 (0O (... 0O
310 ... | O

oooooo,
()00 2zeXO000deDO00,000000000000000000

f: XxD—->W

ooooooooo. f(e,d) eWDOUODOUO 20 d00000O0ODOO.
(i) 00,000 x€X0O0O0O,0000000000000000 fz:D—-W
goboboooo,0oboogd

F:XHMap(D7W)7 F(CL‘):fm

00O0000000. 0000 f,00000 x00000000000O0O,

f(d)00000z0d00000000.
0000000000000000000,00000000
00000, Thm. 1.4.49 O
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®: Map(X x D, W) — Map(X, Map(D,W))
U: Map(X, Map(D,W)) — Map(X x D, W)

000 &(f)=F, ¥(F)=f000.000 &0 ()0000 ({)0000, ¥O
(i) 0000 ()00000000000000
2. 000000000000000000000, mxnOO0O0404d Mm,n(R)DD
00000. m={1,....m},n={1,...,n}000.
() mxnO00O0 (4,/)0000000000. 0000,0 (i,j) €Emxnl
00 a; €eROODOOO0,00 M= (a;;) € Mm,(R)000000,00

Map(m x n,R) — M, »(R)

0000,00000000000
000000, Map(m xn,R)0 M,,,(R)00D0D000000000000
000000000, 000000,mn0000000000000000
000000000000000000.0

i) mxnO00O0D 00000000 mOO000000000000. 00,n
0000000 ¢ = (#1,...,2,) €ER"0,0 jenO00 z; e ROOD
0000000,0000 R*"0O000000000Ex. 1.44400,000
exe. 150000000. 000004i€emO00,q c¢R*O0000000

ay
M=|..|oooooo,oo

Map(m, R™) — M, (R)

goob,boogoboboooan.
00000000000 000000D0d Thm. 1449000 ¢, v 0000

Map(m x n,R) = M, »(R) = Map(m, R").

000,000000,0000 (,/)0000000000000,000000

0000000000000000000000

000000 100000000000000000000
3.0000000000000000000000. R2000000000000

00 f(z,y) 0,0 (a,b) e R2O0ODD yOOODOOOO0D fy(a,b) 0,z =a

00000,y000 z= f(e,y) 000,000 y=060000000000.
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00,0 aceRO0D0 f(a,y) € Map(R,R) 000000, 000000, 00
Thm. 1.4.490 &(f) 0000

®: Map(R?, R) —— = Map(R, Map(R, R))
w w

Sz, y)! a— f(a,y).

Proof of Thm. 1.4.49. ¥(¢yp) =evo (¢p xidy) 000D O0O0DOOO.O

T(): X XY —— Z¥ xY — Z.
P xidy ev

1. feMap(X xY,Z)000 $od(f) € Map(X xY,Z)0000.

(W o ®(f)) (z,y) = (¥(2(f)))(=,y)

00 Vod(f)=f0000 Vod =id.
F eMap(X,Z¥)00O0O ®o¥(F) € Map(X,ZY)0ODODODO.

(@0 U (F))(2))(y)

—~
s
< ~—
~—

=
= (¥(F)
= (£

00 (@0 W(F))(z) = F(z), 00 ®oW(F)=F, 0000 doW = id.
2. ®, wooOOODODOOODODOOOOD, YOOODOOOODOO.
(i) ¥ € Map(Xq,2Y)000O,

T(F () = U( o f)
=evo (o f Xid)
=evo (¢ xid) o (f X id),
(f X i)™ (T () = ¥() o (f X id)
=evo (¢ xid) o (f X id).

(i) ¥ € Map(X, Z{ ) 000, Prop. 1.4.450000,

Y ((hx)x () = ¥ (hx 0 %)

evo (hy 09 X idy )

evo (hyx X idy) o (¢ X idy)
hoevo (¢ X idy),

h o (1)

hoevo (¢ X idy).

ha (¥ (4))
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X XY

hstp xid
P xid

2y xY ——= 2z xv

hy Xid

ev ev

Zy ———————> Zog.
h
(iii) + € Map(X, Z¥2) 000, Prop. 1.4.450000,

T((g™)x (W) = ¥(g™ o)

=evo(g* o xid)
=evo (g* xid) o (¢ x id)
=ev o (id X g) o (¢ X id),

(id X 9)* (T($)) = T(¥) o (id X g)
=evo (¢ Xid) o (id X g)
=ev o (id X g) o (¢ X id).

P xid v g™ xid v
XXY) —>Z2"2xY] —>Z"1 xY]

idx g ingl ev

X XYy —> 22 x vy — > 7.
Pxid ev

goooooooooooooooan.

O

exercise 17. f;: X; — Y, (i=1,2) 0000, ¢g1: X3 » Xo, g2: Y1 = Yo, 0O OOO
0.0000 geofi=faogi & f5 oga=giofi'

-1

X, vy X <1

gll O lgz = gll O lgz

XQ —>§/2 X2<—YQ.
f2 .

exercise 18. ¥U: Map(Y X, Y¥) — Map(Y* x X,Y) 000 id: YX — YX OO
U(id)oooo.

Remark . n2014000000Thm. 1.4.49.2 00000000000000.

(i) 000 ¢: Xo XY — Z0O0O0O, ®(eo (f xid)) = ®(¢) o f,
000 ¢: Xg — 2Y 000, U(po f) = ¥(P) o (f X id).

(ii) 000 ¢: X XY — Z1 000, ®(hop) = hx o P(p),
000 ¢: X — Z¥ 000, W(hy 09) = hy 0 U(3).

(iii) 000 ¢: X X Yo — Z 000, ®(p o (id X g)) = g* o ®(¢),
000 ¢: X — zY2 000, W(g* o) = ¥(¥) o (id X g).

Corollary 1.4.51. 02014000000

1. f: X1 — Xo00OOCODO.
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(i) ¢;: X; XY — Z (¢ =1,2)000000. 0000,
p1 =20 (f Xid) & (1) = 2(p2) 0 fO

fxid f

X1 XY — > X9 X Y X1 Xo
O - O

Y1 =) @ (e1) P (p2)

z zY¥ .

(ii) ¥: X; XY — Z (4 =1,2)000000. 0000,
Y1 =g o f & W(yPy1) = ¥(Yg) o (f X id):

fxid f
X1 XY — > X9 X Y X1 X9
O - o
‘I’N A) v1 Y2
z zY

2. h: Zy — Zo 00OOOOD.
(i) ¢;: X XY — Z; («=1,2)000000. 0000,
po =how) & 2(p2) = hx 0 P(pr):

X XY X
/ X ®(p1) ®(p2)
2z Zg zy zy.
h B
(i) ws: X — 2zY (i=1,2)000000. 0000,
Yo = hx 01 & ¥(¢g) = ho ¥(Pq):
X XY X
qjy W) 1 w2
Z; Zg zy zy.
h hx
3. g: Y] — Yo 000000.
(i) ¢;: X XY; - Z (i=1,2)000000. 0000,
P1 = wg0(id X g) & ®(p1) = g% 0 P(v2):
idx g
X XY ——— 5 X XYy X
@ (p2) @ (1)
O < O
®1 2
z zY2 zY1
g*
(i) ¥;: X —» 2Yi (4=1,2)000000. 0000,
Y1 = g% oy & W (Y1) = ¥(P3) o (id X g):
idx g
XXy, —— > X xVYy X
P1 P2
O 4 O
¥ (1) W (Y2)
z zY2 z¥1
g*

P’I"OOf. 1(i) 0000. 0000000, Thm. 1.4.49.200 ®(pg o (f X id)) = ®(pg) o fOOO.
P1 = 2o (f Xid)0OOODOO, ®(p1)P(pg o (f X id)) = (p3) o f.
00, ®(e1) = @(pe)o fOO000000, @(p1) = P(pa)o f = P(pg o (f Xid)). 00000000 @1 = @g o (f X id). O
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Remark . czo01400000000000000000000000000000. 000, f: X1 — Xo, h: Z1 — Zo 000, ¥, X; — ZiY

(i=1,2)0000000,

fxid f
X1 XY ————————— > Xo X Y X] ———— > Xo

wwl)l O q’(d&)l < wll O lw

Y Y
zZy ———> Z5 .

)
hx

Z1
h

000 X; = Zin f=h* 4; =id0000000000000000. 00000000,

hy xid h
Y * Y Y * Y
Z{ XY — > Z5 XY Z{ ————————> 7,

\p(id)evl 6 ‘I/(id)evl < idl O lid
Zg 2y —— > 7Y

P

Z1
h

0000 Prop. 1.4.45.1 00000000. 00, 000 Thm. 1.4.49.20000 Prop. 1.4.45.1 000000, 000 Prop. 1.4.45.1 00000000

gooooooo.o

Remark . YXOODDOOOOO.
yXOooooooooooooooooooooooooooo.

X0 >~ [1] x> x
0X =0 (X #0) (1% =1
(X xY)2 = X% xY? ZXIY) o 7 X o 7Y

ZXXY ~~ (ZY)X

dodooooooooboobobooooobobbboboboboboooooooooouooaad

gooboboooobobooooobbooooboooo.g
ggoboboooobobuoooobbboooobobooon.

145 OO0ODOOODOO

Definition 1.4.52. X OO0O0O0OO.
1. ACX0 X0O0OO0D0O00O0. 000000000 ya: X — [2]={0,1}0 4
00X OO0OO0O00O00 (characteristic function) 000 .

)1 (zeA)
Xalr) = {o (z & A).

2. 00 x: P(X) =20 x(4A)=xAa00D0000.

Remark . OOO0 21X 0 2X00000.
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Theorem 1.4.53. 00 x: P(X)—2X0000000.

Proof. 00 ¢: 2% - P(X)0 ¢(a) = }(1)00000,00000 xO0O0O0OO0OO
0.00,e€2X000,

(x o) (a) = x(p(a))

0000,zeX000,
Xa_l(l)(x):1(:)906@_1(1)@)@(93):1

000 Xa-1q)=a. 000 xop=idyx. 00, A€ P(X)00O0O,

(pox)(4) =

Example 1.4.54. c2014000000x 000, P(x) 00000, X 00000

P={z¢c X | P(z)}

0000. 2z € POOODODOOOO P(x) 00000000000000 P(z)00000000000000000000. 000000000000 P(z)000
000 X 00 [2] ={0,1} 0000 P: X — [2]0000000000:

_ _J1, P(x)OO
P() = {0, P(z)00.

ooooo
P={xeX|P()=1}

0000, xg = PO0O0.

00 AC X000,02 € ADDOO000 2X 000000, ADDODD x4 000000,

Example 1.4.55. X x Y 000000000000, X00 P(Y)ODOODOOOOO

D0000000000P(X xY)=P(Y)X.
O00,RCXxY DOO, ®R): X - PY)O ®R)(z) ={yecY | (x,y) € R}

0000000, 0000 é00000000. 00, ¢:X — PY)OOO,

{(z,y) eX xY |yecy(x)} 000000000, O0D0DO0 ®0000000 &0

ooo

P(X xY) —2> P(y)¥

9X XY (2Y)X
— )
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oQ,

X 0 B(R)(2)(Y) = Xa () () () = (1) EiZ;Z

= ® o x(R)(z)(y

Example 1.4.56. c2014000000x 000, X #0000. 00 s: X — P(X)0 s(z) = {2} 000000. 000 singleton
map 000

R
R.
).

00 x o s: XHP(X)E2XDDDD. X(s(z)):x({z}):X{E}DDDDD,m,yGXDDD

1, y==

((x 0s)(x)) (y) :X{ac}(y) = {O y #£x

0oo. 000, xs € (2X)X 0,0000 ¥ (2X)X =, 2XXX gpoog w(xs) O,
W(xs): XXX —> [2]
1, z=uy

(z,y) |—>{

0000, 00000 Axy ={(z,9) € X x X |z =y} C X x X 000000000

1

X % X o X
PN ——— (2%)" ——= 2N s p(xxX)
=3 =3 =3
w w
s} Ax.

PI‘OpOSlthl’l 1.4.57. 02014 000000X 000000. 00 [2]0000 -, V,A,—0,000000000 2X nooo oooo.
Oa,b€e2X 0 a e X000, (ma)(z) = —~(a(x)), (a Vb)(x) = a(x) Vb(x) 000O0D.0000 A, B C X 000000000.

1. Xpc = "xA-
2. XAUB = XA VXB-
3. XANB = XA NXB-
4. XAcuB = XA — XB-
X X XXX - x X
P(X) ——————> 2 P(X) X P(X) ——> 2% x 2
0° - u lv
P(X) —— > 2% P(X) —— > 2%
X X
X XX X XX
P(X) x P(X) —— 2% x 2X P(X) x P(X) ——> 2% x 2X
n A O°u -
PX) —— 52X PX) — > 2%,
X X

PTOOf. xa(z) =1 o€ AD0DDODODOOOOOOO0OO0OO000000, 10 20000.

1.

(-xa) P ={zeX|-xalx)=1}
={zeX|-(xa)=1}
={v € X | xa(®) = 0}
={zecX|xgA}
= A€,
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(xa Vxp)(z) =1 xa(@) VXxg(z)=1
< x € AVe €B
S rxe€e AUB

< xauB(®) =1.

exercise 19. 3.4 000.

Remark . 0201400000000 w: 2] x [2] — [2], u(p,q) = p ¢ 000000000, poooooooooo 2X x 2X — 2X | op
00 a,b € 2X 000, (a-b)(z) = a(z) - b(z) 000000 a-b € 2X 000000000000, 0000000000000000000, 0000

000, 0000000000, 000000000000.
00000000 x: P(X) — 2X 0000 P(X)00000000. 0000, A,B € P(X)000, A-B € P(X)0 x (x4 -xpg)0000
00. 000000, A-BOOOOOO XA4.B =XA °XB, 0000, xa.8(2) = xa(z) - xp(x) 00000000000

A-B={z € X|xa(z) xp(=) =1}

oooo

P(X) x P(X) JXEX X 0X

| L l

PO <———2

oooo, 0000000, 0000000000, 00 P(X)O0000000000.

Proposition 1.4.58. f: X - Y. BeP(Y)0OO, fY(B)eP(X)DDOODOO
OPY)—PX)DO f*000.
xof*=froxOOQOoaoO

PY) s P(x)

| =[x

Y — 2%,

0000, f74(B)cXO000000 xyup =f*(xs)=xpof0000000D0.

Proof. yOODOOO O000. pof*=foe000000.

¢(f*(a)) = plao f)
= (a0 f)~'(1)
= [~ (1)),
[ (ea)) = a7 (1)),
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Remark . f~1:P(Y) - P(X)000000O000000,000000000000
00O00,00000000 00000000, f00000002Y -2X0 f*0
0000000,y00000000000000,00000000000000.

Remark . 0D201400000000000 £*:2Y — 2X gooooooooo.
000 a,b € 2Y 00O,

(f*(a- ) (=) = ((a-b) o f)(=) = (a-b)(f(x))
=a(f(@) - b(f(@) = (f*(a))(2) - (f*(b))(x)
= (" (a) - £ (),

0000 f*(a-b) = f*(a) - f*(b).
000000, 00000000000000. 0000

Xy—1(A.B) = f*(xa.B) = f"(xa  xB)
=f"(xa) f (xp) = Xp—1(a) Xj—1(B)
TXpmla) (B

ooo, f~lAa-B)=f"1a). r~1(B)DoO.

Theorem 1.4.59. f: X —-Y OOOOOO.

1.0ooo.

(i) foOO.

(i) f*:2¥Y =2¥000.

(iii) f*:PY)—-P(X)0OOO.
2. 0000.

(i) fO0ODO.

(ii) f*:2¥ —2X 000,

(iii) f*:PY)—-P(X)0OO.

Proof. 0000 (i) 0 (lii)000000000 Prop. 1.458000000.

1. ()=(i). by,be € 2V, f*(b1) = f*(b2) D00. DOODO byof = f*(by) =
f*(b)=byo f000.yeYODDOO. fO00D0DO0D0D0O0,002z€X0000
O f(z)=y000. 000, bi1(y) =b1(f(xz)) =ba2(f(x)) =ba(y). OO0 by = bo.
(ii)=(). F(X),Y e P(Y)DOO, f(f(X)) = fHfX) =X = f1(Y) =
f4(Y)ODoOOo,0000 000000, f(X)=Y.

00000 xy,xsx) 0000 (i)=()0000000.0

2. ()=(iii). AeP(X)000. fOO0D0DO0 f7Yf(A)=A4,0000 f(A4) e
P(Y)DOO, f*(f(A) = A.

(iii)=(i). z1,22 € X, f(z1) = f(z2) 000. {z1} e P(X) 00O, 0000
0000, f*(B)={x}, 0000 ffY(B)={x}000 BePY)OOODOOO.
f(za) = f(xz1) e BOOOOO, 20 € fX(B)={z1}, 0000, 23 = 1.
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l46 OD0O0OODOOOOOOOOOOO
fO000O00DoOoooo.
Theorem 1.4.60. f: X - Y OOO,Z000000.

1. 0000.

(i) fODDO.

(i) 00000 ZO0OO, f.: Map(Z, X) — Map(Z,Y)0OO.
2.0000.

(i) fOODO.

(i) 00000 ZOooOO, f*: Map(Y,Z) — Map(X,Z)000.

Proof. 00DOOUO 73(2)(3)00000OoOn.

1. 1)=(i) g,h: Z— X, fog=fohOD0O.000 22000,

f(9(2)) = (fog)(z) = (foh)(2) = f(h(2))

000, f000000,g(2)=h(z). 000 g=h.
(i)=() Z=[1]0D000000, f.: XM YN OOoO. Ex. 144600000
0000000000 f000.

X ——Y.

gooooooo,ogoog,obooon.
r1,290 € X O f(x1) = f(zo) OO0DDOODOO. OO g: [1] = X O ¢4(0) =2; O
oooooo,

(f+(91))(0) = (f 0 91)(0) = f(91(0)) = f(x1) = f(22) = (f+(92))(0)

DDD,f*(gl)Zf*(gg) f*DDDDDD g1 = g2. 0o 931291(0)292(0):

2.
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2. ()=(ii) g,h: Y - Z,gof=hof000. 0000 fO0000O00.000,0O
D0yeYOOO,002zeX0000,y=/f(z)000.000

9(y) = g(f(z)) = (9o f)(z) = (ho f)(z) = h(f(z)) = h(y)

00000 g=h.

(i)=(l) Z=[2)0000000, f:[2]¥ = [2¥000. 000 Thm. 1.4.59 0
0 f000.

000000 xpx),xy: Y — 20000000,

fO00DoO0Oooooooo.
Theorem 1.4.61. X OOODOODOOO, f: X—-YOOO,Z000000.

1. 0000.
(i) foDO.
(i) Ir: Y - X :ro f=1idx.
(iii) f*: Map(Y,X) — Map(X,X)OOO.
(iv) 00000 ZOOO, f*: Map(Y,Z) — Map(X,Z)000.
2. (ii),(ii),(iv) 00D 0000O. OO, (i)=(1)0D0000.
() fOOD.
(ii) 3s: Y — X : fos=idy.
(iii) fu: Map(Y,X) — Map(Y,Y) OO O.
(1V)DDDDD Z000, f.: Map(Z,X) — Map(Z,Y)OODO.

-

11

Proof. 1. ()=(v)000000. Z=0000000000. Z#0000000
0.h:X—Z0000O0O0.000000000000000¢:Y—Z000
O00.00000000¢g0ADDOODOO.O

X",z
oy
Yy .

fO000000,000 f~': f(X)—>X000. 2peZ000000.

() y e f(X),
5) = {Zo y & f(X)

gooogg.



46

o110 00

2. (i)=(v)000000. fios, = (fos), =id, =id00 f,000.
O

Remark . Thm. 1461 0000, fO0000000000D0OO00OOODOOOOODOOO
oooo.dOd, fOO000O0OO00ODOO0ODOO ODOOOOD. f: X—-Y0OOOoooo
00,0yeY 000, f(2)=y0000002xeX0000000,00000 20
00000 s(y)=2z000000,00000000
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1.5 000

Definition 1.5.1. 1.0000000000000000000 (family of sets) O
ggd.
2.00A00,0000000000,A00000000000 (indexed family
of sets) DO 0.
0000000000 A:A— A0,00, AQN) € A0 Ay 0000, {Ax}rea
goooooooon.

Remark . 00000 OD0OODOOO,0000000D0000D0.DOODO,0D00D000O
gogoboboooobo,bbogoooboooobooboooa.

00,0000,000000000000000(000,0000id:A—A)D00O
ggoooooa.

gbodooooo,0gboooobooooooobo,oodoooooouooon.
Definition 1.5.2. A= {A\},ea 0000 O00O.

1. 00
{z|INeA:xze A}

0000 .AD0000 (union)0000,

U4, YA

AEA

oooo.
A={1,2,...,n} 000

A=NOOO
U4
i=1

gooooooo.
2. 00
{z|VAeA:xze A}
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0000 .A00000 (intersection) 0O OO,

A, (A4

AEA

oooo.
A={1,2,...,n} 000

A=NOOO
oo
(4
=1
gooboooon.

Caution! . |2, A;, N2, A;000000,4,00000000000000000
0o.

Remark . 00000000 A=0000000000000 A:0—-AD000000
ooog.

JAi={z|IneAr:zec A}
AEA
={z|3INel:zec Ay}
0000,0003xed:z€cA0000000000
=0

goo.
gbo,0bbdoooobbuoooobbboo. bbb, b0bboooobboo

(N Ar={z |VAcA:zec A}
AEA
={z|VAel:ze Ay}
0000,000VANed:zeA\0000000000

={z|2z000000}

0000000,0000000000000000. 00000A=00000000
g,dbobobdodbobbodooobbuoooobboooonobo.
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000,000000000,0000,00 A:tA—-AD00000000,.A0000
gogoboboogobobouoooooboo

ﬂAA:{xe A

VAEA x € A,\}
AEA AcA

000000000000000. A4000000000000DOO0O0O. A=00
o

{erA

AcA

VAG(Z)::ceAA}: UA

Ac A

gogo.

Example 1.5.3. 1.

A; = U A;

1 i{1,2}
={z|Jie{l,2}:x €A}
={zx|zeA Vre A}
= A; U As.

2

?

A= ) A

i=1 ie{1,2}
={z|Vie{l,2}:x€ A;}
={z|zeA Nx e Ay}
= A1 N As.

Example 1.5.4. l. 0000o0o0oooObbo0ooooooooDo,oo0ooooo
O0000,000000{,}j0000000DU0o0OoOon.

U{{1,2},{1,3}} ~{1,2,1,3} = {1,2,3)
2. X0OOO0O0OD
UrPx)=Xx (PX)=0.

ggooooobooooboodoo, bbb bobobobbbooooooaaoan
ogd.

Lemma 1.5.5. {A\}»ea OOOO,BOOOO0OO. O00OOOO.
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L. OO0 AEADDD, Ay C Uyep Are
2. 000 X€ADT00, Ay D MNyep Ar.
30000 A€A000 Ay C BOS Uy, Ar C B.
40000 A€AD0D0 Ay D BO& Nyen 4r D B.

Proof. 1200000. 3400«00 1,2000000. 00000000O00O0O 30
O=00000000.

xEUAeAA,\DDD. O0D00,00 Ae ADOOODO,ze AyOODO. OODOO
AyCcBOOOOO z € B. O

Theorem 1.5.6. ADOO,{B\}A000000O0O.

1. AU (n)\EA B)\) = ﬂAeA (AUB)\)
2. AN (U)\GA BA) = Uyea (AN By)

Proof. Thm. 1.1.14.12000000.

Au<ﬂ3A>:{x|xeAv(VAeA:xeBA)}
AEA
={z|VAeA:x€ AV € By}

={z|VAeA:x € AUB,)}
= ﬂ(AUB)\)

AEA

2. 0000 Lem. 1.5.50000000000.
(i) AN (Urea Br) D Uyep (ANBy)OODOOO.
000 AeAO0OO,BycUB 00000, ANByCAN(UBy). OO0
Ur(ANBy) c An (U, By)-
(i) AN (Uxea Br) CUren (ANBy)DODOO.
z€ AN (UyeaBr) 000, 2€ Uy, B00000,00X€A0O000,
reB\00O0.00z€A0002zeANBy. 000 zeJANBy).

O

Theorem 1.5.7. X 000, {Ax}xea 0 X O0OOOOO00,0000,000 AeAD
00 A\CcX0OO0OO000.0000000 A4:A—P(X), A = A,.0
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AEA

Proof. 10000.

(ALGJAA)\>C = {x €X|x gALGJAAA}

:{xex (UA)}

={reX |3 eA:xze A)\}
={reX |VAeA:z g A}
={xeX |VreA:xzec A}

= (1 45.

AEA

2000.0000000000000000,00000000. O
ooo . 8(1), 10(1)a(7), 11

Theorem 1.5.8. f: X —» Y 0OO, {A}ie; 0 XOODDODOOO, {B;}jes0Y DO
000000000. 000000.

L. f(UzeIA> ze[f( )
2. f(ﬂzefA)anelf( i)
3. 57 (Uyes Bi) = Ujes /71(By).
4. f~ (ﬂjeJBj):ﬂjle_l(Bj)'

Proof. 0O 0OOOOOOOODODOOO.

1. AZ’CUAZ'DD f(Ai)Cf(UAi),DDD Uf(Al)Cf(UA1>
DD,yGf(UAi)DDDD,DD mEUAiDDDD,y:f(QE)DDD. O
0 .IDDDD,IGUAZ'DD,DD e I0000,z€ A;000. 000
y=[f(z) € f(4). DO yelUf(A).

2.0000.
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3.
f (U Bj) = {x fla) € UBj}
= jed
={z|3jeJ: f(z) € B}
:{ac|E|j€J:fo_1(Bj)}
=By
jed
4. 0000O.

O

Remark . OO0O0,00000000000000D00C00,30 1000000000
goooo.

f(UAZ) :{y EIxEUAi:y:f(x)}

i€l

= {y dx - (336 UA7,> /\(ny(x))}
el

={y|:Giel:zeA)A(y=f(x)}
={y|Tz:Fiel:(xcA)N(y=f(x))}
={y|Fiel:Fe:(xcA)AN(y=f(x))}
={y|Jiel:Fwecd y=f(z)}

={yl|3iel:ye f(A)}
= [J r(49).

el
gooboooobbbooooboboooa.
O0,000000000000,d20 XelO000D0O0O0OO0OODOODOOOO.
2000000000000 2z0Veel000OO00O0000O0OOOODODODOO

DDD .

{y HwéﬂAi:y=f(w)}

i€l

{y dz - (3:6 ﬂA7,> /\(y:f(x))}
iel
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={y|Jz:Viel:xzec i)
={y|Jzx:Viel: (xel)
C{ly|Viel:3z: (xeA)

={y|Viel:ye f(4)}
=) f(4).

IS

exercise 20. 1. 00 2000.

I

2. fO0000000OO02000000000.

3.004000.

goooobbbbbtooooooouooo, oo oooooaa.

Definition 1.5.9. 02014 000000{A;},ey0000000.

oo oo
lm Ap = N ( U 4

n=1 \i=n

oo oo
lim A, = | ( N A;
n n=1 \i=n

00000000 {A;};eny 0000 (limit superior), 00D

(limit inferior) 000O.

Example 1.5.10. o02014000000N000

0000 {A;};en D

)
)

A Uit lid2,..0) 400
{2, .., i} i:00
0DoDo00. Ay = {1}, Ay = {2,3,4,...}, Az = {1,2,3} 000000000. n € NOOO Ag,_1 = {1,..., 2n — 1}
Aoy, ={2n,2n 4+ 1,...} 00000 Ag,,_1 U Ag,, =N, Ay, 1| N Ay, =00000000000. 2n —1 > nO00000
oo oo
U 4i DAy, 10 A, =N N Ai CAzp_1 N Az, =0
i=n i=n
0oo
o0 o0
U 4; =N N A, =0
i=n i=n
000. 000
oo oo oo oo
lim Ay = m U A lim Ay = U m A
n=1 \i=n n n=1 \i=n
oo oo
= NN =Yoo
n=1 n=1
=N = 0.

Example 1.5.11. o2014000000000 ¢

oooooo.

Xitien O

X, ={ICN|ieI}
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Ny
:ﬁ(@{[cl\”ie[})
n=1 \i=n

oo

| {ICcN|3i>n:i€cl}
n=1

={ICN|VneN3i>n:i€l}

{IcN|IT0000D},

oo o0
lim X, = |J X;
n

n=1 \i=

oo oo
U ( {ICN|ieg 1})
n=1 \i=n

= UJ {IcnN|vVi>n:iel}

n=1

{ICN|3neNVi>n:i€cl}

={ICN|ICDDDDD}.

02014 00000000000000000000, O0000000000000O0. {Ai}iEN oooooo, A:U?il A, 000. a€ ADODODO, NOO
000 I(e)0, A; 0 a00000000 ¢00000000, OOOO,

I(a) ={ieN|aecA;}.

00000 a € A; & i € I(a) 000

lngLnAn =

(84

{alHiZn:aGAi}

o8 108

n=1
:{aanEN,EliZn:aEAi}
={a|VneN,3Fi>n:i€ I(a)}
={a| I(a)00DDO},
oo oo
lim Ap = J Ay
n=1 \i=n
oo

= U {alViZn:aeAi}

n=1
={a|3neNVi>n:a€ A;}
={a|3In €N, Vi>n:i€ I(a)}

={a | I(a)0o0oo}.

oog, limp Ap 0, 000000 40000 a € A; DODOOD0O0 o 000000, lim, Ay O, 000000 0000 a€ A; ODDOO, A; 0 a

0000000000 ¢ 00000000000 e OOOOODOOO.
000 . 12(1),(2),(3)

Definition 1.5.12. X = {X3}hea 0000000, ADD Uy, X2 0000 fO
000,000 AeADOO, f(A) eX,00000000000 {Xx}lrea 000

(direct product) 0000,
[[x. 1]
A€EA
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gooo.oboo

I x = fe(UXA> VAeA: f()\) € X,

AEA AEA

0000,0000 fO (zx:Ae€A)00000000. 000 x,=f(A\)000.
00,AeADDD,m(f)=/(\)00000000

Ty HX—>X,\
fr=f)

0DO0AO0D0O0D0ODOD0OD0OO0O.
A={1,2,...,n} 0 A=NOOO,[[,., X2 0[], X;0[[2, X;0000.

Remark . NOOOOOODODOOODOOOODOCOOOOOOOODO

HXALXA

AEA
N N
A
(Ux) U
AEA AEA

Example 1.5.13. X, 00000 X,=X0O0O0O0OO,

HXA:XA

AEA
ooo.
Example 1.5.14. {X;};c 0000000. 000 [2]={0,1}000. 000000

gogobooooooo

m = (7o, m1): H X, —— Xox X3
1€[2]

[ (f(0), f(1))

gogoboboogogbooo. bbbdao H;:oXiD Xox X;OOOoooooooo.
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00000000 [[I5) Xi0 Xox X, x---x X, 1 00000,00000000

1=
obobodobood

n—1
HXZ _— X0XX1><~~'><Xn_1
1=0

[ (f(0),f(1),..., f(n—1))

O00,00000000000000.
og, X = -+ = X,, 00000, 000000 Ex. 14440000
(evo,...,evp_1): XM - X" OOOOOO.

Definition 1.5.15. X = {Xa\}aea 0000000, 00 Ax U, , X, 00000
[Haea X2 000000, {Xx}rxea 000 (direct sum) 000000 (disjoint union) O
ao.

oo

HX)\Z{()\,(E) | )\EA/\IEGX)\}
AEA

= U({)\}XX)\)CAX UXA.

AEA AEA

Example 1.5.16. 000 {X;},cq0y 000,00

7 ]_[ X; — U X; = XoUX;
i€{0,1} i€0,1
0 #(i,z)=2z00000 000000.
000, XoNX,=000000000000. 0000,0000, XoUX; 0O
XoIIX,000,7000 [[;er03X:0 X1 X, 000000. 000029000

Example 1.5.17. X, =[0,2],X; =[1,3|00000,

[T X={z) [ rxe{01}rzeX,}
xe{0,1}
={nz) | A=0Aze[0,2)VIA=1Az€[1,3])}
= ({0} x[0,2]) U ({1} x [1,3]) € {0,1} x [0,3].
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16 OOOO

goooooo,b0oddio L. Od
ggodooobooboboboooooooooboobooobo,bbbbboodoooooag
gogooboboboboobbobdooooooooboobo,bbbbbodooooon
go,0djjooobobbobbbbobdooob bbb bbboooUoog
ggobobooooobo,bbboogobbboooboboboooobobooon.

ggoboboodooobuoooooboooobooo.

Definition 1.6.1. X 000000. XO0OOOOOO POOO0O0O PcPX)0OO
000000000 X000 (partition) 0000000

1.0 ¢P.

2. Upyep A= X.
3. 000 A BeP, A4#B000,ANnB=10.

ooo0o,00 20,00000000DO0000DO00O0DODOODOODOOD, OO0
jooobobooobbooboboooboboobo. bbb 1o, 00bboUobOboOon
ggoooboooon.

Example 1.6.2. 1. 00 [1]={o}000O
. {{0})
ooood.
2. 00 [2]={0,1}0000
. {{0.1}}
o {{0},{1}}
oogd.
3. 00 [3]={0,1,2} 0000
o {{0,1,2}}
o {{0},{1,2}}
o {{11,{0,2}}
o {{2},{0,1}}
o ({0}, {1}, {2}}

Os50.

Remark . OO0 0ODOOOOOODOODO. P@)={0}000,PO®OODOO0O 0, {0}
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O00.0e{0}0D0000 {0}00000000ODO0. OO0,PCcP@®DOOODO,
D0, UsegA=0000.00,A€0000 AD0D0O0O0O0DOOOO3000000
00.0000¢0¢000000.000000000010.

Definition 1.6.3. 00 X OOOOOOO 30000:

1.0000, reflexive law 0 x ~ x,

2.0000, symmetriclaw 0 z ~y =y ~ x,

3.0000, transitive law 0 s~y 00 y~z=>2~ 2

000000,00 ~000 X0O0OO0OOO (equivalence relation) 00 0O000.

exercise 21. 1. 2000000 ~0O xwyﬁﬂm,yDDDDDDDDDDDDD
.ot ~0o0og, oo, 0bbogoooon
2.0000000000.D000O0
X0O00oOoo,XO0bhooO ~O000D000DOOD0O0O0ODO0ODOO. D000 ~
O0o0oooOoboooboDbo0. b0,zeX0O0O0O0,00000 2~y
Udbby~z000. 00000000 xz~2z0O0O0.

Definition 1.6.4. 00 ~000 X OOOODOOODODO. XOOOeeXOOO,alO
OO0DO000000DbD XOoOoooo

Co={reX|x~a}

0 a 0000 (equivalence class) DO00. ¢« 00000 [¢),a000000000.
reC, 000000000,z 0 C, 0000 (representative) 10000 O0ODO.

Lemma 1.6.5. 000000 O0O0O0ODO:

1. a € Cy,
2. 0000
(i) a ~b.
(i) Cy = Cy.
(iii) C, N Cy # 0.
3. 0000
(i) a £ b.
(i) Cy # Cy.
(iif) C, N Cy = 0.

Proof. 1. 00000 a~aO0O ae€C,.
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2. i)=(@Gi). a~b000. z€C, 0000 2~e¢0000000 2z~b000
x€C,,0000C,CCy,. 00000b~aO000 Cy CC,.
(i)=(iii)) C, =C, 000. 0000 aeC,=C,NC, 00 C,NCy # 0.
(iii)=(i) C,NC, #0O00D0. ce C,NC, 000000, c~al0 c~b0O0O
000000000 a~b.

3.2000000.

O

Corollary 1.6.6. D 0000000000 {C, |ee X} 0 XOOOODOOO. OODO
000000 ~000 X OOO (classification) 000 .

Proof. Lem. 1.6.500,a€ C, 00,C, #0000 X =J,exia} CU,ex Ca C X.
oo,C,#C, 00 C,NCy, = 0. O

gbododooooboooouooobouoooboooooa.
Proposition 1.6.7. 1. PO XOOOOOO. OO0 ~p0O

r~pysJAePxye A

oobodoood,~p 00000000, 000D000D00D00DOO0POODO.
2. ~0 X0OOOoooooo,P={C,|laeX}0~00000000.00 PO
010000000000 ~p0~000.

exercise 22. J0O00O0O.
Definition 1.6.8. X O00OO,~0 XOOODOOOOOODO.

1. 000000 {C,|laeX}0 X/~000,0000 ~000 XOO0OO
(quotient set) OO 0.
2.0 X0C, e X/~000000

X— X/~
W W
ar———C,
gooooo ooooobobo,0oogoooooon.
3. ACXUOOUOOO (complete system of representatives) 0 O O

S O00douooooon
def

A= X — X/~

gooo.
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O00000,A000000000000D00D0O0O0O0O0DOOO0OO0.
eVre X, dJae A:x ~a.

o Va,bc Ala#0b):a#b.

0000, X00000 AOOOUOOoOooUoooooOo,00,A0000000
gooad.

Remark . 0000, 00000000000000D000O0O00DOO.
exercise 23. 00000 X - X/~00000000000.

Example 1.6.9. 00 X O0OOODODODODODOD =0XxX0OOOOOOoOoOoOOo
0000 AxODOOODOOO0OO.2zeXO0OOO0OOO {«}000,000 X/=0000
X00O0o00OO0o. 0000000, X/=cC P(X) O singleton map s: X — P(X) O
0000,s0000 X —X/=0000.0

Example 1.6.10. 00 X 000000 ~0,000 2,y e X000 s~y 0000
0XxX0O0O0O0OOOOOO0 XxX00,000000000000,0000 XOO
0,00000000000000 X/~={X}000.

Example 1.6.11. nGNDDD.x,yGZDDD,xwycﬁnKﬁc—y)DDDDD,ND
(]
goooooo. oa,

lLz—2z=00nn00000000 z~ .

2. z~yU0O00O0OO0O0,z—y0nO00000000,y—2z=—(zx—y)000O0O
ub.ddd gy~ .

. x~yO0y~zO000OD0OD. 0000 z—y,y—2z0n000000. 000
r—z=(r—y)+(y—2)0n000000.00,x~ 2.

£2000000000D00DOO0
r=y (mod n)
r=y (n)

O0000,20 yOnO0OOOOOO (congruent modulon) 000000,
0000000000000 nO00000000 (congruence class) 0000000
(residue class) 00 0. z € 200000

x mod n T + nZ

goooooooo.
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ub,0d0bo0o0boobodobod
Z]n Z/nZ
gooao.

Example 1.6.12. 00 NU{0} 0 NOOO. 00000O000000000000.0
00 N2Q0O0000 ~0 (Lym)~ (pq)&l+q=m+p0000000000000
e

0.00,

Ll+m=m+1000 (I,m)~ (I,m).

2. (I,m)~(p,q) el+g=m+psSp+m=q+1l< (p,q) ~ (Il,m).

3. (I,m)~(p,q) 00 (p,q) ~ (s, ) D000, l+gq=m+p00 p+t=q+s00
O,l+t+p+qg=m+s+p+qO0l+t=m-+s000 (I,m) ~ (s,t).

Example 1.6.13. 00 ZxNOOOOOO ~0O (l,m)w(p,q)ﬁlq:mpDDDDD
€
goooooooo. og,

L.Im=mlO00O (I,m) ~ (I,m).

2. (I,m) ~ (p,q) & lg=mp < pm =gl < (p,q) ~ (I,m).

3. (I,m) ~ (p,q) 00 (p,q) ~(s,t) D000, lg=mp00 pt=qs000. p=0
0000,0¢£000000l=s=0000,0t=0=ms00 (I,m) ~ (s,1).
p#A00000,lpg=mspg 00 lt=msO 00 (I,m) ~ (s,t).

Example 1.6.14. ROOO0, 2 ~y&r—yeZ00000 ~00000,0000
e
000000.0000000000000 R/Z0O0OO.

oog . 33

ggoobobboooooobobobboooooobbbooooooobobobo. o
gogobobooooooo.

Proposition 1.6.15. X, Y OUOO, f: X =Y OOOOOO.

1. X000000 ~0z~y&f(r)=f(y) 0000000,00000000
0o,

2.7:X - X/~000000000000000000,0000zeX0,z0
00000 C,eX/~00000000000.0000,00 f:X/~—Y0O
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000d, f=forO000OO

f

X ——Y

l Ay

X/~

0000 fO fO000O0O0O0O00O0O (induced map) 00 0. OProp. 1.6.21
oo.o

00, fOoO0O0OOO

f: X/~ —1Imf

Doooo.
Proof. 1. (1) f(x)=f(zx)00 x ~ .
(i) f(z)=f(y) OO fly) = f(=).
(iii) f(z) = f(y) OO fly) = f(z) 00 f(z) = f(2).
2.00 f: X/~—YDO f(C,)=f(x)D0O0DO0O0. C,=C, 000 x~y00OO

f(z)=f(y)DDOODO, f(x)0 C, 000000000000, 0000000
OD00. 0000000000000 f0 well-defined 0000000, O
00000 f=forO00D0Ofon(x)=f(Cy) = f(x)O.
00 f(Cy) = f(C,)0000, f(x)=f(y) 000 2 ~y00 C, =C,. 000
O foOO.

O

exercise 24. 0100000000 z€ XO0ODDO fY(f(x)DODO.

Example 1.6.16. ne NOOO. 00 r:Z— [n]={0,1,...,n—1}0 2 €Z000
x0n0000000000000000DO. 0000, r(x) en]O

r=nqg+r(z), gqrx)eZ 0<r(x)<n

00000000000.00000000 (remainder) 000 .

00000 z=y (modn)<r(x)=r(y) 000,000 n00000O000O0OO
b0nbO000000000000O0DO0O0.

00000 r000 0] »Z 5 00000000 rO000000. 00O
7:Z/n — [n)000D00O0. 00 {0,...,n—1} CZOODO0OO00000000
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ogd.

-
=3
1

Z/n

Example 1.6.17. 00 d: N> - Z0 d(l,m) =1-m000000. 000 N = NU{0}
oogd.
d(l,m)=d(p,q) l-m=p—q&Il+q=m+p00000,Ex. 1.6.1200000
~0 (I,m) ~ (p,q) &d(l,m)=d(p,q) 0000,000,000000000000.
00000 d00000O0o0n,d:N2/~—-Z0000000. 000000000
0 (Nx{0}) U ({0} xN) =(Nx {0})u{(0,0)}u({0} xN)OoOOOd.

: _ 1
Example 1.6.18. 00 p: ZxN—QUO p(l,m)=-0000.
pl,m) = plp,q) & & =L & lg=mp 00000, Ex 161300000 ~0
(I,m) ~ (p,q) < p(l,m)=p(p,q) D000, 000,000000000000.
00000 p0OOD0ODOOOO,p: (ZxN)/~—-QOO0O00O0ODOO.

Example 1.6.19. p: R —» St ={2 € C||z|=1}0 p(d) =¥ 0000.

p(0) = p(1) & ™0 = 2™7 & 207 = 1 e -7 Z 00000 Ex. 1.6.14 0
0000 ~00~7<p)=p(r)0000. p00000D00, p: R/Z— SO0
goooo.

Example 1.6.20. X,Y 000, ~, ~00000 X,YOOOOOO, p: X — X/ ~,
¢:Y—-Y/~0000000000000.
00 XxYOOOOUOooO ~0O (a:,y)z(a:’,y’)((i:e}(xwx’)/\(y%y’)DDDDDD.
O0pxqg: XxY - X/~xY/~00000,

(px @)(z,y) = (pxq) (=", y)

00000 ~00000000000000000000000, (z,y)eXxYOOO
00 C,xC,000.pxq00000000,000

pXq: (X xXY)/~— (X/~)x(Y/=)



64

o110 00

000. 0000,0000000 pxq(Ce xC,) = (Cp,C,) ODODO, 0000
(Cp,C,)) — C, xC,000000.

gooobbobobbotbodooooooobobooboobb,bbbbbbbbooooon
godddddoooouooo. bobbobbobobobbbobbbobobooob. oo,bbobo
O Prop. 1.6.15.200000000.

Proposition 1.6.21. X 000, ~0 X00O000000,7: X — X/~00000
0000000000000,00002€eX0,2000000C,eX/~0000
ooooooo.

f:X—-YDOOOOO.O0OOOOOO.

1.z ~2a' = f(z) = f(2).
2. f=for0ODOODDDO f: X/~—YDODOOOO.

X f

l o aF

X/~

Y

000,0000000 fOOOOOOO. 0000 fO f0000000000
(induced map) OO0 .

0000000 f(C,) = f(x)DODO.

Proof. 1= 20000 Prop. 1.615000. 2= 10000. f=fox000000,
x~20000,7n(z)=n(z") 00000,

0000000000000 fOOOOODOO. O

Corollary 1.6.22. X, Y OOO,~, ~00000 X,Y0O0OOO0OO,p: X — X/~,
¢:Y-Y/~0000000000000.
f:X-YDOOODOOO.O0O0OO0OO0OO.

L.z ~2' = f(x) = f(a).
2. gof=foplOO0DOOO f: X/~—Y/~0O0000.
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x—1 oy
I
X/ Y.

3f
00 fO f(C,) =Cyy00000000.
Proof. qo f: X - Y/~0 Prop. 1.621000000. O

Example 1.6.23. 00000 4+: ZXZ —Z,(l,m)—1l4+m0O0000. [ =1 (mod n)
OO0m=m' (modn) 0000 l4+m=I'+m' (modn)00000,00000

Z/nxZL/n —— Z/n
w w
(Z,m) b———— [+ m

I I A O A I B
U

(I,m) ~ (l’,m')(<1:>fl =/ (modn)00 m=m' (modn)

0000000000, 000D00000000 Prop. 1.62000000000000,
OO00000O00oo Cor. 1.6220000000000000

Ix7—F o7

]

Zin x Zjn —> (L x L)] ~ —ZL/n.

0000000 +000000. 0000 1+m:=1+m.

gogoooodon ZxZ—>Z,(l,m)r—>lle-m: ImO0O0 Z/n0000000.
Z/n0000000D0O0,00000,000000000000,000,00000
0o00,00000Z/n0000000.

Example 1.6.24. c2014c00000000 [2] = {0,1}0 z/20000000000. D0ODOO [2]000, 000000, 0000000
000141 =00,000000000000-1=000000000000.

O
[=lf=]
[
O
© o|o
=

oooooood

P-qg=pAgq
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010 00
ooo. oo
p+a=-(p<q)
=-(p—9Aqg—Dp)
= (A =q)V(gA-p)
noo.

X Ooooooo. ooooo, o, 0000
(a-b)(z) = a(z) - b(=x)
(a+b)(z) = a(z) + b(x)
ooo 2X 000, 00000. X O0O0OO0OoO A,BO0OO
XAXB = XANB
XAt XB = X(ANBC)U(BNAC) = XA®B

oog. [2]0, 000 2XDD,DDDD,DDD,DDDDDDDDDDDDDDDDDDDDDDDDDDDDD noO00o0o @ o000, 000, 0000000000
0o.0z0ozZ/2000,00000,000,000000000000000000000000000000, N0 ¢ O000000000000000O0O0O0O0OOO
gddoooOdoOdoooOoOoOoooOoOoooo.d

Example 1.6.25. N20000 ©: N2 x N2 = N2, (I,m) © (p,q) = (I +¢q,m +p) O
Ex. 1.6.12000000000000000 N2/~ xN?/~—-N2/~0000.

exercise 25. 00000 o00000000. d0 Ex. 1617000000000,
d(dHz)od'(y)DOOO.
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1.y OOOoO

Definition 1.7.1. 00 X 0O0O0OOOO <O000000OD0OQ0O0OO0O,0000000
(order) 000 D00DO0O (partial order) 00 0.

1.0000), reflexive law 0 z < x
2.00000, antisymmetric law 0 x <y 00 y<zx000,z=y
3.0000, transitive law 0 z <y 00 y<z000O,x <z

00 XO0ODOOOO <00U0O0oo0oo0ooO0,00000o0uo (total order) OO
000000 (linear order) 0O O.

4. 000 z,ye XOOO,2<y0y<z0000000DO0O0O0O0OOOO.

Definition 1.7.2. 00 X 00O0OOOOO <00 (X,<)00000 (ordered set) O
00000000 (partially ordered set, poset) O OO .
000000000000 <000b0b0o0o0nob0 Xoooooooo.

Remark . 000000000 O00D0DOO <O00O0OO0OOOOODOO.
ggob <bogooob,bbbooobobobooooon.

e x<yO000y>2000.
e r <ylOO0Dx#4#yD00O0x<yDOODO.
e x<yO000y>2000.

exercise 26. r <y 00 y<z000O, z < z.
Definition 1.7.3. X, Y OOOOO, f: X —-Y OOOOOO.

1. 000 2,2/ € X000,2<2'000 f(z)< f(«)00000, f000000
0O (order preserving map) 000 .

2.0000000 fO,00000009:Y—=X0O,g0f=idx, fog=idy O
000000000000, 000000 (order isomorphism) 00000O.

3. XOoyYyQOoooooobooooooobo,Xo0oyooooooooooo.

Remark . 000000000 O0DODOO0ODOOODOOOO. Ex.1.7400.
exercise 27. X, Y OOOOO, f: X —-Y0OOOOOOO.00O0OOOODOO.

1. fO0000000000000000000O0,000 z,2’eX000zxz<2 &
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fl#) < f(z/)0DDODODOOOO.
2. X00OOOOOO, f0000000, 0000000000,

Example 1.7.4. X 000000.00 =0000000000000. X00000
00000,000000000000.
<0 X0000000.000000000i4d: (X,=)— (X,<)00000o0.

Example 1.7.5. (X,<)00000000. 00 <0z <y&e>y0000000,
<00000000.000 <000 (dual) 0000 opposited O 0.
000000000<000000>000.<00000000.
0000 X0O0OO0O0O0O000O00000 Xeoooooooo.

Example 1.7.6. (X, <)00000, AC XO0O0OODOOOO. AODOOO <O
a%b(ﬁangDDD a,bec AD XOOOOODODOOOODODDODDOOD,<000000
. dggoooobobo<bobboobo<Looo. oooooobooooo,bbbooboo
goboboooobobbooooboboooooboon.
XO000oooooooo,00oo0o0o0 Aooooooooo. Xo0oooooo
O000,0000000 ADODOODDDODOOOOOOO.

Example 1.7.7. NO Z000000000000OO0OO0OOOO0ODO.
Example 1.7.8. NOOOO mO 20000000000 mnOOOOOO.
exercise 28. ZO0UOODO0OO mpnOOO00OO

Example 1.7.9. X 0O0O0OOO. P(X)OOODODODOD ACBOOOOOO. 0000
000000 P(X)ODODDODODOODODODODODDOODOOOOO.
XOOooooooooo,P(X)ooooooooooooo.

Example 1.7.10. (P,<)00000, X000000. PX00 f,g000, f <
g(ﬁVmEX:f(m)§g(x)DDDDD,PXDDDDDDD.

exercise 29. DO 0O0OO.

Example 1.7.11. [2] ={0,1} 00 Z000000000000<10000.
2¥00a,b000,a<bsVreX a(z)<b(z) 1000000000,
€

Example 1.7.12. y: P(X) —»2¥ 000 Ex. 1.7.9,1.7.11 000000000000
oooo.
00,AcBcX0DO0DO0OO. € A0DO0O0,ACBOOOOO,zeBOO
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O xg(z) =100 xa(zr) < xplx). ¢ ADDDDO xya(lz) =0000,00000
Xa(z) < xp(x). 000000 2e€ XO0O0O xa(r) <xp(z), 0000 xa < xp OO
0. 00000 x(4) = x4 < x5 = X(B).

00000 ¢:2¥ - P(X)000. ¢a) =a¢*(1)000. a<be2X000.
a(z) =1000 b(z) >a(z) =1000 b(x)=1000. 000 ¢(a) =a (1) C
b1 (1) = @(b).

Example 1.7.13. P,QO00000000.

1. 00 PxQOO (p,q)§(p’,q’)(%pgp’/\ng’DDDDDDDDDDDD. 0
000000 (product order) 00 0.

2. 00 PxQ@QOO (p,q)§(p’,q’)(<i:e>fp<p’\/(p:p’/\q§q’)DDDDDDDDD
O00.00000000 (lexicographical order) 00 0.
gogob,ggdboboboboobbbotboboddooooooobbooboboboooog
goooog.

000 P=Q={abcl0a<b<cl0O0O0O0O0O0O0OO0O0O,{abc2000000
0000000000000000000000000000. 00000000000
000. Def. 1.7.16000.0000

(a,a) — (a,b) —— (a, c)

00o0.000000000 (a,b) 0 (bye) DODOODDOUOOOOD. OO,0000000
goooo

(c,a) (c,b) (c,c)

(b, a) (b, b) (b, c)

(a,a) — (a,b) — (a,c)

gono.
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gogoobboboooouoobboodoouobobbbooooobbooooobobooa
g.gd,ggobobooooboboogobbooooboobooog.

exercise 30. P,QO000000,PxQO0000000 <prg, 000000 <jep O
oo.

1. <proa 0 <1, 000000D0000OD0.
2. 0000

id: (P X Q, Sprod) — (P X Q; Slem)y
id: (P X Q, Slex) — (P X Q, Sprod)

goooooon
3. ,QUODODODDODOODODODODD, <, 000000000000.

Example 1.7.14. PO0DO00O0D0O0. 00 PP O Ex. 1.7.100000, P2PO00OO

goooboo. oo
e = (evg,evy): PP — - p?

w W
f——(f(0), f(1))
ogodooouooo.
Definition 1.7.15. X 0 OUO0OO,a,be X OODO.

1.
[a,b] ={r e X |a<x<b}

0 a,b000000000 (closed interval) 0 00O .

(a,b) :={r e X |a<z<b}

0a,b000000000 (open interval) 000 .
3.a<b00 (a,b) =0 00000,a0 b000 (predecessor) 00,00 a 000

(successor) 00O O 0O.

0000000 [e,b)0000000000. 000O0O0OO0ODOODOO.

Caution! . 000000 (a,b) 00000 X xXOO0ODOOODOOODOODOOOOOO
goood,dggbobooogooooooooog.
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000000 exercise00,z>b000000 xe XOOOOOOOODODOOOODO
gd.dggooboobo,bbdooooboboooooobooo.o

exercise 31. X 00OOOO,a,be X, a<b00, A=, a,z)000.

1. AD e, 0000000DO.
2. X000O0OOOO0OO0OO0O00 A=le,b)00000000.
3. A4e,b)0000000OO.

exercise 32. X 00000, a,b€ X,a<b00,A=(,.le,2]000. 00000
oooooo.

(i) A= [a,b].
(ii) Yy > b,z > b:z <.

l. XO0oooooooooo, ()0 ()oooooooooog.

2. X0O0O0OOOoOooooooo, ()=(i)b000000 ooooooooo, 0o
gooboooooood.

3*. XO00ooooooooooo, (i)=() 000000 Doooooooo, 0o
goobooooboood.

Definition 1.7.16 (000 O, Hasse diagram). 00 000000000000000O
000 (Hasse diagram) 00 000O00. 00000, 000000000000000
ggooooboboooboobooodododd, oo bbbbbbo00ooUoOog
ggoboobooooooobooooonb.o

(X, )UoUoUoU0ooO0O0O. X0O00oo0o0oo00,2000000y9000000 20
yODOODODODO. ODDOO, 000000000000 L0000 bObL. Dooooad
ggoboboo,ggobbbodoooobooooobbooooobooo.

oo, oo oooooooo,bogonooao
ggoboboooobbbooobobboooooo.

ggooooooon.

1. 0000obOo0obOobDboobooooDo.
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P([1]) {0} P([2]) {0,1}
/ \
0 {0} {1}
\@ s
P([3]) {0,1,2}
RN
{0,2} {0,1} {1,2}
Dy
{0}\{T}/{1}
0

2.12]={0,1}00<10000000000000000000OO0OODOAO.

2] 1

27 @y
O / \
(1,0) (0,1)
\(0 0) /

2]? (1,1,1)
N
(1,0,1) (1,1,0) (0,1,1)
<
(1,0,0) (0,0,1) (0,1,0)
Ny

. 0bob0oobooboboooboobobooobuoobon.
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N\
N\

({1,2}, 1) 2 ({1,2,3,6},])

({1,2,3,5,6,10,15,30}, ) ({2,3,4,5,6},|)

o
2 S

N X/

15

—_
o

/AN

ANVAN

w—

_—an

4. 0000000000000000000000000000.
P\ {0} {0}
P([2]) \ {0} {0} —{0,1} <— {1}
P([31) \ {0} {2}

/

{0,2} {1,2}
N Vs
{0,1,2}

{0} ——— {01} =<—— {1}
Definition 1.7.17. X 00000, AcX 00000000,

I.meX0O AOOO (upper bound) 00O C<1:)>fVa€A:a§777,.
2.1e X0 A000O (lower bound) 00O (<i:>f‘v’a€A:l§a.
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Caution! . O0,00000000000000000.

3. ADD0D0U0O0O0 ADDDOO (bounded from above) 000000 .
AD0O000O000 A0O0000 (bounded from below) DO0O0O0OO.
000000000000000 (bounded) 0O0OOODO.

O0000A000 JdlimeX,VacA:l<a<mOOOOO.

Remark . 1 € X0 ADDODDOODOOOOle X0 A0DODOOODOOOOOODOO
ggd. ddddd, o000 bobobobooboboobo
gogooooooooobooobbbbbboooo. bboooo,bbbbbobbobo
ao.
OO000ooO0obOO0bO0obOooooboobO,0Xep0oo0O0obOO0o0OODOoDODODnO
000000000.0000000000000 (duality principle) 0 00O .

exercise 33. X 0O OOO, A, BCcXOOO.

1. BOOOO,ACcBOOO,ADOO.
2. X00OO0OOOOOO. A, BOOOOOODOOOO, AuBOOO.
3. A,BO00000OOOOD,AUuBOOOOOODOODOOOOODOOOCOON.

Example 1.7.18. X #(000000000. 000z X00CcXOOO0O0O0OO0OOO
O0.00,Vecl:a<a,Vach:2<a0000000000000D0D0O0O00O00.
D00 X#£0000,pCcX000000.

Definition 1.7.19. X 00OOOO,ACXO00000000O.

1. Me X0 AOOOO (maximum element) 00O

o (i) MeA
def | (ii) MO AODDDOOD.000O0VaceA:a<M

D000 M=maxaea=maxea=maxAO0000O.
acA A

22meX O AODDDOO (minimum element) 000

e
def

{(1) meA

(i) mO0 ADODOODDD.0000VaeA:m<a

0000 m=mina=mina=minAO0O00O.
acA A

Remark . 000000000 OODODOODO.
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Proposition 1.7.20. AC X 00OUOO (D0O0)0000000oOoOooO.
Proof. 00O, M, M, 000D AODDDODOOODDOOOOOOOOOO.

(i1)

(iil) Yae A:a < M

(i2) Mp € A

(ii2) Va€ A:a < My

(i) 0 (ii2) 00 My < M,. 000 My < M;. 0000000000 M; = M,.
000D000O00o0O0bO00DO00oO0ooODO,000DbO00DOoO0oDO0. 000, me X

0A0000D00O00O00me X0 ADODDOOOOOOOOODODOOOOOOO
ggobobooogobbbooooobooooooo. U

Example 1.7.21. NO mn0000000. minN=1000. 00, min(N\ {1})
O00000.00,peNOOODOOD, mpOOO0 meND 1,pO0OOOD. OO
0,23eN\{1}000,m200 m3000 meN\{1}00ODODOO.

Example 1.7.22. maxP(X) = X, min P(X) = 0.
exercise 34. 00 0O0O0OO.

Example 1.7.23. 2|0 0 < 10000000000, min{p,q} = pAq = pgq.
max{p,q} =pVq.

exercise 35. JO0OQOQOOO.

exercise 36. X 00000, a,b€ X, a <bO0O0O. max[a,b] = b, minfa,b] = a O
oo.

Example 1.7.24. QUUD 000000000000, a,b€Q,a<b000. max(a,bd),
min(e,b) 00 000O00DO0.
00,000 z€(a,b) J000,20000000000000000OO0OOOO.
re€(a,b)00a<z<b c=%20000,
T+ a r—a r+a T—a

a2> xch 2>

O00a<c<z.z<b000c¢c<b O000ce(a,b)00 c<ez. OO0 20000
ggob.oooboooooo.

cC—a=

exercise 37. D0 QOQ0QQOUQOO.
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Definition 1.7.25. X 00O0O0OO,AcCc X O0O0O0O.

1. ADD0O0DO0O0UO0OO0O0D0O0000O0DO0D0O0DO0 ADOO (supremum) 000

supa OO0 sup A
acA

000.0000 A000000
Us:={zeX |20 ADDOO}

O000,supA=minUj.
2.A00000000000000000DO000O0 AOOUO (infimum) 00O

inf a 000 infA
a€A
OO00. 0000 A0DOOooog
Ly={zeX |20 ADDDO}
O000,inf A =maxLy.

Remark . 00, 000000D0000DO. OO0,00,000000D0000D00O000
ao.

Example 1.7.26. X 00OO0OOODOOO0. minX O0OOOOO supd =minX 000,
max X 000000 inf=maxX O0OO.

OO0, minX 0OmaxX 000000 X 40000000 cCcXOo0OO00OO, Uy =
Ly=X0O00O.

Proposition 1.7.27. max AOO0O0O0O0O sup A = max A.

Proof. M =max AODDOO. ADODDDDOODODODOO U000,
000000 )00 MD AODQODOOO,0000 M €Ug.
00000000 ()00 Me A 0O00,A000000melU, 000 M<m.
000 M=minU,, 0000 AODDODODDOO. O

Proposition 1.7.28. X O0OOOOO,ACcX0O0OO.

s — sup A < (i) Va€e A:a<s,
- (i) VeeX:(xr<s—Ja€A:x<a).

Caution! . 000000000000 DODOOCODOOOOOOOOOO.
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Proof. 00 ()0 s0 ADDOOOOOOOOOOOO.
00000000000 (i)00z0 ADODDOOOO,s<z00OO0OO.
0000 (1),(i)0s0 ADDDDDODODODODODOOOOOOOO. O

exercise 38. 1. 00000000 XO0UOoooooooooooooooag?
2.00000000 Prop. 1.7280 == 0000000007 000O0O0OOOOO
g, dobbbogobobboooon.
3. 00000000 Prop. 1.7280 <« 000000000 ? DOOOOOOOO
g, dobbbogooobooooon.

Example 1.7.29. Q000000000 OOOO0O. ab e Q a < bODO.
sup(a,b) = b, inf(a,b) =a000.

Proof. b=sup(a,b) 000000, Prop. 1.7280000000.

z € (a,b) 000 a<z<bO0O0D00ObLO (o,b) 000000, OODODO BO
Prop. 1.7.28 000 (i)0O00O0O.

00 () 00000. ¢c<b000. d = max{a,c} 0000,d < b 000
y=(b+d)/2€Q0000d<y<b000.a<d000000a<y<b 0000
y€(a,b)000. 00 ¢c<dUOD0OUO c<y. 00000 ())0D0O0O0OODOOO. OO
0 b = sup(a,b).

inf(a,b) =a000. O

exercise 39. JO0OOQOOO.

Example 1.7.30. ACP(X)000,supA = Jyeq A, inf A=y, A000. O
o0, A=00000 ﬂAeAA:XDDDDD. 061.50 Remark 00O .0

Proof 00000000. A400000000.

BcXO AODOO CﬁVAeA:BcA

«BcC ()4
AcA

D0000 Nye AD ADDDODOD,0000 infADDODO.
A=00000,maxP(X)=X00000 inf =maxP(X)=X00O0O0O. O

exercise 40. JO0OOOOO.

Definition 1.7.31. X 00O0O0ODO, ACcXO00O0O0OO0OO.
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1. Me X0 AO0OO0O (maximal element) 00O

o (i) MeA,

def | (ii) Vae€e A: M £ a.
OO0, MO0 ADOOOO,00 MODOODODO ADOODOODODOD MO A
gooogooo.
22.meX O AO0D0O0O (minimal element) 00O

(i) me A,
BATE
def | (ii) Va € A:a £ m.
O00,m0 ADODODO,00mO000OD0OO0 ADDODOOODOO mO A
goooooo.

Proposition 1.7.32. 0000000000, 0000000000.
Proof. a < M = M £ a. O

Proposition 1.7.33. 000000000 O0OODOOODODOOOO,000000D00O
go.

Proof. DOO0OOOO M £La= M > a. O

Example 1.7.34. 0000000, 0000000000. NOmnOOODOOOO.
neN\{l1} 000000000 nO00O0O0OO0ODO0ODOOOOO.

o .
Deﬁl’lltlon 1.7.35. 02014 000000000000000000000000000O000, 00, 000000000000, 000000000.
X 00000, «: N— X0O0OOOOO. 0000 X 000000.000000000, 00 a(n) € X0 ap 000,000 {an}neN, {an}OOooo.

1. 00 {an} 0 ap :=supfa;li > n} € X O0000. X 00000 {ap | n €N} 0OOOOOO {ap} 0000000, limsupay 00
00 limap 0O00. OO0OO
limsup an, = inf{apn} = inf {sup{a;|i > n} | n € N} .

2. 00 {an} 0 a, := inf{a;|¢ > n} 0000. X 00000 {a, | » €N} 000000 {ap} 0000000, liminfay, 0000
limayp OO00. 0000
liminf ap = sup{a,, } = sup {inf{a;|i > n} | n € N}.

Example 1.7.36. 02014 000000P(X) 000 {An},ey 000, 0000000000, 0000 Def. 1.5.900000000000
oo.

exercise 41. X, Y O0OOOO, f: X -YOOOODOODOO,ACcX0O0D0O.

l.meXO0 AODDDOOOO f(m)O f(A)DOODOO.

2. m=maxAO000O f(m)=max f(A).

3. 0000000000000 00DO0 XY, fO0000D00O00O0OO0OODOO0O
aoo

4. mO ADODDODOOOO, fm)O f(A)DDODDODDODODOODDOODOODOOOOD.
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exercise 42. X 000, POOOOD, PXO000O0OO0Ex. 1.7.1000000.
FcPXOooOno.

l.maxFOOODDODODOO. 0000000 2 € X000, (maxF)(z) =
max {f(z) | fe F}OOO.

2.0002€eX000,max{f(z)| feF}0D0000000. 0000 maxF O
000000

3.supF 00000000, OODODO0OO0O0O0DO 2z € X000, (supF)(z) =
sup{f(x) | fe F}OoOO.

4. 000 z2€ X000,sup{f(x)| feF}0000000, fs € PXO fi(z) =
sup{f(z) | f€e F}000D000. 0000 fy,=supFO00O.
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1.8 OO

goobobobooogoobobb. bbb boooooobbbbboooOoa
gooboog. bogooboboogooob,bboooboboooon.

00000000000 Nu{0}O NOOD.ODOODODOO0O0O0O0O0,0000000
goobooono.d

OO0 XODOYDOUOOODOOoOoOODOOoOoDO XO0YOOoDooobD X=Y0ODOhOoo
ODef. 1.4.150. 0O0D0O0O0O0OD”00700000000O.

Theorem 1.8.1. XY, Z000000O.

1. X =2 X.
2. X=2Y=Y=X.
3. XE2EYANY=EZ=X=2.

Proof. 1. 00ooobooo.
2.00000000D00O0.
. 0boooobooo.

181 0OO0OOODODOOOOO

oo, o000 Uo. ooooooo
gooboooobbooooobobo, bbb bobboooobbobg,
goboboooobobbooooooboooooon.

Ooobo0obOoooobo0oooQobooob. oobo,0b0b0ob0oobobobobooo
g, 0do0bbooobo,0bbbooobobogoa.

Axiom 1.8.2 (Peano). 00 NODODOOODDOO.

1. 0eN.
2. 0000000000 suc: N—=NOOOOO.
(i) 0 ¢ Imsuc.
(ii) suc 0O O.
(iii) NcNOOeNODOsue(N)c NOODDOO, N=N.

Remark . n e NOOO,suc(n) 0 n+1000.
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go,0boogoobobooooboobooo, bbb ooobboooboboon
0000,00000000000000000,00000000NOOO. 0000
0000000000000000000. 2ii)000000000000O0.

Theorem 1.8.3 (000000). P(n) 0 NODOOOOOOOOD,DOO0OO0OO
oo.

1. P(0)0D.
2. P(n)00000 P(n+1)00.

0000,0007eNOOD,P(n)OOOOO0.
Proof. P(n)0000DDODODOneNDODODO NOOO.
N={neN|Pn)}

001000eNOOD.O0OO0OOO020,neNOOD suc(n)e N,000 suc(N)C N
00000000.00000000000000 N=N. U

02014000000 0DDODOOO0ODOOOOOOOOOO. OOO,

=0
“0 (1.1)
An41 =n+14+an
0O00ooo0. ooooOooooooooon
n(n + 1)
an = (1.2)
2

0ooo0oooodo. 000, 00 000000000000000000000000, 0d

a: N — R

ooooooo. O (1.2) 0000000000000000, 0 (1.1) 000000000000000000000. 0000000000000000. 00000

0o00o00o00000000000. 000000000 [1], [4) 00OD0OOO0O0.O

Theorem 1.8.4 (|:| googogogg ). 02014000000X 000, zg € X 00, g: Nx X — X 000000, 000

0,0000000 f: N— X 00OOODODODOOOO.

£(0) = =g
f(n+1) = g(n, f(n))

02014 000000000000000000, g(n,2) =n+1+2 000000 g: NXxR—-ROOOOODODOOOOO, (1.1) 00000 a: N —R

gooooooooo.

Lemma 1.8.5. AC[n]000,00 meN,m<n0000,A0 [m000000
00: A~[m]. 000, [m],[n)] 00000000000000,AD00 [p]000000
gooo.
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Proof. n0000000.n=00000[0=0000 A=0=[0]0 O.K.
n00000000,ACn+1={0,...,n}=RnuU{n}0000000.n¢gA
D000 AC [n]0000D00D000O0O0 OK.ne ADODOO A\{n} C [n]O
00,00000000,00meN m<n000000000 f:A\{n} —
m] = {0,1,...,m -1} 00000. m<nO000m+1<n+4+1000. OO
f:A—>[m—|—1]:[m]U{m}D

=4 2

0000000000 fO0O0OOOOOO. O
Corollary 1.8.6. ne NOOO. O0OO(0#£AC[n)]000, minA00000.

Proof. 0 #AC [n)000. 00 m<nO0000 g:[m] — ADDOODO0. A#00
Om>00 0=min[m|. 00000 ¢g(0) = min A. O

Definition 1.8.7. 0000 (X,)00000000O0O0O0O0O0OOOOOOOO,O
000 <00000 (well-order) 000, (X,<)00000O (well-ordered set) 00 0.

O000000,000neNOOO, [n0000O00OOD. 0D0O0O0O000OO.
Theorem 1.8.8. NOOOOOOOODOOODDOOOOOOOODOOOO.

Proof. ACN,A#(0000.n€ADD0D0O000O. A, :={a€A|a<n}=AN[n+1]
0000 A, C[n+1]000,n€ A, 000 A, #0. 000 Cor. 1.8.600 A, 00
O0000000. m:=mind, 0000 m=minAODODO. OO, me A, C AOO
meA ac AUDO. a<nUO000,a€A,000 a>mind, =m. a>n000
O,neA,000000,a>n>minA,=m00 a>m. O

Proposition 1.8.9. 000 0O0O0O0OO0OO0O.

Proof. (X, )0D0000O000. 2,y e XOOUOO min{z,y} 00000, min{z,y} =
x0000 z <y, min{z,y}=y0000 y<zOOO. O

Proposition 1.8.10. 00000000000 0OODOO. 0000, X00000O,
f+X—-YOOOOoOoOOoO,0d00s:Y—-X0O fos=idy 0O0O0O0O0O0ODOOO.
goo,0on TLENDDD,[H]DDDDDDDDDDD.

Proof. Y # 0 0000000000. 00 s:Y — X 0O s(y) =minfl(y) 000
O. 0f00000000D0yeYDOD fYy)£0000,X00000000
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min f~1(y) 00000. Os(y) € fH(y) D00 fos=idy. O

182 OOOO

ggooooobooobobobodooooooooooobobooo,bbbobdooooaan
gooooooad.

Definition 1.8.11. 00O X 00000 (finite set) 00O
< 000000 neNOODOD,X0O pJODOODOO.
000 [n)j={meN|m<n}={0,1,...,n—1}000,[0]=0000.

Remark . 000000000 OO0OOOOOOOOOOOO. OOOOOOOOODOOO
yodddo. oo bbb bbL, 00000 Oog
gogooooaag.

Lem. 1.850000000.
Corollary 1.8.12. JO0O00000O0O0OODOOODOOO.

Proof. X0OOOO,ACX000. 000000 neNOOOO f:X —[n000
00. f0 ADDDDOOO A f(A)C[p)000.00meNDOOOO f(A) X [m]
00000 A2 |m). O

Corollary 1.8.13. X 00000,YO000O000. 00 X -YOOOOOO,YO
ooooooo.

Proof Y #000000. [P 2 X00,00 X -YOOOO f:n] X Y
00000 f000000. OO0 Prop. 1.81000 fO000 s:Y — [oJO0DO.
s(Y)C[n]ODOO s(Y)OODODDO. fos=idy 00 s000. 000 Y sY)000
oo. O

Lem. 1.85000000000000,00 Lemma OO00O000ODOOOOODOODOO
ogd.

Lemma 1.8.14. mn e NOOD. DOOOOOOOOO.

1. 00 f:m]—[n]00000 & m<n.
2. 00000000 f:|m] —[p]00000 < m<n.

PTOOf. 02014 0000001,200 < 00000000000000.
= 0oo.

1. n00000000000. n=00000 [0]=000000 f: [m] — [0]0000000 [m] =0,0000 m =000000. 00000.



84

o110 00

n 0000000000. f:[m] — [n+ 1] = [rl]Uu{n} 000000. n ¢ f([m])0O00. f(m]) C [n] 000 FfO

im] 45 [n] & [n+1]00000. 00000000 M < OO0 M <n+10O0.K. ne f([m])000. 1€ [m], f(I) = n00
O0.0:[m]—[m]0l0m—1000,0000

m—-1, k=1
o(k) =<1, k=m —1
k, k#l,m—1

00000000000, 00 f/: [m — 1] < [m] < [m] L[n+l] 0ooo. £/ 00000000000000, n & f/([m —1]) 00
0.0000000000m —1<n000,m<mn+1000.
2. 00 f: [m] — [»]0000000000. 1€ [n]\ f(m])000000. 00 f: (m+4+1]={0,..., m} — [n] O

’ _Jf(k), kE<m

kE=m

0000000000 fO00. O0D 100 m4+1<n0d0m<mn.

Corollary 1.8.15. m,n e NOOO. OOOO

1. 00 f:m]—[n]0000O0 & m>n.
2. 00000000 f:[m]— [ 00000 < m>n.

PrOOf.D2014DDDDDD<=DDDDDA Om >n000000 [m] — [»]00000000000.0
= 000. f: [m] — [n] 000000, Prop. 1.8.1000, f000 g: [n] — [m]O0OO0. fog:id[n] 00000 goOo0. 000 n < m.
000 f0O0DO0O0O00O0 gOOODOOO0. ODODDOOO n<m. 0gOO00O0DDOD fOODODOO0OOOO, ODOOO gOOODOOO.O O

Remark . =0 m=0000nn=00000000.
exercise 43. m,n e N, m>n000. 00 [m|—[n]00O0.
Corollary 1.8.16. X =2Y U0 X =[n|00 Y =[m|000 m =n.

Proof. 00000 [m|=[n000. 00000 [m]—n],[n]—-[m 0000000
m<nO0On<m0O0O0 m=n. O

Definition 1.8.17. X 00000000. X~ [p]00000,neNO XOODOOO
000000 (cardinality) 000, X, |[X|0000. Cor. 1.8160 X =Y 00000
00,000 XO0O0OOOOOOO.

Corollary 1.8.18. X, Y OOOODOOODOO. 0000 XY < |X|=]Y|.
exercise 44. 00 0O0O0O.

Corollary 1.8.19. X,Y O |X|=|Y|000000000, f: X -YOOOOOO.
oooo.

1. fO00OO.
2. fOO00O.
3. foooO.



1.8 00 85

000 XO0Ooooooooo,oo f: X—-X00ooooooao.
exercise 45. JO00O0O0O.

Corollary 1.8.20. X 0OOOO,ACX0O00.0000,A~X < A=X.
000,0000000000000000000.

Proof. <=00000.
= 000. A¥X000.0000 |4 =|X|000.i:A—X00000000
O,:00000000,Coro. 1.8.1900:000. 0000000000 A=X. O

Corollary 1.8.21. X O00OD0O,YOOOOOODODO.

1. 0000,
(i) Xoooooo |X| <|Y).
(i) XOO YOoOoooooooo.
2.0000.
() X0Oooooo |X| =Y.
(i) XO00O YOoOOoooooooo.
(iii) X000 YOOOOO YOO XO0OOOOO0O0O0O.
3.0000.
(i) Xoooooo |X|<|Y].
(i) X0OO YOOOOOOOOOO,X00YOOoooooooooo.
(iii) X000 YOOOOOOOOOD,Y DO X0000000000.

Proof. 00 Cor. 1.8.12, Lem. 1.8.14 0000 OO.
0000 Cor. 1.8.18000000.30 1,2000000. Il

Corollary 1.8.22. X A0000,Y00000000. 0000000OO.

1. XO0O0YOooooooooo.
2.YODO XOOOOoooooo.

Proof. Cor. 1.8.12, 1.8.13, Lem. 1.8.14 Cor. 1.8.15 0 00000. |

gododooooooooboooouoooooon.
Theorem 1.8.23. X, Y OOOOOOOO. ODO0O0O,

1. XI1YOoOooooo [ XITY|=|X|+]|Y]
2. X xYDOODOOOO |X xY|=|X]|]Y].
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3. yXoooooo |vy¥X| =|y|XlL

00000000000000000.0,0000000000000,00000,
0,0000000000000000000000000. 000, [m]x[p0000
000000000000000000 men=|m]x[p]0000000000000
O,mn0,mO0n00000000000000000000, [m]x[n]0 [me]000
000000000000000000000.000000000000000000.

Corollary 1.8.24. X 000000000, P(X)000000 |[P(X)| = 2%
Proof. P(X) = 2%, O

Corollary 1.8.25. A/ BOOODOD0OODOO. 0000 |AuB|=|A|+|B|—|ANnB|.

Proof.

AUB = (A\B)II(ANB)II(B\ A)
A= (A\B)II (AN B)
B=(B\A)I(ANB).

exercise 46. 1. AB,COO000O0O00OO.0O0OO
JAUBUC|=|A|+|B|+|C|—|ANB|—|BNC|—-|CNAl+|AnBnNC|.

2. Ay, A4,...,A,.,00000000.0000,

(4

iel

U4l= ¥ |naj- ¥

i€n IC[n] lierl 0#IC[n]
|I]| is odd |I] is even

Remark . (V;ep Ai = U,y 400000008150 Remark 0000000

N

iel

> N4= X

IC[n] liel I1C[n]
|I| is even |I]| is odd

good.
exercise 47. X A0 00000, ACX000000000O.

1. ADDOO00ODDOO0DOO0O0OOOOoOoO.
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2. XO00O0OOOOOOOOO0,440000, maxA, mnAODOOOOOO0O, AQ
0000000000O0ooooon.

3. X000O0000O0000,A0000000000000,A0000000C0
ooQ.

183 OOOO

Definition 1.8.26. 00 X 00000 (infinite set) 00O

< XOO0ooooooao.
def

Example 1.8.27. NOOOOOOOO. 00, f/: N—NO f(n)=n+100000,
fO000D0DO0DoDooOoOooO0. 000 Cor. 1.8.1900 NOODOOOOOOoO.

Definition 1.8.28. U0 X 0 Y OUOOOUO (cardinality) 00O

§:>fXD YOooooxXEyoooo.
e

0ooooo0 |X|=|vjooo.

Remark . 0000 |X|=|Y|000000 XY OOOOOOOOOOO. 0000
000,00 X000,00000000000000000000|X|0000000
0000,00000000,X0Y0000000000X~2YOO0O000o0oo0o
0000000000000000.

000 [5)000000,00000000000000 X0000000 |X|000
000000000000000000,0000,00 X000000000O0O0O0O
oooo.

0000000, |X|=n00000000000 [)0000.0000000,00
000000,0000000000000000000000000,0000000
00000000000000000000,0000000000000000000
000.0,0000000000000000000000.

Example 1.8.29. [N|=|N|. 00, N—-N,n+—n+100000000.

Example 1.8.30. 00O 0 (O,I)CRDDDDD (0,1]CRDDDDDDD. oo, oo
f:(0,1] —(0,1) O
EInGN:x:%

z, 0oo

) = {T

Oo0ooooOo fooooooOoO.
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Example 1.8.31. 000 (0,1) CRORso={z€eR|2>0}0000000. 00,
00 f:(0,1) > ReoD f(z)=2/(1—-2)0000000 fO0000.

exercise 48. 0 ROODOOOOODO,000000000D00D00DOODODODOO
ao.

1. 000 (0,1)0000 [0,1].
2. 000 (0,1) 0 R.

Definition 1.8.32. X, Y 00OO0O0. X0O0O YOOOOOOOOOOO, |X|<|Y]|
000. |X|<|Y|DD |X|#|Y|0000000000,X00Y0OOOOOOOOO
0000000000000, |X|<|Y|000,X0000YO00000000000.

Remark . Cor. 1.82100,0000000,0000000000000000000.

dodoooooo,bdddddggooooooboooong.
Theorem 1.8.33 (Cantor). 00000 X OO0, |X| < |P(X)|.

Proof. X =00000 P(X)={0}000000O.

X #0000. singleton map s: X — P(X),s(z) ={z} 00000000 |X| <
P(X). 000, X000 P(X)000000000000000000. f: X — P(X)
goooog.

A={reX |z ¢ f(r)} e PX)

0000 A¢ImfO000.00,000yeX000,y€ fly)0000ygADD
fly) # A,y fly) DDOD ye ADD f(y) # A O

000000000o0o0oooouooooooooogll, Cor.7.13]0.
00 X000 X000000 f: X—-X0,0002xe X000 f(z)#20000
000000000 (fixed point free) 00 0.

Theorem 1.8.34. Y OOOOODO. YOOOOOOOOOOOODO,0O0O0OOO0OOO
yeYOOO 7(y)2y000000007:Y Y OOOOO0O. 000000000
X000,Xx00yX¥Xoooooooooo.

Proof. X #00000000000.%: X —YX000000. p=9®): X xX —
YOOO. 0000 o(x,2)=¢(z)(2'). 00 a: X - Y O

a=r10poA: X B XxX LY Ly
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000000.000,A: X >XxX0OO0OO0OO0OOOO0.0000 a¢lmy 000,
00,000eeX000,

000,700000000000 afa) #(a)(a). 000 a#y(a). O

00000000000 0000000000 (diagonal argument) O O O.
Thm. 1.8.3300000000000 Thm. 1834 0000 Y =[2], 7 = —: [2] — [2]
gooooooo.

exercise 49. X 40, f/: X - P(X)0D0O0O00,A={zeX |z f(x)}0D0DO.
00,1.8340000000 xf: X - P(X) =2X0 -:[2] > [2]00000000
X
agoooo

a=-0W(xf)oA: X 2 x x x X0 19 = 9]

ggoo.
ool xya=ab0000O0O0O0ODO.

Remark . Y #(000000,Y 0000000000000 O0OOOOO,YOOOO
OO000O0oO00oO0o0obOo0oobDoOooood, Thm. 1.8.340 Thm. 1.8.3300000
goooo.

exercise 50. Y A#()000. YOOOODOODODOODOOOOODOOOOO,YOoOoOO
gooooooooboooo

gogobobooooboooooa.

Lemma 1.8.35. X,YOOO,f: X —>Y,¢:Y > X0O0OOOOO.000O0,000
0OACX,BcYO, f(A)=B,¢g(B°)=A°0000000000.

Proof. SC X OOO F(S)c X O F(S)=g¢(f(S)°)*cXDO00000. F(A)=A
00000 ACXO0O0000 B=f(A)DO0OO0OO.
F:P(X)—P(X)0D0O0O00,0000,58,7TcX000,

ScT=F(S)cFTT)
gbooogo. bd

ScT= f(S) c f(T)
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Xoooooo
A={SCc X |SCF(S)}

oooag.

D000000000oDooo0o0DoD00CcFOMOO0eA DD A#£0000.
A=gesS000. F(A)=ADO0ODO.

000 SeA0000O0D0DOODOOOOOOO.

1. SCA.
2. F(S) € A.
3. SC F(A).

Proof. 1. A0000000000.
2. Se ADDD0 SCF(S)000,FO00000000 F(S)cC F(F(S)).
3. A0DO0 SCF(S). 00100 ScAD,FOO0O00D0OOO F(S)C
F(A). 000 S C F(A).
O

Aec A 0000 ACFA)DOO. 00,8 €A003008cC FA)ODOO
Ac A0DD 200 F(A)e A. 000 100 F(A) C A
00000 F(A) = A, O

exercise 51 (Tarski’s fixed point theorem). POOOO0O, f: P—-PO0OOO0OOO
oooo.
A={aeP|as fla)}

00000000, a=supA000. a=maxAO0D0O00O000O, fla) =000
dooooooon.

 fla)0 ADDOODD,0000VacA:a< f(a)
,acA 0000 a< f(o). 00 a=max A.

. Yae A: f(a) € A.

fl@) <a.

fla) = a.
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exercise 52. X, Y OOO, f: X —-Y,¢g: Y -X0OOOOODO.
A={SC X |SDF(5)}
ogoo.ooon.

1. AA000D.
2. A=NgensSOD0ODOO F(A)=AD00D0O.

000000000000 Lem. 1.835000000000000000 AODOOO
0o000o0oooo00oooooOo. fO0O0g0OO00O0ODO,00000D0O0000DO
ooDoooo. 00,0X =Y, f,g0OODODOOOODOOOODOOOODOODOO
0A0D0000D0DDOOO0ODODO. Lem. 1.8350000000,0000000000
bbb, 00 exe. 000000 OO0oOooooOOOg.

exercise 53. X, Y OOO, f[: X —-Y,¢:Y - X0O0O0OOOO. 00O F:PX) —
P(X)O F(S) =g(f(S))c00000,ieNODD F(S)ooooo, FO(S) =S,
FHYS) = F(Fi(S)D00000. {Sa}hhea 0 XOODODODOOOO. OOO
AA0ODOD.

1.¢g0000D00000.00000000.
(i) F(U,\SA):U,\F(SA)
(i) A=UZ, Fi(0)ooDoo F(A4) = A.
2. f000000000O.00000000.
(D) F(MySx) = N F(Sy)-
(i) A=N2, F(X)DO0DO F(A) = A

Caution! . 0000000000,000. U2, F(0)00000 U,xFi(0)OODDO
O0. F()000000000000000.

Corollary 1.8.36 (00000000, Bernstein). X, Y OO0O0O0O0O0. 000000
ogd.

1. X2Y.
2. X00Y0000D0,YDOO XOOOOOooDooo.

Proof. 2=1000000. f: X —-Y,¢9:Y - X0OO0OOOO. Lem. 1.83500,
ACX,BCYD f(A)=B, ¢g(B9)=A°00000000. f,¢00000000

fla: AS B, g|lge: BS = A°
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o110 00

Ooo00. h: X —-YDO

(glpe) (@), z¢A

ODoO00oooOo AROODDO. U

h(x):{f(x), zeA

Corollary 1.8.37. 000000000 0DODOO. X,Y,Z000000.

1. 1X] < |X].
2. |1X|<|Y|OO Y| <|X|0DO |X| =Y.
3. |X|<|y|oo |Y|<|z|oDOo |X| <2

Proof. 100000. 00 Bernstein0O0O. 0000000000000 0O0ODODOO
ao. U

Corollary 1.8.38. X, Y OOOGOOO. OoooOO

L |X| <|Y]
2. X00YyDOOoOoooooooo,Xooyooooooooooo.
. XOooYoooooooooo,yYyoo Xoooooooooo.

Corollary 1.8.39. X, Y, Z000000O.
I X|<|Y|OD |Y|<|Z|D0OO0 | X|<|Z].
00 | X|<|Y|ODOYcZzOO0O |X|<|Z].

exercise 54. DO 0O0OO.

Corollary 1.8.40. X, Y, Z000000O.
I X|<|Y|OD |Y|<|Z|00 | X|=|Z|000 | X|=Y]=|Z] O

Corollary 1.841. XO00OO,ACcXOD0O,A2X000000.0000,ACBC
X0O00Oo B X.

Proof. 0OODOOODO. O

Example 1.8.42. exe. 48000000 (0,1)=ROO0O. (0,1) C (0,1] C [0,1] CR
dooooooooooobooo.

00000,00 a,beR,a<b00000 (a,b) CACROODD AXRODO.
O0,0000000.000,AZRO0ODDODOO0O ACRO,ADO0O0OO0ODOOCOOO
0odoodooo. bbb oobobuoboooooboobooooao
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(Cantor set) 0 0 0.0
exe. 530000000 (0,1) — (0,1]0000000. f:(0,1) — (0,1]00000
00, g:(0,1]—(0,1)0 g(x)=2/200000,000000.

F@0)° = (0,1]
g(f(0)°) = (0,1/2] FO) = (1/2,1)
FFE®) = (0,1/2]u{1}
g(f(F(©))) = (0,1/4] U{1/2} F2(0) = (1/4,1/2)U (1/2,1)
FF2(0))° = (0,1/4] U {1/2} U {1}
)9) = (0,1/8]u{1/4} U {1/2} F3(0) = (1/8,1/4) U (1/4,1/2) U (1/2,1)

g(f(Fe(0))%) =

gooooooo

[e.¢]

(0,1) > A= U (1/27H1/2%) =5 | J(1/2"",1/2") = B C (0, 1]

1=0 =0

—4d

g_1:2x

(0,1)>A°={1/2"[i=1} =—— {1/2' [ i 20} = B° C (0,1]

000. h: (0,1) — (0,1] O

h(z) = xr, wT€EA
2¢, x¢ A

00000 ARODDOO.
9: (0,1 = (0,1)000 g(z) =z/(z+1)000000000000 Ex. 1.83000
0000000000000,

184 OO0OD0O,000000

Definition 1.8.43. NOOJOOOODOOODOOOOOO (countable set) 000. X 00
DDDDDDDD,XDDDDDDDDDDDDDDDD,‘X‘:NODDDDDDDD
gono.

NN NN




94

o110 00

XOOOoooooooOo,0b0o0ob0o0o Xooooo,booboobooobooo
1,2,3,... 00000000000X0O0NOOOOOODODOO,O0000 XOODOO
0000000000 (NODOD XO0oOoOooooo)oooooooo.

Definition 1.8.44. 00 X O0UOOOODOOOD0OOOO0OOOO0OOO0O,0000 (at most
countable) 000000 .

Remark . OODOO0OOOOOOODOOOOOOOOOO. DODOOODODODODOO
00000000000 (countably infinite set) 000 .

Example 1.8.45. 000000 Neyep = {n €N |n 000}, 000000 Nygg =
{neN|nO000}000000000000. 00, Newen = {2,4,6,...}, Nogg =
{1,3,5,...} 0000000. D0O00O0D0O000 f: N — Neyen, f(n) =2n, g: N —
Nodq, f(n)=2n—100000000.

Example 1.8.46. 0000 Z00000000.00,%={0,1,—-1,2,—-2,3,-3,...}
0000,0000 000

Oo0000oo0oOooo. ogooogoooo, f:N—ZO

2

n. n000

)
f@)Z{ nO00,

Ooo0000 fo0O0oOoOdOd,g:Z—NO

oo [2n <o
T =N, >0

00000 g0 fOO00O.

Example 1.8.47. NxNOOOOOOOO. 0000 [NxN|=|N=X,. 00,NxN
00000000000000000.
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exercise 55. Ex. 1.846 00000000000 NxN—-NODOOOO.

exercise 56. f: Nx N —=NO f(Il,m)=2"'2m-1)00000 f0000000
goooo.

Example 1.8.48. 00000 QUOOOOOODOO.

00,f:Q—2ZxNOreQUDOUOOOOO p/q,qeNODODDODOODO f(r) = (p,q)
00000000 f(0) = (0,1) 00000 f000000. Op:ZxN — QO
p(l,m) =1/mO00D00 pof =ide.0000 |Q| < |ZxN|. Z=NOOD ZxN = NxN
00D,0000000NxN2NOOO |[ZxN=8. 0000 |Q] < .

D0NCQOOO R <|Q. 000 |Q| = N.

0000000000000 00,000r € QUOUOOO p/gUOOOOO
p|+|¢/000000000D, |p|+|¢ 00000000000 O0DO00D0000
U, dogbooouoood. oo ooouoooooogad

1 1

12
~—~ N—_——
p+q=2 p+q=3 p+q=4  p+q=5

gogoooo.

ggodooobooboobobotbodooooooobo,ooobobobobbbbo0ooooaan
ggo.goobobooooboobboooobbboooobooobuooo.a

Theorem 1.8.49. 00000000 ODO0OODOOOODOO.
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Proof NOOODOOO ACNOOOOOOODODODOODODOOOOO,000 ADDDOOO
gooboogoooooon.

00000000,0000000000.0£A#ACNOOO.aec ADO0DO A,CA
0A,={l€A|l<a}00000,a€A4,Cla+1]000 A, 0000000000
O00.c:A—NOc¢la)=|A,] 0000

abe A, a<b0O0 A, CA,U{b} C A, 000 cla)<ce(h) 00000 c0O0D0
ao.

00000 a€A0O0D0 {1,...,c(a)} Ce(A) D00, OO, |4y =cla) 0000
00 f:{l,...,c(a)} 2 4, 000. f00000000000. 1<1<ca)00
0,b=f() e A, 00000, f000000000000 {1,...,]} 2 4,000
e(b) = | Ab] = 1.

cO00D0O0O0OD ADDDDO.

c000000000. mée(A)0DD0D0D000. 0000 ¢(A)C[m]000,ADO
O000.0(Fa€ A:cla) >m)=m e c(A).O O

Theorem 1.8.50. X OOOODO,YOOOOODOOOOOO. oOOO

1. Xuyooooo.
2.Y 40000 X xYDOOOOO.

Proof. L. XUY =XU(Y'\X),XnY\X)=000O0O, Cor. 1.8.12, Thm. 1.8.49
00 Y\X0OO0OOD.000,XNnY=0000ODO0OODO0OOO0OO0O.YOoOOoOooo
00000000. YOOOOOOOOOO. :NS X, ¢:NSyooooo
O0.hA:N—=XUYDDO

Oo0O0oo aAQOODO.
2.YOOOOOOOOOOOOO0.YUODOOOOOO XxY=NxN=N.

exercise 57. X 00O 0OOO,YODOOOOOOO.

. XNY=000O0O. XuYOoOoooooooooooao.
22 Y#4000O0D XxYOOOODODODOODOoooO.

Theorem 1.8.51 (Cantor). D000 ROODODOOOODODO.

Proof. 10000000000, 000000000000D010000000D0ODOO0O
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o0 BOOO.

B={zeR|z=0ayaz... (000 VneN:a, € {0,1})}

:{xeR

Ny < |B|ODOOOOO.
00i:N—BOi(n)=10"0000000000:00000 XN < |B.

NOO BOOOODODOOOODOOODOOOOOO. f:N - BOOOODO,
f(1),f(2),...000000.

n=1

:L':Zanlo_" (0DoDO ‘v’nGN:anG{O,l})}.

f(l) = O.Clllalgalg ce
f(2) = O.aglaggagg e

f(3) = 0.az1a32a33 . ..

neNDOOO b, €{0,1} O

ooooo,
b:om@mn-:§:mﬂr"63
n=1

0000.000nreNOOD apn #b, 000 f(n)#b. 000 f0000000. O

Remark . j:2Y - BC RO j(a) =", a(n)10" 0000000000 ;00000
oooo
2%] = |B| < IR

000,0000000 |Nj<|2¥000000000000,00000000000,
0000000 Thm. 18340 X =N, Y =[2],7=-:[2] - [2] 000000000
oo.

Definition 1.8.52. 00 X OOOODO ROODOOOOOOO, XOOOODOOOoOOO
0 (cardinality of continuum) 000000, |[X|=800O0O.

goobooboood |2N\§NDDDD,DDDDDDDDD.

Theorem 1.8.53. R = |2V|.
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o110 00

Proof. X< 2N|0D0OO0O0OD0D. 00 f:R—-PQ)0 fx)={reQ|r<2}0000.
reR z<y00002x<r<yO000reQOUOODOOTref(y\flz)O
00 f(z) # f(y). 000 f000. 00000 QO RODOODOOOOOO. RO
Dedekind 000 OD0O0OO0DOOO0OO0OODOOODOOO fO0D0O00OODOOODO.0OQ=EN
000000 P(Q) =220 2N O

Corollary 1.8.54. |R?| = |RN| = X.

Proof OO0 R—R?, R?2 -RNOOOOOOOOOOO.
R =|RY|DO0O00D0O00,Thm. 1.853000000 R~22Y000,00 NxNN
000 Thm. 1.4.4900,

RN ~ (2N)N o~ 2N><N o~ 2N ~R.

exercise 58. 00 R —R?, RZ—-RNOOOO.

Example 1.8.55. p: (0,1] = S1={2€C||z|=1}0 p(f) =™ 00000 pO
0oO00o0o. (0,1]=1=[0,1]=RO000D0

ST T2RERXxREIxI=25 xT=8 x5!

gobbooooobobooon.
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19 O0O0OO

Cor. 1822000000, X, YOUOOOOOODOOOOOOO,XO00YOooooo
o0oo0o0o0o0 YOO XOoOoooooooooooooooo.ooooooooo
ggooboooag.

000000000000 0D0000 Thm. 146100 fO000O0OO0O0OODOOO0O
ggooboooobobobooooobobuooo. oo oooboa.

Proposition 1.9.1. X, Y OOOO0OO0OO0OO, f: X —-Y0OOOOOO. 0O0OOO
ggd.

1. fOODO.
2. fO00000D0OCOOOO.

Proof. 1=2000000.
f000000,000 f~': f(X)>X0OO0.20€X000000.

vy = LTI W)y e (X,
) {xo y & f(X)

ggoooo. U

ggoooooa.

Corollary 1.9.2. X, Y OOOOOOOOOO. XOO yYoOooooooooo,Y O
OX0Ooooooooo.

00, f0000000000000 O00O000. Lem. 1.8.130 Cor. 1.8.15 000
0000, f: X —-YOOOOOOOOo,0yeY 000, f(z)=y000000zeX
0000000,00000 2000000 s(y)=2000000,000000,00
00000000.000000000000000000000000000.

Axiom 1.9.3 (0000, Axiom of Choice). DO0O0ODO0DOOODOO.
0000000000000 (Axiom of Choice) D0O0O. 00,3000000000
¢ 00000 (choice function) 00O

1. 00000000oog.
2. 000000000000000.
0000, {Xx}rea 0,000 A€ A000 X, £0000000000000



100 010 00

DaHAEAXA%(D-
3. Joo0doooooooooooooooon.

0000, {Xx}rea 0,000 AeADOD0 X,£0000000000000
0,00 ¢: A= Uyea X0 0,000 X€A000,¢\)eX,000000C
Dooooo.

O0000000000000D0.20300000000000000Def. 1.5.12000
gooo.
1=3. 0000000000

U %

po AEA
/
]_[ X, A x U X,
AEA AEA
q2
P1
A

000,00 pi: [[Xy — A, po: [[Xa —» UX,0OOOO. 000 A€ ADOO
X,#£0000,p 000000. 0000 s:A—[[Xa0Opros=ida 000000
00000. p=pos: A= UX,\000OODODOO.

3=1. f:X - YOOOOOO. 000 {fy)ley 00000, fO000
00,000y eYOOO, fl(y) #0000. 0000000, 00 ¢:V —
Uyey f'(y) =X 0,000 yeYOOO ¢(y) € f(y) 0000000000, OO
000 foe=idy. 0

Proposition 1.9.4. XY OOOOOOODOOO. 0O00OO0OO0OOO0,X0O00YOOOO
OoO000O0O0O0,YOO XoOoOoooooooooooo.

Proof. 00000000 O0ODODOO DODODOOODDO. U

goboboooobobbooobbooooboboboooobobbooooboobooon
oogd,o0o0o0ooobbbbbbb, oo ooooooooooobbo
gdddddododduo,bbbb, 0o Uuuouoooobobooboobobobobobo
gooboodooobuooooobuoooobboooobbboooobooboooa.

gboboboogooobuooobooboobooooon.
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191 ZornOOO

Definition 1.9.5. X 00O 0O0OO0O0O0O. XO0OOOOOOOOOODODOODODOO XO
oOo0oo0obO0oOobObooOobDO0oOoO0bOoobobOOobDOoOob0DbOoO,Xbooooooo
(inductively ordered set) O 0 O

Example 1.9.6. 1. Q00000000000 0O0. 0000 QOOOOOOO
ooooo.
Qe ={reQ|r<0}0000,0000 Qe IOOOOOOODDODO.
2. P(X)0D0O000000000.

exercise 59. D0 O00O0OOOOODOO.

00000000000 ZF00D0DO0OD000ODOODO0O0ODODOODO. OO0DODOOd
gogooooa.

Theorem 1.9.7 (Zorn 000, Zorn’s lemma). 000000000000 000O0O
goooon.

ZomOOOOOODO,00000000DO0ODOOD.
Lemma 1.9.8. XO00OOOOODOOODODODOO. ODOoODOODOODOOODO.

1. XOOoOOooboooooo.
2. X0000000000DO0bOoOobOOobDOoDOo.

Proof. 1=200000. 0000000 CX00000000000000000OMO
0000000000.00 Ex. 1.7.18000000,X#00000¢0cX00000
0. O

O0 ZormOOODOODODO,0000D00DODODOD. ZormOOOODOODOO
gogoboboooobooooog.

Theorem 1.9.9. Zom OO OODOOOO. OO0O0O,00000 f: X —-YOOOO
oo.

Proof. XOODO Y OOOOOODOD f=idpODOOOOOOOO.
X, YOooooooooooooo. f: X—-YOooooo.

S={(B,g)|BCY, g:B— X, fog=1p}
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goo.

1.S#40000.00,2eX000000y=f(z)eyYO000.g:{yl—X0O
gly) =x00000,0000 ({yl,g)eSOOO.
2. (B,g),(B',¢)eSOD0OO

@yhﬂgyﬂﬁBcBTHJJEZQ

Oo0oo0o0,00000 <OSOO0O0D0ODODOO.
3. 0000ooUoo Soooouooooooo. oo, 7 cSO0oooooooo

oo.
T= |J B
(B,9)eT

000,t:T—X0O,(B,g)eTOO00yeBOOOOO, t(y) =g(y)000
0. ¢t0 well-defined 00 0. OO, (B,¢)e7T000ye B 0000000,
7000000000 (B,g)<(B,¢)000 (B,¢)< (B,g)0000000
000. (B,g)<(B,¢)00000.0000yeBcCBO00,¢|B=g0
00 ¢(y) =g(y). 00000 fot=1,000 (I,t)eS000,00000
(B,g)eTOOO BCTOO ¢{B=¢00000 (7,t)0 7000000.07T
00000000000000.0

4. ZomOODOOOD,8S0000000000. (Y,s)eSOO0OOOOO. fO00
00000 Y =YO0OO. 00,Y 4£Y0000000,Y\Y' £0000.
Y eY\Y'OODDDOOO fO000000 fl#)=y 000 zeXO00000.

s:Y'U{y}—X0O
. s(y), yeY’
aw:{()
x, Y =10
0ooo (Y,s) < (Y U{y},5)esS0000000000.

O

Remark . 000000000 OOODOODOODOODODOODOODOOODODODOO
gogddo. dddddd, oo ooboboobooboobo
goo.

gogooooboboobobobbobbbbbbbbbbbbbb, oo boo. O
000.1.9.60 Qo 00000O0O00O00CDO. 00O0,Zorn000000O00O0COO
goobooooo,oboboooon.

1. 0000.



1.9 0000

103

2.00000ob0O0o0oboboboboobobobooog.
Jo0dbobobooboobobooobooboboboobooooD.

00,2=300000000000000DO0000DO0OO0ODOODOODOO, Thm. 1.9.90
oo0,S0000000oOo00ood0oooooooobooooogon,3=100
goooooag.

ZormOOOOOODODO.

Theorem 1.9.10. OO DOODOOOOO.
rROOOOOOODOODOOOOOODOOO.OODOOOOICROOD,IO
godooooobooood.
00 R#{0}000,ROD00000O0DODODODOO.

Remark . 0000O0O0ODOODOO, ROCOODO IODOD0OOOODODOID RO RO
goobobooooobob,bod

l.zy2yel=ax+4+yecl
2.ac R, zel=axrel

gogoooobtod. i wmbbO0ooooobbboo, bbb bboooon
ggoobooooboboooooo,bodg

1. mCR
2 mC/IC ROOODOOODOOOIODOOOODO

goooo.

Proof. I C RODODODOO0O0O00.000000000000
S={J|IcJCR, JOOOOO}

000000000000.800000000000000000.
00000 71eSO000S8#4000000,0£4#7 cSO000000O0O0O0OOO0O
700000000000000.

K=|]JJ

JeT

ooD. KesSOOO.

e 7TA(0OODOICKOOO.
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o110 00

er,yc KOOD. OO JJ eT0O0O00,z€J,yeJ'000. 700000
ooooJcJ'0J cJO0oooooooooon. J/cJOoooood. 0ooo
r,yeJOOO,JO0000000 z2+yeJCK. aeR ceKOOO. OO
JeTOOOOzeJOOO. JOOOOOOOOOOD azeJC K. OO0 K
oooooooo.

eJ00Je7TOO0OO,JCRODODO1¢J000. 000 1¢KOODO
K C R.

0000 KeSOOO,0000D KOT70O00,00sS000000000O00O.
ZornOOOODO SOOUOODOmOOOOOO,0000000000A0. U

goobooo,goboboooooooo.

Theorem 1.9.11. OO OO0OO0OOOOO.
EkOOODOO0O. kO000oooooooooon.

oog .59

192 OO0OO0OOO

Ex.1.74000000, 0000000000000 O0bOO0OOOOOOO,00D00O
goboboooobbbooobobbouooooboobooo.
OO00000OO00O00oo0zZro0OO0OO0OO0OODODOOODODOOOOD. ODOODOOO
gooogoono.

Theorem 1.9.12. 000000 (wellordering theorem) OO0 O0O00, 000000
O0000C0COOO0O00000ODef. 1870000000000,

000000000000000000000000 (transfinite induction) 00 0 O
gooobobobg,gobbbdoobbboooobboo. b0,booobboooobo
ZomOOOOOOOODOODO.

O0000o0zZFrOOODOODODOOOODOOODOOODODOO. ODODODOOODODOOO
O000000Cor.1.8.1300000000.

Theorem 1.9.13. 000000000 O0OOOOOOOOOOO.

Proof. f: X - YODOOOOO. fO00000O00CO0C0O. X,YOOOODOOOO
oooo.
X000O0O000O00. f000000,000yeY 000 XD fi(y)£000
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0. 000 minf(y) 00000, s:Y - X0Os(y) =minfHy)0OODDOOOO
00 fos=idy 00DO. O

193 ODOODOODOO

goooboooobo,b0bodooboboooobobbooooboboooooo.

gogoboboooobbooo.

00 X00YODOOOOOOOO0OOO | X|<|Y|ODDODOOOOODOD Def. 1.8.320.
Prop. 1.940000000000.

Theorem 1.9.14. X, Y 00O ODOOOOOOO. O00ODO0O.

L | X[ <Y].
2. X0OYODOOODODOOO.
3.YODD X0000000o0o.

Theorem 1.9.15. 00 O00000ODOOOOOOOODOOOOO. OODOO, X;
(teN)DDOUDDOODOOOOooOOo UZ.GNXiDDDDDDDDDDD.
ggobobbooooobobooooobooo.

Proof. X; #000000. X =J,.nXs 000
0 X;00000000NO00 X;000000000.0 X,00000 f;:N—X,
000000000000000000. 00 f:tNxN—X0O f(i,n)= fi(n) 00O
000000000 fO000000. 000 Thm. 1.9.1400 |X| < |NxN|=R8y. 00
00000000000000000.000000 Thm. 184900 XO00OO0OO.
00000 X, CX000 X,000000000 % =|X;/<|X|000.0000
0 | X]| = Ry. O

exercise 60. X O00OO0OO,YOOOOOO.00 X —-YOOOOOOOOoooo
O0000000. OHint: Thm. 188000000 NOOOODOOOO. Thm. 1.9.13
gogooooo.g

gooououo,bboooooog,boobbbbbbbbbbbbouooooon
O0000000Thm. 1.8490. 0000000000000 ODOOOOOOOODOO
ggoooboooon.

Theorem 1.9.16. 0000000000 OOO0DOOD. OOO0OO0 XOOOODOOOO
0 Ry < [X].
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Proof 0000,0000000000. X00OO0OO0O0O0O0OO a1,20,... 0000
0000,z,0000000000. X00000000 X —{zy,...,2,} #0000
Tni1 € X—{z1,...,2,}000000. 000000000000000 {z,...}CX
ooooo.

000000000000000000000000000000000 [5,00 3.13]
00000,000000000000000000000000000000, 000
000000000000 00000,0000000000000000000000
ooooooooooo.

0D00D000000000000. X000O00O0o0ooo

Pi(X)={AcCX|ADODDOO}

ggd
c: Pr(X) — N, c(A4) =]A|

0000.X00000000 ¢000000.00000007,eNOOO,X0On0
000000000.000s:N—-Py(X)000000. 4,=s(n)0000,4,CX
000, ¢4, =n0000 |4, =n000.00000neNOOD,X0O0DODODOOO
n000000000000.04A=,A4,CcX0000,Thm.1.91500 A0DOO
000000.000007eNOOO |Al>|4,=n00000 ADOOOOOOO
0.000 Thm. 184900 ADOOOOOOO. O

Remark . OOO0O0O0O Thm. 1.9.1500000,00000000000000000.

Cor. 18370 000000000000 O0ODODOODOUOOO. DOoODOODOODO
O,“000”000000000.

Theorem 1.9.17 (00000000 O, Comparability theorem for cardinalities).
X,YO0OOOOOO |X|<|Y|O|Y|<|X|00000O00000

Proof. X,)Y OODOOODODOOOODODOOODDO.
S={X' Y. f)| X' cX,Y'cy, f:X'-Yy'0ooo}
0000, Thm. 1.990000000000. 0000000000O0. O

exercise 61. 1.S#0000000o0.
2.800000000 <O, (XY, f),(X",Y" f)esSOon, (XY, f) <
(X" Y", fY e X' c X", Y' CcY”, f|X'= f0000. 000000000
OO00D000o0o0O0Do.0D00oo,So0oo0ooooooooooog.
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3.800000 (Xo,Y,fo)000. 0000 Xo=X0O0OOY=YOOOOOO
oo.
4. |X|<|Y|D|Y|<|X|00O0O0O0O0O0O0O0O0O0O0O0OO.

194 0OO0OO

ggoboboooobobuoooobbboooobobooon.
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Jooobobood

2.1 OO

go,bbobbbbobboobooooddddddd0ooUUuuL, oo d
ydoddddo. o000 L b, 000000 UoUUOQ
OO00Oo00DO0o0. 0b,00D000000000O0O0 webOODOODOODO,0000
gogobobboooooo

0000000000000 00o0o0O000U0. D0ooooOo? (Loooooo
00000,0000000000000000D0)00000000000O0O00O0O0
gooboo,booooboogd.

Definition 2.1.1. 000 KOOOOOOOOOOOO,000 e, beKOOODOOO
000000000,KOO0000 (totally ordered field) 00 O .

l.a<bDOO0OO,000 ceKOOOa+c<b+c
2.>0000b>0000,ab>0

goooobbbbboooooooooooooobobbboooooooa.

Remerk . 0000 COODOOOOOOOOOOOOOOOOODODODOODOO. O0O,O
00000000 e¢#0000e%?>0000,1=12>0000 —-1<0000
0000000000000000000,:eCO000#=-1<000000.

Definition 2.1.2. 00000000 O00DOOO0O0OOOOOOO OO0 ROOOOO.

ggooooooooo.
C1l1(00UDO0OD). D0D0O0OO0DOO0DDOU0ODOODOUOUDUODOODOODO.

Remark . “0007000000,0000000000000,0000000000

109
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gooo.

Remark . 00000000 OO0ODOOOO0ODOOOOODODOOODOOODOOOOO.

Definition 2.1.3. KOOODODOOOO. KOOOODOODODODODODOOODOO OOoOO
OO0, KOOoOoOOoooooooooo.

e 00 eae>0,>0000000000 nO00000 na>b00D0.
Lemma 2.1.4. KOOOOOOOO. OOOoOoooOoO.

1. KOOooooooooog.
2. NcKOOKOOOOODODOoooO.
3. J00e>0000000000n00000O 1/n<ednOO.

Proof. 1=2) 0000000000000 e=10000000.
2=3)0<eecKUOOO.e#00000 1/e00000. NOOODOOOOOO neN
0,1/e<n0000000000.n,e>0000 1/n<e.
3=>1)abekK,a>0,b>0000.q/b>0000. 000000000 n0000
O01/n<a/b000. n,b>000 na > b. O

Example 2.1.5. 0000 QUOOOODOOODOOO. OO,r>00000 r:p/q,
p,qe NODOD. 1<pO0O0 1/2g<1/q9<p/q.

Remark . 000000000 D0O0OOUODOUOOO [MJOOO.
Proposition 2.1.6. 000 ROOODOOOOOOOO.

Proof NCROOODOOOODODOOODOOOOO.

O000000. NCROODODOOODOOOOO. N40ODODOODODODODOOO N
OO00D0O00D000. s=supNeROOO. s—1<s000,00 NeNOOOOO
s—1<NOOD.ODOOs<N4+100O0O,N+1eNOODO,000 sO0NODOO
goooogooo. O



22 00 111

22 00O

Definition 2.2.1. X OO O0ODODO.
XxXOOOoooooooo

d: X x X —-R

00000000000000,d0 XO0O0000OO (metric) DOO.

DI ()000 z,yeXOOOO d(z,y) > 0.
(ii) d(z,y) =0 &z =y.
D2 000 z,yeXO0OOOO d(z,y) =d(y, ).
D3 (000O0O0)000 z,y,2€ X0000 d(z,y) +dly, z) > d(z, 2).

Definition 2.2.2. 00 X OOOOODOOOO dO0ODO0OOOO0O,0 (X,d)000O0O
O (metric space) 00O .
00 z,ye XO00OOOO d(z,y) 0 0 yO OO (distance) DO 0.

00000o0ooooo0 dogoooooooo0 Xoooooooo.

Definition 2.2.3. (X,d) 00000, ACXO00000000D.0000dO ADO
00000,0000,
Ax A>3 (a,b)—d(a,b) €R

oo0oO00o,000 ADODODODDOOO,00000D00 ADODDODODDODOO.
0000000000000 00D0O0OU0000D0O00OU0, 000000 (metric
subspace) 000000000 (subspace) 00 0.

Definition 2.2.4. (X,dx), (Y,dy)OOOOOOODO.
00 f: X —-YOOUOOUOOOOOOOOOO (isometry) 000 §:e>f|]|]|] x,x' € X
000,dy(f(x), f(2') =dx(z,2")0D00.
XO00YOUOoOouooOooooooooo,XO0YOoOoooooooo (isometric)
,000000 (isomorphic) 00DO0DDO.

Remark . 00000 0ODO0OOOODOODOOOODOODO.

exercise 62. 0 00O0OO0OOOOOOOOOO.

exercise 63. 00000000000 ODOODOOODOO.
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exercise 64. l.oooooooooo.
2. f: X—-YOOOOooooooo, foooooooooooon.
3. X0YOOODoOoooooooO «0000 f:X—-YOg:Y—-X0OO
000,gof=1x, fog=1y,00000.

exercise 65. 00 f: X - Y OOOOOOO, X0 f(X)OoOooooooooo
ao.

Definition 2.2.5. X O0DOOO,x€e X,e>0000.

1. X00O0O0OO
Us(z) ={y € X | d(z,y) <e}

0200000000 000 (open ball), 000 (open disc) 0000 eO0O
goo.
2. X00000

B.(z) ={y € X | d(z,y) <¢}

00200000000 000 (closed ball) 000000 (closed disc) 00O .
3. X0Ooooo

Sa(w) = {y € X | d(l’,y) = 5}
Oz00000000- 000 (sphere) ooo.
ggo . 78(1)(2), 79(1)(2), 81(1), 86, 91(1)(2)

Example 2.2.6 (n 0000000000, n-dimensional Euclidian space). RO n
gooo
R" = {(ZEl,JZ‘Q, Ce ,.’L'n)‘ill'z € R}

000 = (x1,--y2n), y= (Y1,---,yn) 000 20 y OO0 d(z,y) O

d(x7 y) =

O0D000dO0R*O0OD00O00ODOO0OO.

Proof. D1 0000 d(z,y) >0000,z=y000 d(z,y) =0000.
dlz,y)=00000,

0< (zi—y)* <Y (i —9:)*=0
=1
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o000 z;—y; =0. 000 z=y.

D2000.

D3R"O00 z=(x1,...,Zn), ¥y = W1,---,Yn)s 2 = (21,...,2,) 000 a; = 2, —y;,
bi=vy, —z000. 2, —zi=w;,—y;+yi—2,=a;+b;, 00000

goo.

n

(d(z,y) + d(y, 2))? — d(z,2)* = z”: a? + z": b7 + 2 z”: a? z”: b — Z(ai + b;)?
i=1 i=1 i=1 i1

=1

=2 | a2 | > b= aib | 0.
=1 =1 =1
00000000000000 Schwartz0OOOO0O0000. d(x,y), dy,z) 000
00000000 d(z,y)+d(y,2) > d(z,z)000. O

Lemma 2.2.7 (SchwartzOOOO). a;, b; i =1,...,n) 0000000000000

(£) < (54) (5+)

Proof. 202 =00000004:00006 =00000000000 000000
oo.
S?#£0000.00000¢0000

0< i(ai + tbi)2 = ia? + ztiaibi + tQ(i bf)
i=1 i=1 i=1 =1

000, ¥ >000000,00000000

(S - () (E#)

god. |

oboo00OOooO0o0obO0oobDOo0oDbOo,R"O0000DbD0OO0DObObD0Ob0OODgd n
ggoooboogob odgg.
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020 000000000

n=1000

d(x,y) = /(v —y)* = |z —y|

Ue(x)

=(z—¢c,x+¢)

Se(z) ={z—¢e,z +¢}

n=2000

U.((z0,%0)) = {(z,9) | (z —20)* + (y — 0)* < €}

.................................

021 UL((0,0)), Ex 2.2.10,2.2.11 00

exercise 66. 1000000 OOOO
oo o, 1oooooooo.ad

ROOODOOOOOODOOODODOODODOO

Example 2.2.8. z,y e Q (D000 Z) OO0, d(z,y) e RO d(z,y) = |z —y| 00
000,d0 QU000 Z)0o0oooUoO0o,00000L00Q(oUoD zZ)0Oo (1
0000000000 ROOO)ODDOOOOOO.

Example 2.2.9.

R = {(xl,xg,...

)

o0
z; € R, Zx12<oo}

=1

O00. 0000 R*O00000O {xi}DDDDDD Zx?DDDDDDD.
x:(xlaxZa-")vy:(ylay27"')GROODDD

n
- -
1=
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0000000 R®0O000000O0OO0.
(R*0 ,00000000. 00 R*000000000000000000OO0
ooo.)

Proof. 00 d(z,y) 0 well-defined 000000 S(a; —w)200000000000.
Sp=3" (x;—y)?000. {s,} 00000000. nO000000000 RO
00 (21,...,20),(0,...,0),(y1,...,yo) 00000000000

2 2

0< s, =(v/E)2 < | (D a2+, 1D w2 ] <D a2+, D v
=1 =1 =1 =1

00000 {s,}000000.000000D0.

OO0 D1, D200000000000DOO00. DO000O00DOOUODOObOOOOO
nU00000000ODOO0O0O0O0DOLODOO0O0O0ODbObOOoooUbLDbbUoooUboD
ogd. U

exercise 67. D0 00OOOOOOO.

Example 2.2.10. R" 0000

d@w%z&ﬁgm—%|

00000 RO00000000. (0000000000000 (Chebyshev distance)
oooooooooo.)

Proof. D1, D200 00.
000 1<i<n0000 |2 —y| <d(zy)00000.000

d(z,y) +d(y, 2) > |z —yil + lyi — 2] > |2 — 2.

00000
d(x,y) +d(y, z) = max|z; — 2| = d(z, 2).

n=2000 U ((0,0)) = {(z1,r2)| max |z;| < e}.

Example 2.2.11. R*" 0000

d(CC,y) = Z |$1 - yzl
=1
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00000000. (0000000000000 (Manhattan distance) 0000000
0oo.)

Proof. D1, D20 000O.
d<x y +d y7 Z|xz yz| +Z|yz _Zzl
ZZ(|$i—yz'|+|yi—Zi|)
i=1

> Z |x; — z;| = d(x, 2).
i=1

n=2000 UE((O,O)) = {(:zzl,xg)\\x1]+|a:2\ <€}
exercise 68. R* 0 000O 2.2.10,22.11000000000000.

Example 2.2.12 (000000, discrete metric space). X 000000 . 00 d: X x
X —-R0O
L z#y
d(z,y) :{
0, x=y

00000 d0O X0O0o0ooooooo. (ooo 8i(hyoo.)
(X,d) 0000000 (discrete metric space) OO0 .

Uele) = {{m}’ =

X, e>1
0 e#1
S =<
(@) {X—{x}, e=1
Example 2.2.13 (p 00O, p-adic metric). pO000000.€ZO0O0O

max{n €Z|n>0, p"|l}, 1#0
vp(l) = o
00, =0

000.1#0000 v,()0 p"|l,p"*! 000000 ReZO00. 0000100
000000000 pO0O000.

dp: Zx 7 — RO
dp(l,m) — p_vp(l_m)

O0o0.000p>*=000000.d,02000000000.00000 p0O0
gooo.
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Proof. D1, D20000. D3O0OOO. OO
op(l +m) = minfu, (1), v,(m)}

O0D0D0000D0DO0. 00001!0p"0,mO pkF00000 I+mO pmin{nkt gg
O000.p*020000000000000000000

d,(k, 1) + dy(1,m) > max{d,(k,1),d,(I,m)} (0OOOO0OOOD)
— maX{p*Up(k*l)’p*Up(l*m)}

_ pi min{v, (k—1),vp(l—m)}

> p—vp(k—H—l—m) _ dp(k:,m)

exercise 69. 00 D1,D2000O.
exercise 70. 0000 p=20000000.neNODOO.

1.1=0,1,2,...,10000 d2(1,0) 00D O
2. d2(2",0) 000 dx(2n—1,0)0000.
3.59(0)00D0 Uy(0)oooo.

4. S1/97(0) 000 Uy e (0)0ODO.

Remark . 00000,0000000000000 (00000000)
max{d(z,y),d(y, 2)} = d(z, z)

0000000.000000000000000000 (non-Archimedean metric) O
.

exercise 71. X 0 0OOOOO. 00 d: X xX —-RO0OO (Vz,y € X,d(x,y) >0) 0,
goobbuooooboboo,gobobboooobbobooa.

Remark . 00000 QOODODOOO. 00 v,:Q\{0} ~Z0000000000D0
0000000000 r0 r=p"s/t,(n,s,t€Z, st0p00000)000,00n
0r000000000. 0(r)=n000.00 v,(0)=c0c0000 (pODOD0).
dy:QxQ—RO

—vp(l—m)

dy(l,m) =p

0o0o00. 000 p>*=000000.d,0QO000000000.00000 p0OO
gooo.
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Proof.

0y(U+m) > min{v, (1), vy (m)}
000000000,0002000000. {=p"s/t,m=p'u/v O s tu,veZD
pO00O00D0OO0D0.n<kODOODOODOODOO.

D000 wvs+pf"uecZOOO vs+pF My =ptw0000,000 e,w € Z, e >0,
wD pOOO0DO. 00000 I4+m=p" ™ w/tv 000, tv 0 pO0O000000000O
000 v(l+m)=n+e>n000000000.

O

Example 2.2.14 (0 O 0 O 0O O, Hamming distance). X 0O 0O 0O O O O.
x=(z1,...,2n), y=(y1,.-..,yn) € X" OO0,

d(z,y) =4{i | zi # v}

00000 d0O X"0O00000000. 00000000000 (Hamming distance)
goo.

exercise 72. 000000000 ODOOOODO.

Example 2.2.15. (Xl,dl), (Xg,dg) oooooooo. (1'1,1'2), (13/1,1'/2) € X1 x X9
gogd

1. \/di(z1,7h)? + da(w2, 25)?
2. max{d;(v1,2),d2(z2,25)}
3. dy(z1,x)) + da(x2, xh)

00000000000 XZ xX,OODOOoooooo.

Example 2.2.16. 000000000000000000000. (X;,di) (i =
1,...,n) 000000000 (z1,...,2,), (2),...,2/)€X; x - x X, 0000

L. \/Zz 1 l'“ )2

2. max{dy(z1,2}),...,dn(zpn,2))}

3. Zz 1 (.CEZ, )
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ooooooooooo Xy x---x X, 000000000.
exercise 73. 00 1230000000000000.

exercise 74. X 00 00O0O0O0OOODO. Ex. 22163000000 X*"O0OOOoOoOoO
000000 (Ex.22.14)00000000.

Definition 2.2.17. (X,d) 00000, ACc X00O0OODOO00000O0O. OO
00
6(A) == sup{d(z,y) | z,y € A}

0 A0O00O (diameter) OO DO.
(000000000000 60) =-oco0000.)
5(A) < 40000000 AODO (bounded) DODOOO.

exercise 75. AC BOOO 6(A) <d(B).

Example 2.2.18. 0000000000 z = (24,...,2,) 00000000 r(> 0) O
00 U.(z)0000 2r000.

Proof. 00000 y,z€ U, (x) 0000
0<d(y,z) <d(y,z)+d(z,z) <r+r=2r
00000 0<6(Up(z))<2r00D0.

000000 e<2r000R*"O0ODO

£
Ty :(wli(r—z),mg,...,xn)

00000 d(zg,x) =r—¢e/4000 x4 € Up(x). dlxg,x_) =2r —e/2 > 2r —«.
000 §(U(x)) = 2r. O

Remark . D000 0O0OU00OO0O0OCO 6(Ux(x)) <2r00000000000OO00OOOOO
gd,gbobobuoogooboogooobog.

exercise 76. 0000000000, 0000 6(U,(z)) <2r00000000.

Lemma 2.2.19. (X,d)00000,AC X 0000000000000 O. 0O0OO
A0O00 £« 00002zeXUO0OOUO,00r>000000 ACcU.(x)0D00O.

Proof. =) 6(A)=s,z € XUO0OO. ac ADDOOODOOO. r=s+d(z,a)+100
O0,000d eAD0OO

d(z,a") < d(z,a) +d(a,a') < d(z,a) +s<r
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000 o € Up(z). 000 AC Up().
<) AC U (x)000 0(A) <0(Up(x)) < 2r. O

exercise 77. AU0O0 <« 000z X0O,00r>000000 ACU,(x)00DO.

exercise 78. (X,d)0 0000, ACX000000000000DO0O0ODO. ODOOO
AODDOOODOOOOOO.

Definition 2.2.20. (X,d) 00000, A, BC X UOU0O0ODOD0O0OO0OOOOOOOO. O
oo

d(A, B) := inf{d(a,b) | a € A,b € B}

0 A0 BOOO O0OO.
00 ADDO 2ze XD0DOOOO00O A={z}000000 d({z},B)0 d(z,B) 00
00, ({#}0 BOOOOOOOO)z0 BOOO OOO.

d(x, B) = inf{d(z,b) | b € B}
gon.

00000 ANnB#0000dA,B)=00000,00000000000.

Example 2.2.21. 20000000000 R?200000 A, BOOODOOOOOO.

A={(z,0)| z € R}

1
Bz{(:c,—) |.r>0}
x
goboooooobob 2000

d(A, B) < d ((90,0), (x é)) _ é

D0000dA,B)=00000,ANnB=0.

exercise 79. 1.reROO0. 000000000 r<e0000r<0000
ooooo.
2.0000000,0000,0000002000dA,B)<loooooo,
d(A,B)=000000000.
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23 00O0O,00000000

Definition 2.3.1. (X,d)00000,0CcX00000000. 0000

00 X0000 (openset) 100 & 000 2€0000,00000¢6>0000
(]

00 U(z)cODDOD.

Example 2.3.2. 00 U, (z)0000,000 10000000000 ROOODO (a,b)
gooo.

Proof. y€ U, (z)000. d(z,y) <r 00000 e=r—d(z,y) 0000 e>0000.
Us(y) cUq(z)0D0ODO.
2€U.(y) 0000 d(y,2) <eOOOOD

d(z,z) < d(z,y) + d(y, 2)
<d(z,y)+e
=d(z,y)+r—d(z,y)=r

000 2€U,(z) 000. 000 Us(y) CUp(z). 00000 U () 000D,
10000000000ROOO00000 (¢,b)0 (a+b)/200000000 (b—a)/2
00000000000000. O

Definition 2.3.3. X 00 000000. X0O00O0OOOOOOO P(X)00000O
o={o|oo xo00oo}

0000.0000do000o0n (topology) OODO.

Theorem 2.3.4. (X,d)00000,0000d00000OOOOOOOOOOOO.

01 X,0eo0.
02 01,02602>01002€O.

O3 {O)\})\QACOZ> U 0, 0.
AEA

Proof. 01 X e€©ODO0OD0.000000z€@O0000 0000000000
oooo.

02 2€0,N0,0000,i=1,20000,2z€0;,0,0,0000000,000
000000 U, (z) CO;000. ¢ =min{ey,eo}0000,e>0000
U.(z) c U, (z)00000,Us(z) CO1N0,. 000 O;N0,0000.
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03 7€y, 0,0000,00 X €ADDDN0O0zEO0,. O,,0OOOODDODO
00,00000 00000 Ue(z) COxO000. Oy, CUyena 000000
Ue(z) CUpen 02000 Uy, 02 000000D.

O

Remark . O200000000,000000000000000D0D000D0D00OOO
00,000000000000D000. (DOODODO))

000 . 85(1)
Theorem 2.3.5. 000000000,00000 «00000000.

Proof. <) 000000000000000000 Thm23403000000000
oo.
=)000000000,0002€e000000000 600000 U,,(z)CO
000.z€U., () 00000

oc |JU.(@co,

zeO
000 O0=UU,, (). O
0o0Q . 81(2)

exercise 80. 0000000 R*OOOOO

[T(ai. i) = (a1,b1) x - x (@, by) = {(21,...,20) ER™ [ 1 <Vi<n:a; < < b}
i=1

OOoDbO0o0o0O0obOOobOob0.ooo0 R*ObDOb0OOn.

exercise 81. (X,d) 00000,z X0OO. Ep(z)={ye X |d(z,y) >r}0 X
goobooooooobog.

goboboooobbbooooboboooooooboooooo.

Example 2.3.6. Example 2.2.6, 2.2.10, 2.2.11 000000 R*"O0000O
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da(z,y) = Z [z — il
=1

0000. 0,0;,0,00000d,dy,d, 0000000000 O0=0,=0,000.
Proof. O=0,0000.

000 2,y e R"O0000 dy(a,y) < d(z,y) < Vndi(z,y) 0000000000 O
goobo..0000

[zi —yil = vV (xi —y:)* < Z(l‘i —yi)? = d(z,y)

00000 dy(z,y) =max|z; —y| <d(z,y). 00000 :0000
(2 — yi)? < (max|z; —y;])* = da(z,9)?

goooo

n

d(z,y) = | D (@i —y)2 < (| Y di(w,y)? = Vndi(z,y).
=1 =1

00 d, 0000000 Ul(z),000.

Oe€0OO0O. 000 z€00000000 00000 Us(z)cODDDO.

e=r/y/nO0000e>0.000yeU(x); 000

d(%,y) < \/ﬁdl(xay) < \/ﬁg = \/ﬁ?‘/\/ﬁ =T

000 yeUy(z). 000 U (z); U (z) COODDOO€0;,. 00000 OC 0.
00 0€0,0000,0002c00000000 00000 Ug(z); COO
00. di(z,y) < d(x,y) 00000 U(z) C U(z); 000 O € OO000. OO0
0, CO.00000=0,0000.
O=0,0 d(z,y) < ds(z,y) <nd(z,y) DOODOOD0ODOOODOO. O

exercise 82. 00000 d(z,y) < ds(x,y) <nd(zx,y) D0 O0.

exercise 83. U0 X OOODODODOODO d; 0 doDO0O0D0OdM, m > 0,Vx,y € X :
mdy(z,y) < da(x,y) < Mdi(2,y)0000000 dy ~de 00000000, 00 d; O
000000 Ul(x);, 00 d; 0000000 O;000.

1. 00 ~O000000O0D0ODOOODOO.
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2.d10d,0000000000O0. 0000000 zeX0O000e>0000,

Umg(x)g C UE (1’)1

U (1‘)1 - Ug(l’)g

£
M

gobobooan.

3.dy ~d, 000000000 DODODOOOODOO,D0D000 O;=0,000000
gono.

exercise 84. Example 2.2.15 0000 X7 x Xo OOOOODODOODODODOOODOOO
OO00000D0000. Example 2216000000000

exercise 85. R" 00 00,0000000000000DOOCOOODOOO0ODOOOOO
gooooono.
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24 0O00O0OO

0000000000000 00DO0O0000. 00oodThm. 2340000000
gogooooag.

Definition 2.4.1. X 000000. X0OOOOO0O O (0000 O c P(X)) OO
030000 01,02,03000000,00 X000O00O0O0O0O0O,0 (X,0)00
000 (topological space) 10 0. 000000000000 ©OO000,0000
X00O0O00O000.00,0000,00000 X000 (topology) OO0 .

01 X,0eo0.
02 01,02602>01002€O.

03 {O)\})\QACO:> U 0, € 0.
AEA

OU000 XO0OOO (open set) OO0

Remark . 0000000 O0DOOOOO,O0200000000,0000000000
ggoobooooboboooob,bbboooobbbooogoboobo.

Remark . 0000000 O0ODOOODODOOD,00D00D00D00O0DO0ODODOODOO
00o0oo00o0o0d0ooO0oDo. 000, XO0ooooooo ooooooogoooog,
0o00oooo 7000000000000 DDOOO. DOoDDODOOODOOOOO0O0g, o0
gooboboooobobooon.

Example 2.4.2. Thm 234000000000000000000000000O00O0O
OO000O0O0.000000D00 XOoOoUoooooooo Xoogoooog.

00,00000000D000D0OD0DO0 XOODOODOOooOoOoOooooooooDoo
ogd.

Example 2.4.3. X O0OUOOOO. 000 P(X)00O0OO0OO XOOOOOooOo. oo
000 XO0OOO0OO (discrete topology) OO0 .

Example 2.4.4. X000000. 0O={),X}0 X0O00O0O00O0. 00000 X0O
0000 (trivial topology, indiscrete topology) O 0O .

Example 2.4.5. X O0OOOOO.

O={AcXx|A°00000}uU{0}
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O000,00 XO0OOoooo.

Proof. 01 X°¢=00ODOO0O0O0OO0O0 X €O.

02 A,A,c0000. A,A,000000000000,4,NAy=0€0.
0000000000000, A5,A500000000. 000 (4;1NA4)° =
ASUASODOOO00. 00000 A;NAy €.

03 A,€e0000.0000XNeAD0O0,A=00000, J A\=0€0.00
AEA

M EADDD AAO#@DDDDD,AKODDDDDDDD.

(U AA)Cz (] A5 C A5,

AEA AEA

00000, (Uyena4)) 00000,
O

000, X =RO0O0,00000 ROOOOOOOO (Zariski topology) OOO.
gogobooboboooobooooooobobooobob.ooboboooobbooo.o

0000000000000 0,00000d0 Xooooooboboooooooo
ao.

Definition 2.4.6. X 000, 0,,0,0 X000OOO0O. O, C 0O, 00000, 00

O, 000 O, 0000 (weaker) DO0O0OO (coarser) , 0000, 00 O, 000 O 0

000 (stronger) 00000 (finer) D000, 0, <O, 000.
gogooooooooobbobbboboono.

OOooob0obOobOoO0,00 XOoobooobobooooooooooooooo, o
goobog,gjgobboogobooboboooobo,bboooobo,bbbooooobo
goooooooo.

000 . 124, 125, 127, 130.

exercise 86. X U0 0000O00O,Ex.2450000000000000000. XO
gobooooooboooo
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25 OO0

Definition 2.5.1. (X,0)00000,FCXO0O0OOD0OOOO. 0000
FO XOO0OO (closed set) OO0 (ﬁFDDDD FeOo Xooooooo.
€

Theorem 2.5.2. F={F |F 0O X0O0OOO }y00000O.

F1  X,0eF.
F2 Fi.,.Fh e F=F,UF, € F.

F3 {FA})\GACJ:Z> n F\ e F.
AEA

Proof. O1, 02, 03 00

F1) X¢=0€0,0°=X € 0.
F2) (Fy UF)*=FfNFs5eO.
F3) (NFy)° = U(FY) € O.
|

Remark . F2O00O0OO0O0O0O0OO0ODOOOO0ODOOOOOOOOODOOODO,O00000
00o0000o0o0ooO0. (Dooooooooy

ggobobboooobbboooobobbooooooo.

Theorem 2.5.3. X O0OOOOO. XOOOOOODO FOOO 252000000 F1,
F2, F30000000.0000,X0000000

{OcX|0O°eF}

0O XO00OOoooo,Fo0bO00ooo0obOooobooobooo.
go,gdoobbogobbodoobbboooobbooobobbbooooooD.

Proof. 00O 0ODO. O

Example 2.5.4. 00000000 1000000000 {«z}0000000O. OO
OO0 F2000000000D000000O0O.

Proof. {z}*=X— {2} 000000000000000.
yeX—{z}0000z#£y 000 e=d(z,y) 0000 ¢>0000,00000
x¢U(y). 000 U(y) C X — {z}. O
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Example 2.5.5. X 0000O0000O. By(z)° =E,(r) 00000 exercise 81 00,
oo0ooo0oOoo0O. 000 1000b0oo0ooDo ROCOODOUOUODOOOOO.

exercise 87. U0 000D00U0O0ODO S, (x)00000OO0OOOOOO.

exercise 88. 0 00O0OOOO R*"OOOOO

[[lai,bi] = [a1,01) x -+ X [an, b) = {(21, ..., 2n) €ER™ [ 1 <Vi<n:a; < < b}
=1

00000O00OO00DOobDO.ooDoR*O00O00ODO.
Remark . X,)0000000000. D00D00O0O0O0OO0O0OO0OOOODOODOOOO.

exercise 89. 10000000000 RODOODO (a,b]0 a<b00D0O0OODOO
ggoooo.

000 . 83(1)(2) 84(1)(2), 132, 133, 134, 135
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260 00O
Definition 2.6.1. X O0OOOOOOO.

1. UcXOOO0OO0,zeXO0ODO.00O0DO
U0 2000 (neighbourhood) 00O Q:gfoOCUDDDDDD (X0)oo
Ooooooo.
00,0 20000000 2000000. 20000000 20000 (open
neighbourhood) O 0O 0.
x000000000000000 20000 (closed neighbourhood) OO 0.
2. 00

Uz)={UCX|UDz000}

0 20000 (system of neighbourhoods) 00O .

3. AU CXUOU00O0ooooo.oooo
UD ADDO (neighbourhood) 10U & ACOCUOOOODO (XU)0D
Ooooooo.

Remark . DO0000ODOO0O0O0ODODOOOD. ODOODODOODODOO,D000
0000000000000 0U0oo0 UW(z)ODODOOO.

Example 2.6.2. 00000000,e00 U(z) (D00 e>0)0 20000000
gd,z00000ODO.

ggoboobobooooooobooaon.
Theorem 2.6.3. OC X O0OODODOODOD. 0D0O0ODO0OO0OOOoOoOO.

1.O00O0oooo.
2.000 2€0000 O €U(x).
3.0002€0000,00UcU(z)0000,UCcOD000,

Proof. 1=2=300000.

3=1000.x€e00000,0000U0, CcOOOD0 000U, O00000. 00
ooopodzeO, CU, 000000 O, 00000. 0D0DOO O, CcOOOO. O
reOooooooooono o, 0000,

O=J{z}c|J0O.cO

zeO zeO
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ooodoo,0o=u0,000,0000000000,00000. U
exercise 90. 000000000,V el(x) < e >0s.t. U(z) CU.

Definition 2.6.4. X O0OUOO0,z€ X00O,U(x) 0 20000000. 0000
U(x) D 2000000 (fundamental system of neighbourhood) 0O OO

e
def

{(i) U*(x) C U(x)

(i) 000U eU(x)000,00Vey*(z)00000,VcUuOoOon.
Remark . 000000 0000000D0OOC0DOODOOOO.
Example 2.6.5. X OOOOO,ze X OOO.
U (x) = {Ue(z) | € > 0}
000000000 (exercise 9000).

U™ (z) = {U (z) ‘ ne N}

3=

goooooooood.

Proof. U**(x) CU(x)DOODODO.
O00U eU(x) 000, exercise 9000000 e>000000 U(e) CUDDODO.
1/n<elD00neNODOO Ui(x) C Usl(z) CU. O

U™ (x) = {B (x) ‘ n € N}

1
n

goobooooooood.
exercise 91. OO0 Y**(x) 0000000000 DOOOO.

exercise 92. (*(z) 0 000000, U™*(z)0 Y*(x) 00000000. OO0
UelY*(z)000,00Vey*(x)00000V CcUDDDOODO.OOOO, U™ ()
0 z000000000.

Definition 2.6.6. 0000 X O0OO0OOD0OO (first axiom of countability) 0 0 0O
(<i:>f|:]|:][] reX0OO00OODOOUODOODOOoDbooooooooo.
e

Proposition 2.6.7. 00000000000 ODODOO. Ol
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Example 2.6.8. 20000000000 R?20000,

{(x —eg,x2+e)x (y—e,y+e)|e>0}

00 (z,y) DODODODOOOODO. OO0, (x—e,x4¢€) X (y—e,y+¢) 0 Example 2.2.10
000o0o0o0oUoo0oU (ryy) 0 e0000OD0,00000000000000000O
000000000000 (Example 2.3.6).

5>0}

000»n0000000000 R*O0000
n
{H(a"i_57l‘i+€)
Thm. 263 000000000000000000000000,0000000A0O
gooooooooooao.

=1

00 (zi,...,2,)000000000.

Proposition 2.6.9. UY*(x)0 x 000000000.
O0000000 «U000zeOO0O0OO0,00VeU (x)DODUTO,VCOO
uo.

Proof. =)z €O0000,00 26300, UCcO000UeU(x)0DDOO. OO0

oooooooovcocruooovVeU(x)ooOoD. 00000 vV Co.
<)reO0l000,0000VCOOODOVeU (x)00000. 000DDOODO

oo vOodezOODODODOO,0026300,000000. |

Remark . OO0 OO0,

1.000zeOO00,00U0U€U(x)000oO,UcoOonOO.
2. 000ze0000,00VeU(zx)yDoooo,Vcooono.

ygjoddoododououooouououo. bbb,z DD ODLODOODOOOOOO
goooboobooooooobobbbodoodoonboboo. oobobbobboooooo
goobbuoooo.obobbuoooobboooobbooooobob.

0000000000000000000000O0.
Theorem 2.6.10. X 00000, U(z)0 € X0OOODODODOO. 000000

Ul Uecel(zx)=zecl.
U2 U1,U2 EU(.’E) = U;NU; EU(:ZJ)
U3 Uy eld(e), Uy CUs= Us € Ulx).
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U4 000U eU(z)D00,00V el(z)00DD00,VCcUOD,000yeV
0000 U eU(y)0oO.

Remark . U40000000,000,00000.

Proof. U1 0O0O0ODO.

U2 U, eU(x) 0000, 0000 €0, CU; 000000 O, 00000. 000
OzeO0:N0, CUNU,000,0,n0O, 000000000 UpNUse€U(x).

U3 UelU(x) 0000, 000000000002ze0CU,000.0U,CU,00
00,2€0CU,00000 Uy € U(z).

U4 UcelH(x)DODOO,z€e0OCUOOOO0DODDODQUOO. V:=00O0O0O0O,V
0000000000V eU(r)DUDO,V CU.OODDODOyeVOooo,
yeV cUDoo,voooooo,U eu(y).

O

Theorem 2.6.11. X JOUO0O0OO. 00 zeX0O0O0,04U(x)cP(X)D00ODO
0,00 26100 UlD0U400000000. 0000,00000CX0O0O0,

00000000 0002€0000 0 €el(x)
e

00000,000000 XO00O0OO000,U(x)DDOD0OOD0O0O0OO0 xeXOOOOO
go.
go,0o0bbbboooogoooooooobbbbboooooooooo. U

ood . 147
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27 0O0O,00,00,00

Definition 2.7.1. X OOOOO, ACc X O0OOOOOOO. ADODODO X0OO0OO
od0ooooog ADOO (interior)DDD,AODDD.
A=) o
Orspen

(@D Ad0D0OO0ODODOO0OODOOO0OO0,AD0000D00000DOO0OOOODOOOOO0
DDDDDD.) Def. 24103000, A°0000000. 00 ADODOODO (DDDD
DDDD)DDDDDDDDD. (DDDDD A°Cc A00O0,0cCcA00O0OoOooOooo
OcA 000

exercise 93. A C B= A° C B°.
exercise 94. A: open & A = A°.

Definition 2.7.2. ACc X O00O0O0OO,ze X0OODO.
x0 AOOO (inner point, interior point) 0O 0O O (ﬁxDDDDD vooooo,
€
UcADDOOO,UNAc=00.

00000 z0 A0DDOOODODODOD, A0 x000000000O0O0DODOO.

exercise 95. xr 0 AUUJ0O <« A0 000000, 0000,00000 000000
O,x€e0CA.

Theorem 2.7.3. ADDD A°0 AOODODOODODOOOOOOO.
A°={zeX|z0ADDODO}.
0000,z e€A° 200000000000, UNAS=0.

Proof +t0 ADDODDOOD,z2€0C AO0D0DOODDOODOOOD. OO0 ADODOO

DO000O000 OC A°. 000 z € A°.
D0zeA°0000,z2€A°CAO0DO,A°000D000O0 AD2000,000

0,20 ADOD. O

Example 2.7.4. n0000000000R"0000000000,0000 B(2)° =
U.(z)000.

Proof. U,(z) 0000000,00000 Ux(z) CB,(z)00000, Us(z) C B(2)°.
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B.(z)° C Us(z) 0000. yeB,(x)°000. y=200000000 y e Uy(x).
y#2x000. 0000 d(z,y) #0. B,(2)°0000000,00e>000000,
e

U B, °goano. z= —(y — R”DDDD,
(y) C By(x) 2 y+2d(x,y)(y T) €

= _ly—z|==<<e
= — — 2l = —
2d(z,y) y 2

i2) = e =1l = |5 )

000, z¢€ Uy) C Bo(z) 000, d(z,2) <r 00000 d(x,z):d(m,y)—i-%ﬂ
oo,

00 ye Uq(x). O

000000000000, 00000000000 Uk(x) CBr(zx)°0000O. O
I A A A I A

Example 2.7.5. X 0 20000000000000000. Bl(a:):XDDD,
Bi(2)° = X. D0 Us(2) = {2} 00O, Us(2) € By (o)’

Example 2.7.6. 10000000000 ROOOOD QOOOOOOD,O0000
Q°=0000.

Proof. 0O0D0O00DODOO0ODOOOOOOOOODODO.

Lemma 2.7.7. 1. 00000 xeROODODOOOe>0000,,z<r<z+el
000000 reQUOOOO0. 0000 (z,7+¢)NQ #0.
2. 00000 e ROODDODODODe>0000,x<y<x+eb000000O00
y€eQO0O000D0. 0000 (z,24+¢)NQ° # 0.

1
Proof of Lemma. 1.N<5DDDDDDNENDDDDDD.

n::max{ZGZ‘%gm}

000.000000000 &2<z<®loOo.

L n+1_ n+ 1>0
T +e N =z N € N .
+1 +1
000 "T<a:+€.DDDDD ”TEQ.
2. 00000
V21
=1leZ| —<
m {E 2N_x
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0000, Y2t ¢ (2,04 ¢) NQ-.
0

Q°#4£000000.z€Q°000. Q°IOODOODOOODO,O00e>000000,
(x—e,x+e)CQ, 000 (xv,z+¢)CQ,0000 (r,z+e)NQ=00000,00
0000o00o0o0.0oooo Q°=0. O

Theorem 2.7.8. A BCc XUIOOODOOOOOODOoOoOOOO.

11 A° C A.

12 (AN B)° = A° N B°.
13 (A°)° = A°.

14 X°=X,0° =0.

Proof. 11,1400 000.

2. (ANB)° Cc ANBC ADODOO, (AnB)° 000000 (ANB)° Cc A°. OO
0O (ANB)° C B°. 000 (ANB)° Cc A°NB°. 00 A°C A0OO B°C BOO
A°NB°CANB. A°NB°O0O0000O0O0 A°NB°C(ANB)°.

[3. A°0 A°0000000000000 A°C(A4°)°. 001100 (A°)° cA°. O

exercise 96. 00 [1,14000.
goooooboboboooooooo.

exercise 97. (AUB)° D A°uB°00000. 000 (AUB)°=A°uB°0000
oooooo.

ggooboobodooooobobobbooooooobobo. oooboboboooaf
gooo.

exercise 98. (ﬂ A,\)OC N ASO0O0OO.

AEA AEA
Example 2.7.9. RO 10000000000,z ROOO. neNDOODO A4, =
(z—Liz+ 1) cROOO. N, A, ={z} 00000, (N2, 4,)° ={z}°=0. O
0A, 0000000 A% =A4,. 000 N2, 4% = {z}.

exercise 99. 000000 N, 4, ={«} 000 {=}°=0000.

Definition 2.7.10. AC X OUOUOOODOOO. ADODOOOOOO A0OO (exterior)
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000, Ac000.
A€ = (A°)°.

Ac000 ADDOODO.

A0O0DD,AD000000000000000. 00 A°0 A°000000000
000, A° C A°000 A°NA=0000.000NA=00000000000,
OCA°000 O C (A9° = A°.

Definition 2.7.11. A/ := (A°UA°)°0 ADOO (frontier) 000
A°, A°00000D000O00COO, 00000000 Al Doooooo. 0o
A°NA°=000000000000, X0 4°, Af, A° 0 disjoint union 000000,

X = A°u Af U A-.
Theorem 2.7.12. UY*(z) 0 € X 0OODOOOOOO. 0O00O0DOOO.

1. z € Af.
2.x00000000000,UNA#000 UnNA®#D0.
3. 000U eU*(x) 0000, UNAA0DOD UNA®#0.

Proof. 1 2. Thm 2.7.300,
re A< U el(x): UN A =0.
OO00o0d0o Ac0000
reA°=(A) <« ecl(x):UNA=1.
goood

reAl exdA° 00 x g A°
SVYUeU(z):UNAADDOO UNA®#0.

2<300000. O
exercise 100. 2 < 3000.

Corollary 2.7.13. A = (A°)/.

Proof.

reA SVU cU(x):UNAADDDO UNA®#(
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SVYU elU(x): UN(A) A0DO0 UNA®#0
sze (A9

0000 (A°° = ((A9)9)° =A4A°00000d,
(49 = (497U (49)°)" = (A v A°)° = AT,
O

Theorem 2.7.14. X 0OOOOO. 00O (—)°: P(X) — P(X)0O Thm. 2.7.8 0 110
M4HO0000000.0000,0000ACcXODO,

AODO0O0DOO0O0 «A=A°
def

00000,000000 XOOOOOO,A°000000000 ADODOOOO.
g, gbobobuoooobbooobbobooobboboooobbooon.

o0oo . R&0(1)-(5)oo0O,00,000000.0,170000000.0
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28 0O0O,00

Definition 2.8.1. X O0OOUOO,ACXO0O00O0O0O0OO. ADODOD XOO0OO0OOOO
0000000 A00OO (closure) 00O, A*000 ADDDO.

A= () F
FDA
F:closed
(XDDDDDDD,ADDDDDDDDDDDDDDDDDDDDDDDDD.)
Thm. 252 F3 000, A0000000. OO0 AOO0O (DDDDDDDD)DD
oooooog. (DDDDD A* D AD000, FDO>AO0D0DOOODOO F> A*OO
0.)

exercise 101. A C B = A® C B*.

exercise 102. A: closed & A = A“.
dooooooooodoouooooooooon.

Theorem 2.8.2. A% = A°.

Proof. A* D> AD00O A% C A°. A00000 A°0000O000O A% C A°°.
O0,A°DA®OO AC A, A°“00000 A0DD0D0DODOODOO A C A%, 00O
0 A% D Ac°.
do,douoooooooooooad. O

Corollary 2.8.3. A°¢ = A

Proof. 00000 Ac0O00D0OOCOODO. U
Corollary 2.8.4. A® = A°¢ = A° U AT,

Proof. A% =A% =A°0,X = A°UATLUA°O0000D00O, A=A =A°UAT. O

Definition 2.8.5. ACc X 0DOUOOO,ze XOODO.
x0 ADO0OO (adherent point) 00O CﬁxDDDDDD uooo,UnA#0.
($]

000000000, z0 ADODODOOOOOO,z0 A°OO00O0OCOOOOOOOO
goo.

gobboogbboodoobobooobbooobbooooobobooobbooon,
+x0 A0D0D0O00DDOO0ODODOO,:000000000 AODODDOODDOO.
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exercise 103. U{*(x)0 : 00000 DO0OO0O. OOOO
x0 A0D00 VU eU*(x): UNA#D.

Theorem 2.8.6. AD0D A0 ADDODOOOOOOOOOO.
A*={reX |20 ADDDO}.
0000,2€ A< 2000000 0000,UNA#D0.

Proof.

x € AT & x e ACC
Saog A
S0 A°0000000
S0 AD00ODO.

O

Corollary 2.8.7. 10000000000 RODDODOOOOOOODOOO,0000
ogd.

Proof ACROODOOOOOODOODODOO. ADDODODOOOOODOODOOODOO
O0.s=supAO00O0. Prop. 1.7.2800,000 e>0000 (s—&,s]NA#40000
00 s0O A00D000 se A AODDOOOOO0 A*=A000.000 s€eAD00O0O,
s=maxA. 0000000 OOO. Il

Corollary 2.8.8. X OOUOOOOOO,z€ A* < d(x,A) =0.

Proof. X OO DOOOODODO. {Us(x)}
Thm. 2.8.6, exe 103 00O,

~oUzoobobbbouuooooog,

reAVe>0:U(x)NA#D
&Ve>0,Ja€ A:d(z,a) <e¢
< inf d(z,a) = 0.
ac€A

O

Example 2.8.9. n 0000000000 R"0000000000000,00000
000,0000 Ux(z)® =B,(z), U.(z)f =S,(z). (000 r>0.)

Proof. 00000 Thm. 2860000, Ex. 274000000 Uy(z)* =B, (z) 00
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00. 0Do0ooood. Udz) = Us(2)?\ Us(z)° = B.(z) \ Up(z) 0O Uy (z) =
Sr(z). O

exercise 104. n=2000,0000 U, (z)*=B,(x)000. O0,0000000
0000 Uy(z)*=B,(z)0000007

Example 2.8.10. 10000000000 ROOOOO0QODOD,Qf =Q*=R0O
00.00, Lem. 2.7.7000 Thm. 2.7.1200 Qf =RO0DO0. 00O0O0OOO.

exercise 105. 0000 Qf =Q*=RO0ODO0.

Theorem 2.8.11. A BC X0O0DOOODODOOODDOOOOOOO.

Al) A* > A.

A2) (AUB)" = A*U B*.
A3) (A")" = A“,

Ad) X* =X, §* = 0.

Proof. Thms. 2.7.8,2.820000
(AUB)" = (AUB)*“ = (A°N B = (A®° N B®)" = A®°°U B*®° = AU B*
ggoddoto. jgoggoooooo. U

Remark . 00000D0DDO, (ANB)* CcA*NB*00000000O0OOOOO0
ooo.
10000000000 RODODOO A=1[-1,0),B=(0,1]00000, A* =
[-1,0], B*=1[0,1]00000, A*NnB*={0}00 (AN B)* =0* = 0.
O0000000000,Q,Q°CcROINOOO,0DNNON0OO Qf=Q*=R. 00
0DQY=Q/=RO0OD0Q*=R. 00000 Q*NQ*=R. 00 (QNQ°%)* = 0.

exercise 106. 0000 (0,1]*=[0,1]000.
exercise 107. (ANB)* Cc A*NB*000.

Theorem 2.8.12. X O0OOOODO.
o0 (—)*:P(X)—P(X)O Thm. 2.8.11 0 Al0A40000000. ODO0O0O, O
000 AcCcXOo0O0d,

AO0O0O0ODODOO «A=A4°
def

000000000 XO00OoOooo,A*000D0oooono Aoooooo.
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g, dboobuogooboboooobobbooobobobuoooobobooon. U

000 .80(1)-(5)000D0000.0,1570000000.000,00000 A0DOOO
ADOOOOO.



142 020 000000000

29 000,000,000

Definition 2.9.1. X 00OOOO,ACcXOOO0OO0O0OOOO.

x € X0 ADO0ODO (accumulation point) O 0O O é:)efxDDDDDD voond
(A—{z})NnU #0.

A0000000D A0OODO (derivedset) 000, A 00000.

A00ec€c AD ADODOOOOOOD,O0000aeAN(A)N00000,a0 AD
000 (isolated point) OO O .

000000Def. 2850000000000000,20 A0ODOOODOOO0OOO
00,20 A—{z}00000000000000000. (Prop.2.9.400)
X0O0O0O0O0O0O0O0,20 ADDDOOOOOOO000,2000000000 200
00 AD0O00000000. OProp.2.9.6000

Remark . A —{z} = An{z}r000, (A—{z})nU = (An{z})NnU = AN
{z}nU)=AnUn{z}c000,

(A—{z)NU=ANU — {z}) = ANU — {z}.

exercise 108. *(z)0 z 000000 O0ODO. 0OOO
x0 AD000 VU eUd*(z): ANU —{z} #0.

Remark . 10000000000 ROOOO,O00 {a,} 0000000000000
ooooo,{e,}0000000000000000O0O0OOO.

exercise 109. 10000000000 ROOOO, e, =100000000 {a,}0O
gooooooooog.

Example 2.9.2. 10000000000 ROODOOO A={}|neN}OODDO,
A'={0}000.000 ADDOOOOOO.

Proof. 1.0€ A/00000.000e>0000,00neNOOOOO,L<eO
00.000 £ e€ANnU(0)—{0}#£0D000€ A"
2. 000 x#0000,2¢ A 00000.
(i) 2<0000.e=—20000,e>00,4ANU(2)=000 z¢ A’
(i) 0<r<1000.
Lr=+€A000. e=+—-50000,e>00, AnUc(z) = .

000 ANUg(z) —{z} =000 « ¢ A'.
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ii.z¢ ADDD. N=min{neN|l<z} 0000, N>20, <

T < g7 000, 5:min{$—%,ﬁ—x}DDDD,€>OD,
ANUg(z) =000 z ¢ A,

(ili) 2>1000. e=2-10000,e>00,ANU.(2) =000 = ¢ A"

O

Example 2.9.3. 10000000000 ROODODOO QOOOO,Q =RO0OO.

Proof. Yz €e R, Ve >0000, Lem. 27700, QN (U (z) = {z}) DQN(z,z +¢) #
0. O

exercise 110. 10000000000 ROOOODO ZOOOoO,zZ =0000.
Proposition 2.9.4. z € A' &z € (A— {z})".

Proof. Thm. 286000000000 z€ (A—{z})* 00000000000
UNn(A-{z}) #0 e ze A O

AOODO,AD0 A00DO0OO0OODOOOODODOOOO.
Proposition 2.9.5. A = AUA’.

Proof. AC A°000. 0000 Prop. 29400 x € A =z € (A—{z})* C A%
000 A'Cc A, 00000 AUA' C A2,
O0rx€eA002¢A0000,A—-{2}=A00000,2€ A%=(A—{z})*O
DzeA. 00000 A*Cc AUA.
(cf. A =A"N(AUA%) = (A"NA)U(A*NA°) =AU (A% N A%)) O

Proposition 2.9.6. X 00000000. 0000,z€ A 000e&>0000
U.(z)NnADDOOOO.

Proof. <«00000O.

=. 00000. D0000 e00000, U (x)NADOOODODOOOO. O
000 Us(z)NA—-{2z}00000000. Ufe)NA—-{z} =00000000
Oz g A Ufxe)NA—{z} #0000, Usl(z)NA— {z} = {a1,...,a,} 00O
0. & = mini<j<pd(z,0;) 0000, >0000,Us(z)NA—{z}=0. 00O
x g A O

exercise 111. 1. 00 <«000.
2. 00 Ugl(m)ﬂA—{J:}:®DDDDDDDDDDDD.
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exercise 112. z € X0 X 0O0O0OUO <« {«}0 XOOOO.
exercise 113. A:closed & A’ C A.
exercise 114. r € A' = (A— {z})* = A°. (00DODO0O0OOOOOO.)

000 . 80(1)-(500000000.0
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210 00,00

Definition 2.10.1. X O0OOO0O, ACc X O00000O0O0OO.

A0 X0OOO (dense) 00O (ﬁAa:X.

Definition 2.10.2. 0000000000000, 000 XOO0OOOOOO,X00
O (separable) D0 O 0ODO0O.

Proposition 2.10.3. A0 X 0O0O0O
& 0002zeX0,2000000U0000,UNA#
& 0000000000 O0000,0NA#A0.

Proof. 000D0D0DO Thm. 28.6000000.2000000,
=)000000000000.2€0000000.00 2000000000 20

00.0000000 ONA#0.
<)reXDO0.U02x0000000,ze0CUO0O0O0OODOODDODOO.

reO0O0000#0. 0000000 ONA#0. 00000 UNAH#D0. O

exercise 115. 1. 000000000000.
2. A0 X000« 0002zeX0,000U ey (z)000,UNA#£). 00O
U(z)O 2000000.

exercise 116. x € X U0 X O0OOO « X\{z} 0 XOOO. (cf. Prop. 2.9.4, exe. 112)

Corollary 2.104. AABC X0 X0OOOODODOOOO,BO0O0O0ODOODO. ODO
0OANBO XOOOOOO.

Proof. O0OD0DO0D0O0O0D0OOOO,0N(ANB)#000000000000O. OO
00 BODODOOODO,0NB#0.0,B0000000ONBOOOODOOOOODODO.
ADDDOODO (ONB)NA#0. O

gogoooooooooo.

Corollary 2.10.5. ACc X0 X0O0OOOOOOO, O,...,0,Cc X0 XO0O0O0OO
00000.0000 An(N/,0,)0 XO000000. 000 (N,0;0 X0000
oo.

Example 2.10.6. 10000000000 ROODOOD QOOOOO,ROOO.
Q,Q°0RODOOONONDQNQc=00000000.
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Example 2.10.7. X O00O0O0O0OOOOOO. 0000000 ACcXOOOO A=A
00000 XO0O0OOOoooooo XOooooooo. oo ROoooooooooo
goooooon.

Example 2.10.8. n 0000000000 R*O000O0O
Q" ={(z1,...,2n) |z, €Q (i)} CR"
Oo00oo0d R*O00O.

Proof. 000 z = (21,...,2,) ER*"0, 000 e>0000, Lem. 2.7.700000 ¢
000 (z;—e,z;+e)NQ#0. OO0

<H(xz —e,x; + e)) NQ™ # (.

=1

000 z e (QM)”. (cf. Ex. 2.6.8.) O
Example 2.10.9. Ex. 2290 R* 00000 AODOOOOO.
A={(x1,...,2,,0,0,...) |2, €Q (1 <i<k), ke N}

0000 ADOO0,00000000000,00000 0000000000. 00O
0A0000D0O0O0R®*OO0O0OOO0. 000 R>*O0OO.

Proof. ke NOOOO

0000,00000 4,2Q"000,A=U2,4,000,A00000000.
= (x1,22,...,) ER®000.Ve>0000 Us(@)NA£0D0000D0D0O0.
e>0000. keNOODOODODOOOO

00 k 2

2 2 e

T T; 5
i=1 i=1

000. g,...56 € QO |yi—x| < 5 00000000, 0000 y =
(y1,---,9%,0,0,...) € A0 20000

d(x,y) = P2 = P = i)’ 2 <[k + 5 =c.
) =[S =2 = | St 3wt k4D =

D00 yeUl(z)000,U(z)NA#£0. 000D0DO z € A”. O
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Definition 2.10.10. A, BC X 0O0OO.
A0O BOOODOOOO c<1:>anDB.

Example 2.10.11. RO 100000000000O00O.

1. (0,1)c(0,1]cRODDOO, (0,1)*=1[0,1] > (0,1] 000, (0,1)0 (0,1]000
0go.

2.Q,Q°cCROODO,Q*=R>O>Q%,Q*=R>QO00,Q0Q:000O,Q°
0QOOOoOoOooooo.

Definition 2.10.12. ACc X O0OO.
AO0D0DO (nowhere dense) (<i:>f(A“)° =.

Proposition 2.10.13. AODOO < A°0 X OOO.

Proof.
(Aa)o — (Aa)cac — Aacac — (Aac)ac — (Ae)ac — (Aea)c

ogn

ADDO & (A = (AY)° =0
S A =X
s A000.

O

Proposition 2.10.14. ADO0 <« 0000000000 OCcXOOO,00000
0oo0ooooo O co0,0nA=00000000000.

Proof. Prop. 2.10.13, Prop. 2.10.300, A0D00 < A°000 <« 000000000
00CXOOOONA“£00000000D0O.
=)0’ =0NA°0000,000000 0O'00000. 00 40000000 0O
00o000,00000000000.0' cA°cA0D0 O NA=0.
<)0o00000000000. ONA°“#0000000. DO0O0ODO,000000
00 cO0O0ONA=00000000000. OO0 A000O0DO0DOOODOO
O' CcAc. 000,0NA¢D>O #0. O
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211 00000

Definition 2.11.1. X 0O0OO0O0. 000000 NOD XOODOOO XO0OOO
oo.

00 f:N— X0O f(n)=2,00000,0000,00 21,22,... 000000
{z,}00000.

Definition 2.11.2. X 00O0OOD0O0O0O0O. XO0OO {z,}0 2 € X0O0OOODO (<i:>fxD
(S)

00000 U000,00000 NeNOOOOO,n>NOOOx,€U00D0.
00 {2,})0 € XO00ODOOO0ODOO, 2000 {2,} 0000 (limit point) 00O,

lim z, =20000 z, 2z (n—o0)0000.

n—oo

exercise 117. Y*(x)0 :t D00D0O00O0OOO. D0ODODOOOODO.

lim z, =2z« 000U e (x)000,00000 NeNOOOOO,n>NOO
0z,cU000.
Remark . X OOODOODOOODOO. 2 XO0OO {Us(x)}

gooboooooo,

5000 {U

(x)}keN 4ot

ES

Iim z, =z
n—oo

Ve > 0,IN € N,Vn > N, x,, € Uc(x)
&VkeN,IN e N,Vn > N,z,, € U%(x)

0O00. 000 10000000000 RODOO (DO0O)D00OO0OUOUO,0000
211.10000000000000D0O0DOD.

exercise 118. d 0000000000 REOO0 {x,}, 7p = (1, Tno,-- ., Tpa) O
a=(a1,as,...,aq) ERIOD0DOODODOODODODOOi(1<i<d) 000
D,DDD{QJM}”GND e, eROODOOOODOOOODO.

00 {z,})02zeXOODOOODOO lima,=200000000,0000000

n—oo

gbooboogoboobuooooobooooobobo,oogooboooooboobog.

exercise 119. X 0 OOOOOOOOD. 0000, X0O0OO0O0O0ODO XO0O0O0OOO
gooo.

Theorem 2.11.3. 0000 X OOOOO,0000000,00000,000000.
(X O Hausdorff 0 O (Def. 3.3.1)000000.)
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Proof. € X0OOD {x,}0000000000.ye X, z#4y000.
e=d(z,y)/20000 > 0.
z € U(z) = d(z,2) < e = dz,y) <dx,z2)+dzy) <e+d(zy) = dy,z) >
dlz,y)—e=e=2¢ U (y) 00O

Ue() N Ue(y) = 0.

O0zxz=limg,00000,00000 NOOOOO,n>NDOOO x, € U(x)O0O

n—oo

0.000n>NOOO®,¢U.(y) 000 yO {z,}) 00000000, O
Theorem 2.11.4. ACc X OOO.

1. ADDO {a,}0ie. Vn €N:q, €c AUD z e XOOOOOO z€ A°000.
2.2 X0O0000D0O0O0O0ODO0O0ODODOD XODOOOOOoDoooooobOo. o
goo

r€eA*< A000 {a,} 0 lima,=20000000000.
n—oo

Proof. l.ap,€ A, a, —2000. 2000000 0000,00000 NOOO
00,n>NOO0Oa,eUD000.000aveUNADD,UNA#0. 000
Thm. 2.8.600 z € A®.

2. {Uylnen 0 200000000000.

Vi = éUi

0000 {V,}nen D 200000000000 V,DV,,00000.
Thm. 2.8.6, exe. 103 00

r€A*SVneN:V,NA#(]

000.0neNOOO,a,€V,NAODDODODOO,O00 {a,}00000,00
000 lim a, =z. Dexe. 117000
n—oo
Il
Remark . O0ODOO0O0, 00000000000 OOOODOD, DD000OODODOAO

gooooooo.
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exercise 120. 00 {V,},en0 2 00000000000000.

Corollary 2.11.5. 1. A:closed= A000 {a,} 00002z X0OOOO z € A
2. X0000D000 (Def. 26.6)) 0000000000000 0OOOODOOOO
goo.gooo

A:closed < A000 {a,} 0000 ze X0OOOO z € A
Proof. A: closeds> A=A*000000, Thm. 2.11.40000. O

exercise 121. X OOOOOOOO. O0O0OO

reA < A000 {a,} 0, an#2(VneN)OO lim a,=20000000000.

n—oo
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212 O0O000O,0000

Definition 2.12.1. (X,O)DDDDD,ACXDDDDDDDD.ADDDDDD Oy
O
O4={AN0|0€ 0}

00000, 0,0 AOOUOUO. OD0D0D0O0 XO0OOO AO0OOOO (relative
topoloty) OO 0.
oo0o0oo0O0ooO0o0O00000000000D0DUU0U0O, 0000 (subspace) O
ogd.

exercise 122. O, 0 AODQOODOOOODOOOOO.
go0ooooooooooooon.

Theorem 2.12.2. 000000000 OOOOOOODO.

0000, X00000,ACcX0000000,BCcAO0DOOOODOOOOO
goo.

BO AD0DODOODOD <« XOOOODO OoO0OO0OO0ODO,B=0nNA.

Proof. a€c ADODO,a00000000 0 AD0DQ0O0OOO
Ur(a)a={x € Ald(a,z) <1}
O,ce00000000 -0 X00O00ODOO
U,(a) ={z e X | d(a,z) <1}

0 ADDDODODOO,0000,Uk(a)a=U,(a)NADDDDODOOOOOO.
BO ADDODODDOOOOD. 0000000000000000000 (Thm. 2.3.5)
oo

B:QUM:Q (Uy N A) (UU)

000. 000 Uaa, Uo 00000 A, XOOODODDDOOODO. O=,0,0000
oo.

0000000000000000,00000000000. 0cXO00000,
B=0NAOOOOOOD.2zeBOOOO,2€0000,0000000,00¢&>0
00000, Ul (z)cOO000. Us(z)a=U(2)NACONA=B0O0O,B0O ADD
oo. O
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Proposition 2.12.3. X 00000, A000000000,BCAO000. 0000,
BO AD0DOOODOD <« XOOOOOO FOOOOO,B=ANF.

Proof. BC ADDODO,BO XOOOOOOOO B, A0D0ODOODOOO B 0000
oooo.

B°={xe X |z ¢ B}
B ={zreA|x¢B}=ANB"

CcXpoooo,
(ANC)® = AN(ANC)° = AN (A°UCY) = ANC®

oooooooo.
=)B0O ADDODOOOOOOOO,BY0 ADDOO. 000 X0O000 0000
00,BY =An0O000. F=0°0000,F0 X0O00O0O0OO,

/

B= (BC’)C —(ANO)" =ANO° = ANF.

<) FO X00OOOO,B=ANnFOOOOOO.O=F°0000,00 XO0O0OO
aoog.
BY =(ANF) =ANF°=ANO

000,B°0 ADDOODO,O00 BO A0DOOO. O

Remark . BCACXUOODO. B=ANBOOOOO,BO XOOODODOOOOODO
O0,BO00O0O0 ADOUOUOOOOOOO. DOooDO0U0DOoOoDoODoOOOOODOO. OO, A0
X0O0oooooooooooo,AoDoo00dO0 ADDDODODODOOOOOO00O,X0000
gooo.

A000000000O0DOOOOOOOOOOOd.

Proposition 2.12.4. X 00OO0OO,ACc X0O0OO0O0OO0DO0OOOO,BCcAOOO.
oooo,
BOOOOO ADDODOOOOOODOOD & BO XOOOOOOOOOO.

Proof. «0000000O0. =0000.
A0 XOOUODO,BO ADOD0ODOOOOODDO. OO0ODO,XO0000DO OoO0OoOOO,
B=AnOoU0O00. A, 0000 X0O0O0OOOOOooOo,BO XO0O000O.
goooooon. O
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exercise 123. JO00O0OOOOO.

exercise 124. X 00O0OODO,A0D0DD0D0D0DO,2z€ A, VCADDDO.ODOO
VO AOUOUOOD 2000 20 XO0ODODODDODOUOOOOO,V=UnNA.

exercise 125. X 00000, A0000OO00OOOO. 0D0D0DOO0OO0ODOOOOOOO
O000,AD0000000 XOOOOooooooooooo.

ooo . 179
Example 2.12.5. n+ 10000000000 R 00000

n+1
Zw? = 1}

ST = {(1}1,. .. ,In+1) S Rn+1
i=1

00000000000 100000 nO0000 (n-dimensional sphere) 000 .
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213 0000

Example 2.13.1. 000000000, 000000000000.
10000 f:R—-=RO0eecROOOOOOOO

Ve > 0,36 > 0,Vx (Jx —a| <90) : |f(zx) — fla)] <€

goooogooood.
ROODOOOOOOOODOOO,0D0000

Ve > 0,30 > 0,Vx € Us(a) : f(z) € U(f(a))

HRERERE
Ve > 0,30 > 0: f(Us(a)) € Us(f(a))

gooo.boob,e0bbboogoboboooobobbooobo,bod
YV eU(f(a)),3U e U(a) : f(U) C f(V)
goooog.

gogooooboobobbboooooooouooooooon.

Definition 2.13.2. X, Y OOOQOOGOOGOO.
00 f: X =Y OO e€ X OOO (continuous)
é?ff(a)DDDDDD VoOo,e000UODODO f(U)cCcVDOODO.
f+X—-YDXO00ODODO0OUO0OOOOO f00000 (continuous map, continuous

mapping) 00 0.

Definition 2.13.3. 0000 f: X - Y 0O,00000000000 00000
000,0000 (homeomorphism) 000000,

XU00YOOOOOUOoOooooUoO, XO0YOooo (homeomorphic) 0000
oo.

Proposition 2.13.4. 00 f: X - YOO ee X000 & f(e)00O0O00DO0 VOO
O, f (V)0 e0OOOODOD.

Proof. fU) CV & U c f74V)000,00000000000000000
0 Thm. 2.6.10 U300, f(f~(V))cvVOOOOODOOO0O0O0O0O0O0O. O
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exercise 126. JO0OO0OO.

exercise127.XDDDDD,(Y,d)DDDDDDDD. oooo,o00 f: X —-Y0O
Oee XODOO <<0OOOe>0000,0 00000 U0UDOO0O0ODO,zeUOODO
d(f(x), f(a) <00 D.

gooooooooooouooouooooooooaa.
Theorem 2.13.5. f: X - Y OOOOOO. OO0OO.

1. fO0O0.
2. 0000 f000000000.

0000,YOO0O0O0O0O0o0 o000, f~40)0 X0o0oooooao.
3.0000 f000000000.

0000,YO0O0O0O00O00 FOOO, f4F)0X0000000.
4. X00000000 A0OO, f(A%) C f(A)*

Proof. 1 =2) f00000,0#£00YO0000000. 000 z€ fY0O)D00,
f(r)e0O0DD,00000000,00 f(x)000000. fO002z000000,
Prop. 2.13400 f~Y(0)0 20000000000 Thm. 26300 f~50)0000
ooog.

2=1)0000000000000000000.2€X00,V0 f(x)D0000
0.0000000,f(x)eOCVODODODDOOODOO.U=fY0O)0D00O0,
0000 UO0D000000,zeU00000,0U02000000. f(U)cOCVO
0000, f002000.2000000000 fO00O.

2 300000.

3=4)0000000000000000000. f(4A) C fA*0O0000O
AcC f7H(f(A)Y. f(AH*D0000000D0D00000 f~'(f(4Hv)0DO00. 00O,
AT C fH(f(A)), 0000, f(A?) C f(A)"

4=3)000 A000O, f(4*) C f(A)*000000. FCYOOOOODODO.
f(f/YF) cFODO0OO0D,0000 f(f ) Cf(fHF) CcFr=F. 00
o fY(F)ecfY(pooo, fY(F)e=f4YF).0oooo (P ODOO. O

exercise 128. 00 2 3000.
Proposition 2.13.6. f: X - YO ae XO0OO ©VAC X(a€ A%) : f(a) € f(A)*.

Proof. =. YV € U(f(a)),3U € U(a) : f(U)C V. ac A°0000,UNA#0DO
OfUNA)#D. VNf(A)DFUNFA) D FUNA)DDVNFA) A0 OO0
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f(a) € f(A)"

<. 00000. f0 000000000, 3V eU(f(a)),YU €U(a): f(U) ¢ V.
A= fL(ve)y=fYvrooo. fU) ¢V eU¢fFYYWV)«UnNnA#£00O0O
0000,e€ A°000. 0O0,00000 f(A) cveon f(A)NV =0000

f(a) & f(A)°.
O

Example 2.13.7. X 00O0O0O0O,A000000000000,0000 4:A4A—X10O
goooo.

exercise 129. 0 00O.
gogpoogoooog.

Theorem 2.13.8. X O0OOOO,A000000OCO00ODO. AODODDOOOO,0000
i:A—-X0000O0O0OOUoOUo ADODODOOooOOoOoooooooo.

Proof. 000 2137000000, A0000000000 000000,
00,i: (A,0) - X0000000,X0000000 0000 Y0)=A4ANn00
000000 ANO€©.0000,00000 ©OO0000. O

Example 2.13.9. X, Y OOOGOOooOoOO.

1. XO00Ooooooooo,0oo000 f: X—-YOoOOooooo.
2.YOooOoooooooo,oo00oonD f: X—-YOOoooo.

exercise 130. 00O O.

Example 2.13.10. X 000, 0,0, 0 X 00OO0OOO0O. 00000000
1x: (X,0,) — (X,0,)000000000,0,<0,000000000000.

exercise 131. 0 O0O.
Theorem 2.13.11. X, Y, Z00000000O.

1. f: X—>Y,g:Y—->Z000O0O0OOOOO,00g¢g0f:X—>2Z000000.
2. 0000 1x: X - X0O00O00O0.

Proof. 20 Ex. 2.13.10000. 100000. U

exercise 132. 1000O.
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goobo,bobooo,oooooo.

exercise 133. X,Y, Z0000O0O, f: X —=Y,¢9: Y —-2Z000000. fO0ae X
000000,¢00 fla)€eYODODDOOO,00¢gof: X —Z00ae X000
ooog.

gooooobbobbbooooog,boboboobobn.

Proposition 2.13.12. X, Y O0OOOO,BCYOOOOO,#:B—-YOOOOOO
0O0.00o00,
00 f: X - BOOO e00iof: X —-YDOOO.

exercise 134. 0 OOO.
gooodopooooooobooooooooog.
Definition 2.13.13. X, Y O0OOOO, f: X - Y OOOOOO.

1. fO0O0O0O (open mapping) 000 < X OOODODODODODODODOD YOOOOO
0.

2. fO0000 (closed mapping) 000 < X OOOODODOODOOO YOOOOO
ao.

0000 fO0D0000O0OOOOO f(X)OYODOODOOOODO.
ggooob,bbod,djgoboboboooobbouoooobobooooono.

Example 2.13.14. X 0O0OOO AO0OOOD0¢:A—-X0OO0OODOO (Ex. 2.13.7)
0,A0000000D0OQ000DOOO00OOOOOOO.

exercise 135. AD 000000, 0000000000 O0O0000O0O0OOOO

Example 2.13.15. 1. YOOODoOooooo,oooo0 f: X—-Y0Ooooo
goooo.
2. X0000000000,00 f:X—->Y0O0OOOOOODOODOOOO f(X)O
gooboooobobbooooooo.
OEx.213.900000.0

Example 2.13.16. X 000, 0,,0,0 X 0O0OOOO. 0O0OOOOO0
1x: (X,0,) - (X,0,)0000000000000,0,<0,0000000000
0O0.0Ex 2.13.1000000.0
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Example 2.13.17. 0000 X OOOOOODODOOOOOOODOoODOooOoOO.
exercise 136. 0000000 OOOOO

gooooooooon.
Theorem 2.13.18. X, Y OOOOO, f: X —-YOOOOOOOO.O0OOOO.

1. f0O0000.

2. 0000 ¢g:Y >X0O,gof=1x, fog=1,00000000000.
3. f000000O00O0.

4. fO00O0O0DOOOOO.

Proof. 1=2000000g¢=f"'0000000.2=100000.00000000
0 ¢g0000, fO0000000g=/"'000.1<3400000. 00, f0000
00000, f000000000000000 f'00000000000000. O

Remark . 00000000 OO0ODOOOOODOOODO. OO0 01,00 X0O0OO
00, <O, 000000000,0 213.10000000,0000 1x:(X,07) —
(X,0,)00000000000,0 1x: (X,0) = (X,00)0000000.

exercise 137. 00 f:[0,1) — S0 f() =P 00000, fO0DO0O00DOO0O
0O0,00000000.000,(0,1)0000000000000000000000
0.00COR*00000000OO S'cCOOOOO.

Example 2.13.19. 1000000000000000 (-1,1)00 10000000
D0O0ROODOO f:(-1,1) RO f(z)=tan 2200000, fO00000000.

Example 2.13.20. n 0000000000 R 00 2= (z1,...,2,) 000, RO
000 S"000 N =(0,...,0,1) 00 (z1,...,2,,0) 000000 S"O00000N
googod go(x)[][][]. gooooon QO:R"HS"—{N}DDDD,DDDDDD
0000.000000000 NOOOOOOO (stereographic projection) O 0 O .

exercise 138. l. p(x) 000000 2y,...,2z, 000000000, 00000
goooog.
2. p000000DO,pO000D000DODODODODOODO.

Definition 2.13.21. 0000000000 O0OO0OOOOOOOOO (topological
property) 0 OO .
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214 ODO00O0O0Ooooooo

0000000000,0000000000000000000,00000000
oooo,

Definition 2.14.1. (X,dx), (Y,dy)DOOQOQoooo.
00 f: X =Y OO a€ XO0OO (continuous)
©f() 000000 VD00,e0000U00000 f(U)CVOOD.
f[+X—-Y0X0O0000O0OO0OOO0OOO f00000 (continuous map) 000 .

000000000 «0000000D0000D0O0O0OODOO0, (X,dx), (Y,dy)DO
Doooooooo,
00 f: X—>Y0OOaeeXOOO
& 000e>0000,006>000000 f(Us(a)) C Us(f(a))
<000e>0000,006>000000,dx(z,a)<0000 dy(f(z),f(a))<e
DooooooDoOo.

exercise 139. JOO0OO.

Example 2.14.2. f: R— RO f(x)=2?00000, fO000000

Proof. « € RODODO. fO0 «0D00000O0OODODO.
e>0000.6=min{l,e/(2la|+1)} 0000 §>0000, |zr—a| <6000

[f(x) = f(a)| = |2* = a®| = 2a(2 — a) + (v — a)*| = |z — al[2a + 2 — a
< |z — al(2lal + |z — al)

13
< —° (Qal+1)=c.
ﬂ@+1“d+) c

Remark . 000DO0DDODODO.

r?-e?000002z-e0000000000. 0000000000000, f0
000000000000000000000000000, f(r)=220r=a000
00000000000, 22 =a?+ 2a(z —a) + (z —a)?
D00D00000,22=(rx—a+a)? = (x—a)’+2a(r—a)+ae® 00,0000
00,00000000000000,0000000000000000000000
oooooo.

O
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Example 2.14.3. (X,d)00000, 20 € X000, 00000000000, O
000, dgy(x) = d(zo,2) 000000 dgy: X ~ROOODODODO.

Proof. 0O0O00ODOO0O,000 a,ze X000
—d(z,a) < d(zg,z) — d(xg,a) < d(z,a) (2.1)

0000 |d(zo,z) — d(zg,a)| < d(z,a) 000000000.000,000e>000
0,6=e0000,d(z,a)<é000,

|dyo () — dyy ()| = |d(x0, ) — d(x0,a)| < d(z,a) < =ec.

exercise 140. 000 (2.1)000.

Theorem 2.14.4. X, Y OOOOOOOO. OOO0O

f:X 2 Y0Daee XO0OO & 0UODaee XO0ODODODODODODDOOO {z,} 000
Jim f(@.) = f(a).

Ooo0O, fO0ODDODOOOOOOOOO, lim OOOODODOOOOOOO,O0000

n—oo

lim f(xn):f<nli_)néoxn>DDDDDDDDDDD.

n—oo

Proof. =) f0 a€ X0O0OOD00O,00 {z,} 0 «00000000. f(a)0OOODO
0OVOoOOO,eO0UODOUOD f(U)yCcVOODOOOOOOOO.ODODUUOOO,00 NeN
0000,n>NOOO 2, €UD00. 00000 n>NOOO flz,) € fU)CV
000. 000 f(z,) — fla).

<) Proposition 2.13.6 00 VA C X :a € A% = f(a) € f(A)*0D0D00O0DO.
ACX,a€eA°000. X0OOODOOOO, Theorem. 2.11.4200, A0D00 {a,} O
lim a, =a00000000. DDDD,nlin;Of(an):f(a)DDD. {f(an)} O f(A)

n—oo

000000, Theorem. 2.11.4.1 00, f(a) € f(A)“. O

Remark . OOO00O0O0OO00DODO0O0,=00000000000.«0,0aeX0O0
gooboooooboobog.

exercise 141. f(z,y)=x+vy, g(z,y) =2y 000000000000000O000O0
f,g:R? = ROODOOODO.

exercise 142. R,R™" R" 000000000, X 0000000, p;: R* > ROO i
000000,0000 pi(zy,...,2,) =2, 00000000000.0000.

1.p,000000.
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2. f: X >R"000 &« 0000i000 piof: X »RODD.

3m>n,1<i3<isg<--<i, <mOO0O. p(x1,...,%m) = (Tiy,...,x;,) 00
ooo0oo0d p: R —R*O0O0O0.

4. BCR'OODOD, f: X »BOOOOOO. fOR"O0O0OOO f(z) =
(fi(@),...,fo(2)) 0000000, 000 &0 fi: X >ROOO.

OO0 . 85(2) 99 106

Example 2.14.5. (X,dx) 00000, (Y,dy) 000, 0000 §(Y) < oo, 000
0000000. X00YOOOOOOO FX,Y), 0000000 ¢(X,Y)000.
f9e F(X,Y)0OO,00d(f,9)0

d(f,g9) = sup dy (f(x),g(z))

000000 (YOOOOOO d(f,g)<oo)0,d0 F(X,Y)0DOOOOOODOO.
{(f,}0 F(X,Y)DDO,0D00DD X0OYOOOOODOOO. {f,})0000
00000000 fe F(X,Y)OODOOOO, {f,} 0 fO00000 (uniformly
convergent) 0 000 0O.

oooooo{f,}000 fOO0DO0OO0O0OOOO, fOODO0OOO. 00O Cor2.11.5
00,00000000000000 C(X,Y)0 F(X,Y)0oOooooo.

Proof. 100000 {f,}000 f000000000,f000000000OO.

¢«cX00000000.eeXO f00000000,0000,000e>000
0,¢00000UD0000,zeU000 dy(f(z),f(a)) <eOODDDOOODO
oo.

e>0000. {f,})0 f000000000,00NeNOOOOO,n>NOOO
d(fn,f) <e/3000.000,000 2 X000 dy(fn(z), flz) <e/3000. fx
00000000 «000000U00000,ze0000 dy(fy(x), fy(a)) <e/30
00.0000000,zeU000

dy (f(2), f(a)) <dy(f(2), fn(2)) + dy (fn(2), fn(a) + dy (fn(a), fla) <e.

exercise 143. 00 d0 F(X,Y)0OUOOOOOOoOooooooO.

Definition 2.14.6. (X,dx), (Y,dy)OOQOQOOOODO.
00 f: X - YOOOOO (uniformly continuous) O 00O (<1:>fDDD e>0000,
006>000000,dx(z,2")<0000 dy(f(x),f(2') <eDODO.
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Remark . e000 60 XOOOODOOOOOO.

goboboooooboogoon.
exercise 144. 00000000000 O0OOOOO.

Example 2.14.7. f:R — RO f(z) = 2200000, fO000000000.
(Ex 2.14.200.)

Proof. OO0 d>0000,x=1/60000, |(x+46/2)) —z|=9/2<60000,

f(z+6/2) — f(z)] = (H g)z 2

=6 4+ —
x+4

> dx = 1.

O

Example 2.14.8. X D A#0000. da(z) =d(z,A) 000000 dg: X - RO
ooooooo. 000 Ex.2143000d,, 00000000.

Proof. 000 z,y € X 0,000 a€ ADODO d(x,y) +d(y,a) > d(xz,a) > d(z, A),
0000 d(z,y) +d(y,a) > d(z,A) 000, d(z,y) +d(y,A) > d(z,A) 0D000D0.
000 d(z,y) > d(zx,A) —d(y,A). 0 yO0DOOO00O0O d(z,A) —d(y,A) > —d(z,y).
goo

|da(z) —da(y)| = ld(z, A) — d(y, A)| < d(z,y).

000 . 97 103(1)(2)
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Thm. 23.5000000,00000000000000000O00000D0O0O0ODOOO
. oo oo,0iiiUUUU U UULd
ggoooo.

Definition 3.1.1. (X,0)00000000.

BCOOOOO (base)y 0O O0OU (open base) 000 C%DDDDDD oo BO
DDDDDDDDDDDDDDDD:OZL}\JOA(OAEB).
gboo,ob0oo0bobooobooboboo,oboobooboo.

Example 3.1.2. Thm. 2.3500,0000 X0O00O0OO 0000
B={U.(z) |z € X,e >0}
oooooo.

I A A A A A I N

Theorem 3.1.3. (X,0)00000000.
BCcOOOOOODODOD < 000000 O0000zeODOO0,000 €BO
O000,ze0' conOOO.

Proof. = 00000.
<)o0000000.0000,02x€e00002€0,COO0O00O0ODO O, €RB
oooo0o0.0rxeQonoooonDOon O, eBO000O0ODOO,

O=|J{atc|JO. cO

z€O zeO

163
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00,0 =U,eo0, 0O0. O
exercise 145. = 0 00.

Definition 3.1.4. 00000, 00000000000, 000000 (second axiom
of countability) 00 O0O00O0O.

Example 3.1.5. n 0000000000 R*O0O0O00O,
B={U,.(z) | z€Q",reQ,r >0}
0000 BOOOODODOO. 00O R"OO0O0OOOODOOO.

Proof. O0OD0OD0,2z€0000.0000,00e>000000,U(z)cO0DO.
0<T<%DDDDDD reQUi0O0D0OD0OD0OLem. 2.7.7000. Q"0 R*OO00OO0
0000Ex 2.10.8000, Un(z)NQ" £ 0. 2/ € U, (z)NQ"0D000000 Uy (2') € B
D00.000yeU()000,

d(v,y) < d(z,2") +d(@',y) <r+r=2r<e

000 ye U (x), 0000 Up(2') CU(z). 00 2’ € Up(z) OO0 z € U.(2'). OO
0zeU,(2')cOD00, Thm. 3.1.300, 8000000, O

Theorem 3.1.6. 000000000000 OOOO,0000000000.

Proof. BOODODOD XO0OOOOOOO. 2e X000, U (x)={VeB|zeV}D
00.Y*(z)0 BOOOODOOO00000O0000,U*(z)000,200000000
0,:000000.U020000000,2€e0CUO000000O0OO0DOO0.
BO000O0O0OO0O0,0=UV,V,eBO000000.2€0000,00i00000
eV, 000.V,ey*(x)000,V,cUDDDOO,U (z)0 2000000000
oooo. O

O0 XOOOOoOoDooo,00 LemmaOOD0OOOOO.

Lemma 3.1.7. XOOOOO, 0,0 XOOOODOO. 0O0OOO O::ﬂ)\eA(’)ADX
gooobod

Proof. O0DO0O0OO0DOOO0ODOOODOOOODOOO. O
exercise 146. OO 0OO.

Remark . X OOODODODOD0OODODODODOODO0OODO0O0O0D0DO0OODO0O0DOO0O =inf{O,\} O
ao.
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00 X0O,00000b00b0bobooobooog,0oboboboboooooog
oo o. oo oboobobbbbboboobob,00d
0000000000000 DO000O0DO00O00D00O0. Lem. 3.1.70000000
ggoooo.

Definition 3.1.8. X 000ODO0O. BC P(X)000,B8000000000000,
0000 BOD000000DO00000D00000 BOOO (generate) 1000 00
0OoM@B)ooo.

OB)0000000DO0ODOOOO.

Definition 3.1.9. (X,0)00000000.

BCOD OO0O0 (subbase) 100 « BI000000000000000000
0ooo oooooo.

000,0000000000000 X000,0000000000.

OO0 BO00OO00OO0OOOO,0000000,B0000000000000000AO
ggoooooooooo.
00000 BOoO0OOoOoOoOooooooo.

Theorem 3.1.10. X 000, BC P(X)00OO0. 0000,B0,B0000000
OB)000000.0000,0B)00000000,B0000000000000
000000000000O00O0.

Proof. 00000 BCcO(B)DOO.
B0O000000000000000 X0000000000000 BOOO:

B::{UcX U:ﬂBi,F:DDDD,BiEB}

el

BO00OO0DODO0OO0OOO BOOODOOOOOOOOD. 0OO,B000000000
0 XO0OOO0OoOoOoOooooo0o ©oooo:

O = UUA,UAEB’}

O::{OCX
AEA

O=0(B)000000000.

BcCcOB)DODOOD02000BCcOB)000,0030000COB)OOO.

OB)c©OOOO0O0O0,BCcOOODO00OD0,®OO0000000000000O0.
0OM@B)0 BOOD000O0O0O0O0000.0
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Ol. PO 000000000000 eO,XO000000000000000 X €0.
02. 01,0,€0000. 01 =U,\Ux,02=U,V,, Ux,V, € B0000. 000

@m@:(QUOmQHW)Zmem

At

000,U,NV,eB000 0;N03€ 0.
03. BO0OOOODOOOOOOOOD BOOOOOO.

O

Remark . 000000, 000 BCP(X)OOOOOODODODOOODODOOoOoOoOoOoO,
oboobooobooboo.bog 1voog.
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32 00000

Definition 3.2.1. (X,0x), (Y,0y)0000OO00O00. 0000 X xY O,0000
0o BZ{UXV|UGOX7V€OY}DDDDDDDDDDDDDDDD X 0O YDE
000 (product space), 100000000 (Cartesian product) 000, 000000
000 (product topology) OO O.

ogbo,0b0d0ouooouo, tgouooooooooon.

Proposition 3.2.2. B={UxV |Ue€Ox,VeOy}00000000000. OO
00,000000000 X00000Y0O0OOOOOOOOOOOO0O0O0O0O00OO
oo.

Proof. 00000 BOOOOOODODOOOOO, Thm. 3.1.1000 BOOOOOO,O
ooo,

B::{UchY U:ﬂBi,F:DDDD,BiGB}

i€l

DDDDDD.B:BDDDDDDDDD.BCBDDDDDD.XGOX,YGOyD
0000 XxY eBOUOODOODODOODOOOOOO.U;xV;eB(1<i<n)OODOO,
I A A I A

(2

Remark . 000 1900000 BOOODOODODODODODOODDDODODOOOOOOO.

Theorem 3.2.3. XY, Z00000,px: X XY - X, py: X xY =Y OOOO
oQd.

1. X xYO0OOODOOO,pxO py 0000000000000 0O00D0OOOD.
2. px,py 0000D000.
3.00 f: Z—>XxYDOOOOOO &pxof,pyof00000O00.

Proof. X xY ODOOODODO OOOO.

L px: (X xY,0) =X, py: (X xY,0)-YODOOOOOOOOOOOO.
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O30 0000

O'0XxYDOOO px: (X xY,0) - X, py: X xY,0) - YOO
0000000000000, O <O 000000000, OO0 B
{UxV|UeOx,VeOy}0OOOOOO,0000,B800000000
000000,BCc @ O00000000000.UEeOx,VeOy,0000,0
000 p(U),py (V)€ O'000. 000

UxV=UxY)N(XxV)=p(U)np; (V) € O.

.poobootodddoooooobobobobobbobooo, bbb UooOon

00000000000, px(UxV)=U,py(UxV)=VOOODODODOOOO.

Loboooobobooobb =00bbo.

pxof,pyof0000D00D00ODDOOD. XxYDOOOOOD f00000
0 ZO0OOOOOOOOOODOOOOOO,0000000000000000
000,00000000000000000000000000,00000
00000000000000000. UeOx,VeO,0000,0000

(px o f)"HU),(py o f)"Y(V)e O, 000. 000

fFHUXV)=fH{{UXY)N (X xV))
fmUxmmf (X xV)
= X' O) Ny (V)

=(pxof)” (U)ﬂ(pYOf)”(V)E<92

exercise 147. J00OU0O0 A: X —- X x X 0OOOOooQ.
exercise 148. px: X xY - X O00OOOOOODOOOOOOOOO.

exercise 149. yo € Y OOO. OO iy, X — X X {yo} O iy, (z) = (z,y0) DO OO DO
ZyODDDDDDDDDDDDD.DDD,XX{yO}DD XxYODoooooooo

exercise 150. X, Xo, YV, Yo OO Ooooog.

L fi: X; Y, 00000000, 0000, (fi X f2) (z1,22) = (fi(z1), fo(22))

Odoooooooooogon
fix far Xi xXo =Y xYs

gooobog.
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2.X,0Y,X0Y,0000000 X;xXoO0YixYoO00OOOODO.

exercise 151. (0,1) x [0,1) O [0,1] x [0,1) 000 O0DOO0OO0OO0OOOO. 0OOO
(0,1),[0,1),[0,1] CRO 1 0000000000000 O0.

Remark . (0,1)0 [0,1]0000000 (00000). XxZ0YxZ00O000OO0O
0,X0YOOOODODOOOOOOO.000000000,X0Y00000000,
XxZO0YxzZOoOoOooooooooao.

Ooo . 196, 197, 198, 199

Definition 3.2.4. {(X),0\)},., 0000000000, 0000 [[hea X2 0,00
oooo

U {r'(0) [0 € 0:}

AEA
0000000 (000000000 000)000000000,0 {(X),00)}ea 0

00000000000000000000. 000 py: [[Xa—X,000000O.
ggobobooooboboooooboogoobobooon.

Proposition 3.2.5.

B:{II&

AEA

O00000 LCcADOODOO, e Lidnd Ay e O,,
AgLOOO Ay = Xy

ggooooooooo.

Proof. Uyea {px'(0) |0 €0,} 000000000000000000000000O
000 BOO0O0. O

000 . 193, 194
Remark . 0000 [[hea Xa 00O,

BW:{HOA

AEA

V)\EA:OAEOA}

00000000000000 (box topology) 000000000 ODDO0OODO. AOO
goooooobobboobbbtoooddoo, bbb bbbbbb0ooUoOo-
O0.000000000000 194(4),(5)0000000oooooo.

Definition 3.2.6. {(X),0\)},c, 0000000000, 000 X = [[,ex Xa 0O,
0o
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O={0CX |V eA:0NX,ec0,}

:{0:]_[0A

AEA

0, € O)\}

000000000 (X,0)00 {(X»0x}he 0000000,

Theorem 3.2.7. X =[[,., X, 0000, iy\: X, -~ X 00000000000, O
00o0000,0004,00000000000000000.

Proof. OO0DODOODOOD. D0ODO iy: (X,0,) —(X,0)000000. 00,
0c00000,i,'(0)=0nNX, € O,.

O'0X0000,000AeA000 0y (X,0,)—(X,0)0000000000
0.0'<0000000000.0€0'000.0A€A000,0NnX,=14,"(0)c¢
0,00000,0€0000. O

exercise 152. , 0000000 O0OOOO.
exercise 153. 0 X, 0 X =[[X,00D00ooooooO.

exercise 154. R 0 0000000000000, ROOOOO AB O
A={zcR|z>0}, B={zeR|2z<0}000000. 0000, 0000
id: A[[B—RODODOOOO,00000000. 000000 A[[BOROOOO
000000000.0

exercise 155. (X,0)00000000. 00000 X=[[X,000000000
0000,0 X,0 00000000000 0,000.0000,

000 {(X,,0,)} 0000000000 « 000 A000 X,0 (X,0)0000
0oo.

oogd . 195
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3.3 Hausdorff O O

211 00000000,0000000000000D000O00D0OO0DO00OOODOO
ggooobo.bboooobbbooobbboooon.

Definition 3.3.1. 0000 X 0 HausdorffOO OO OOOOODO OODO C<1:>f|]D|:]D
e

00000 2,ye X000,200000y000VO,UNV=000000000
oQ.

exercise 156. 0000 X 0 Hausdorf D0 000 <« 000000000 z,ye X O
00,z00000000y00000000,0Nn0=00000000000.

Remark . Hausdorff 00000000000 O0ODOOO. OOOO

exercise 157. X, Y OUOUOOODODOOODOO. X O Hausdorff DO OO Y OODOO
oo.

Example 3.3.2. 00000 Hausdorff OO O O0O. OO XOOOOO, z,y € X,
xr#y0000,e=d(z,y)/2>00, U(z)NU.(y) = 0.

Example 3.3.3. 00000 Hausdorf 00000, OO0 XO0OO0OO, z,y € X,
r#y0000,{z},{y} 00000, {z}n{y}=0. 000000000000000
0oo.o

Example 3.3.4. 0000000000000 Hausdorff O OO.
Theorem 3.3.5. Hausdorff O 000000, 000000,00000,00000A0.

Proof. 000 Thm.2.11.3000000.000,0000000000000 Hausdorft
00000000000 000.00000,0000, Hausdorf OOOOOOOOOO
goobboooobbboooobbbooon.o |

Theorem 3.3.6. Hausdorff 00 0000, 000000000O0.

Proof. X 0 Hausdorff OO, 2 € X O0OO. 000 ye X\{z}000,2#y0000
O0,z00000,y000VOUNV=000000000.000z¢V 0000
OVcX\{z}0oO0O,y0 X\{z}0D00O. O

Theorem 3.3.7. Hausdorff 0 00 U 0O 0O OO Hausdorff.



172 O30 0000

Proof. X 0 Hausdorff 00, A C X 0OOOODOOOO. a,be A, a#b0000,
a0 XO0OOOOOUO,b0 XOOOOOOVOUNV =000000000.
U :=UNA, V' =VNADODODOD,U, V00000 a,b0 ADDDOODODO (exe 124)
unv' =0. O

Theorem 3.3.8. X, Y UUOUOUOODODOOO. OD0OO0OO X xY O Hausdorff & X, Y OO
0 Hausdorff.

Proof. =) exe. 14900, X, Y0 X xYOOOODOOOOOOOOO, Thm. 3.3.700
00 00 Hausdorff.

<) (x1,11) # (T2,92) € X xY UOUOUO. 27 # 2o 00000. X O Hausdorff O
00 ;000 U; 0 U;NU,=00000000000. U; xY O (z;,:) 0000,
(U xY)N(UxY)=0000. O

Remark . 00000000 D0OOO0ODOODOODOOODOOD. ODODOOOD.

Theorem 3.3.9. X 00 000O0O0O0O. O0ODOO, X O Hausdorff & 00000
A={(r,z) |z X} 0 XxXO0OOO.

Proof. x,y € X OO0,z #y < (v,y) € A & (x,y) € A°000. DO0OOO,
A BCXO0OO,ANnB=0&(AxB)NA=0s AxBCA°OOO0.000

X O Hausdorff < V(z,y) € A%, 3U e U(x), IV e U(y) : U x V C A°
S V(r,y) € A°: (xz,y) 0 A°OO0O
< AOO000.

O

exercise 158. 000 exerceise 0000000000 DODO.OX,Y,Z000, f: Z2 — X,
g: Z—=YODOO0OOO. 00 (f,9): Z—XxY O (f,9)(2) =(f(2),9(2) 0000
00. 00 AC X,BCYODODODOOOOO. 0000, (AxB)NnIm(f,g) =0 <
YA ng Y (B)y=0D0OO0O00O00O.

Corollary 3.3.10. X 0O0OO0O,Y O Hausdorff OO, ACc X OO, f,g: X - Y O
oooooodo. dooouooooono.

1. X00000
C:={zeX|[[f(z)=gx)}

goooooo.
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2. f0g0O0O0O0OD ADDDODOO,A*D0D0DDOO.

Proof. 1. YO Hausdorff 00000000 Ay O Y xY OODOOOOODOODO
(f,9): X =Y xYDODOOODOO C=(f,9)" ' (Ay)DDDDO.
2. f0¢g0 ADDDODODOD ACCOODO.COODOOOOO A°cC.
O

Example 3.3.11. RO 10000000000000. 0000 f,:R—RO QO
0oooood f=¢g000.

Corollary 3.3.12. X O0OOOO,Y O Hausdorf 00 O0O0O. OO f: X —-Y OOO
oooooo

I'y:={(z,y) e X xY |y=f(x)}
O XxYOOoOoO. Oef. OO0 840

Proof. f x1ly: X xY — Y xY OOOOODO (exe. 150), Y O Hausdorfft 0 0O
A={(y,y) |yeY}0YxYODOODOOOD. 000 TD;=(fx1y)"(A)0DOD.
O

exercise 159. 00 Corollary 00O O00O0OOO0OO0DO. XOOODOO,Y O Hausdorff
00000.00 f: X—YOOaeeXOOOOOO,000beY (b4 f(a))D0ODO,
(a,0) 0 T, 000000,

exercise 160. Y OO OOOOOO, f: X —-YOOOOO I, 0000000000
0.0o00o0oo0ooo,000 fO000O0Iy0000000000000O

exercise 161. (X,0) DHausdorff OO 0D, 0’0 O0OD0D00 XOODOOOO. OO
00, (X,0) O Hausdorff.

exercise 162. ROOODUOOOOUOUOOOO Hausdorf OO OO .
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34 000

Definition 3.4.1. 1. 0000 X0OO0OO (disconnected) 000000 DO0OOO

(ﬁXD,DDDDDDDDDDDDDDDDDDDDDDD,DDDD,DDDD
€

ooood 0,,0,00000,

X201U02, OlmOQZQ

agod.
O0,00000000 0,,0,0 X000000.
2. 0000 X0O0OO (connected) OO0 é:ngDDDDDDD.
3. 0000 X0OODODODO A0DOOOOO (<i:e>fDDD|:| AO0O0O0O0O.

Remark . 00000000, 000 p00O00O0O0D. 0,00000000000000
O00000000000. Oct. 10000000.000000000DO00DO0O0OO
gboboogoboboobbooobobbooobobbooobboobnobooooooboba,
gobobdoodbobbuoooobobuoooobobbooooboboa.

Proposition 3.4.2. X O0OOOOOOO. OJ00OOOOO.

1. XOOOoooo.

2. X000000000000000000000000a0.

3. X00000000o00000000 e,x0o0.

4. XO00OOOOoOOOooDoOooDoOooooooooo,00o00o0o0oooooon
ogoogo:
X =01UO,, O; #0, O; :open = O1 N O3 # 0.

5. XODOUOODOOOoDODOOooOOooDoOOoDoOooDOoO,0o00b0o00ooooooogd
ooooo:
X =FUF,, F; #0, F; :closed = Fy N Fy # 0.

6. X OO {O,I}DDDDDDDDDDDDD.DDD,{O,l}DDDDDDDDDD.

Proof. 12 <3 <4 <500000.
letdd0dD0O00O0ooooooooooooog.

7 X0oooo.
6> X00 {0,1}00000000000D0.
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6=1)f:X—-{0,1}000000000. 0;=f"13),i=0,10000, f00
0000 0;#0¢000, 0000 {i}0{0,1}0000000 0;0000000. O
0000,0,N0; =000 X=0,U0, 00000, X0000.

I'=6)X000000,0,0,0 X000000.00 f:X —{0,1}0

o 0, x€0Oy
f(ZL‘) B {1, x € O

000000, O; # 00000 fO000O000. 00 {0,1} 00000
p,{0},{1},{0,1}0,00000000 0,00,0,,X000000000.000 f00
0. 0

exercise 163. 00 12 3«4 <5000.

exercise 164. ACc X0O0OO.OOODO.

1. ADODOO.

2. ACO1UO5, ANO; £0, ANO1 N0, =0000000 X0OOO 0,000
oo.

3. ACFiUF,, ANF, 40, ANF,NF,=0000000 XO00O00 F,000
oo.

exercise 165. ACc X UOUOO. OOoOoOQ.

1. A0DDDO.
2. X0000O0;,0ACO1UO,, ANO; 42000000 ANO1NO,#0000.
3. X000OO F0 ACFUFR ANE 4000000 ANFiNF£A0000.

Theorem 3.4.3. 0000000 O0ODOOOODOOO.

Proof. f: X - Y DODOOOODOOOOD. 00,0000 f(X)00ODDO0O0O0DD X000OO
O000DO00D0O0. f(X)DO000DO0000. fO0 X0O0 f(X)0000000000
0000000 (Prop. 2.13.12). f(X)DDODOOOOO f(X)0O0O {0,1}000000
000000. 000 fO0000D00O0O00O,X00{0,1}000000000000.
D00 X0ooOooooo.

0000,00000000000.Y0000U;0, f(X)CUUUs, f(X)NU; #0
fX)nUinU,=000000000.

e ;0 YOOODD fO0DO0O0DD f~%U;) 0 XOODODO.
o F(X)NU; #0000 f~YU;) #0.
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° f(X) cUul,000 X = f_l(Ul U UQ) = f_l(Ul) Uf_l(Ug).
o f(X)NUINU=0000 f~H(U)Nf 1 U2) = fH (UL NU2) = 0.

ooo YUy, fFFY(U,)0 X 0000000, X0000000. O
Corollary 3.4.4. OO0OO0ODOODOODOO. O

Theorem 3.4.5. X 00000, A, BO X0OOODOOOP#£A£ACBCA*O0DOO
0000. 0000 ADDOOOO BOOO.

Proof. f: B— {0,1}00000000. f0000000000OCOO0. AOOODO
00 fla0000000,0000 f0 ADDDDDODO. f(A)=000000. OO
g:B—{0,1}0¢h)=0000000000000 ¢g000000, fla=gla00O
0.{0,1} 0 Hausdorff 00000, AD BOOOODOO Cor. 3.3.1000 f=g¢, 000
O f0000O0OO.

oooQg

O0 XO00OO0OOODoOO,An0=0A*NnO=00000000000. 00O,
o°c0000000000OoO0onO

ANO =0 ACO“= A CO°“= AN0O =0.

0,0 XOOOOO BCO1UO, BNO; #000000000. BNO1NO,#00
oooooooooo.

e ACBOO BCOUO,000 ACOUO,000.
e BCA“O0 BNO; #0000 A*NO; #0000,000000 ANO; #0DO
0g.

ADODODOOOANOINO,#0000,ACcBOD0O BNOyNOy#0. O

exercise 166. AC BC A*00000,0000 BOOOOO A0 BOODOOOO
gobooogoan.

10000000000 ROODODOODOODOOODOODOD.

Definition 3.4.6. ROODOOO CO,000 a,beC (a<b)00O0, [a,b CcCOO
000000 (convex set) DO0DOOODO.

OR"O0000O CO,000000000D0,000000D000 CoOoOoogoan
goooooooo.o

Theorem 3.4.7. 10000000000 ROODDOODOODOOO.
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Proof. a<b000,000 A=[e,b000000000000

FI,F/,CAO ADDODOOOOOD A=FRUKODDOOOO. AN #0000
00000000. ADRODOODOODOOOO, F;0RO00O0OO0O0OOOOOOOOO

be MNFKO0000 FiNEy #0.

bgMNFK,O000.belM, b¢g ODODOD. FOODODODOOOOOOOOOOO
O000. c:=supF 000. c€ Ff =F. (cf. Cor. 28.7.) ce F; CAOO ¢<b.
bg 000 c#b00c<b. (c,b)Cc RbOOOODODDOO. O0,c<a<b000
Ox>c=supF 00002¢ FO000ADDOODO00002€A=FUF 00 € b,
000 cefe,b]l=(c,b)* CF¢=F,. 000 ce HNFKOOO, FiNE #0.

O

Corollary 3.4.8. 10000000000 ROOOOOODO.

Proof. CCRODDOOODDOOO, f:C—{0,1}00000000. fO0000O0O
00,0000000000000000000. 000 aebeC(e<b)0On,COn
000, [ebcCO00. [0,b)000000 fl,,0000000 f(a) = f(b).
goooo
0000000000000 00000000. ACcROODODODOOOOOOOOO
goooag.
ACFURANF, A0, ANFINE, =10

O00ROOOO F,ROODO0O0. ¢; €ANF,000. ANFINF, =000 a1 # as.
ap <ax00000. [a1,a0) ¢ ADDDODOOOO.

[a1,a0] ¢ U O0000AC FRUF, 0000(ay,a0) ¢ ADDD.

l[a1,a2) C FHUF,000. [a1,a2) 0000, a; € [ar,a2)NF; #0000, [ar,a2]NFiIN
Fo£0. ANFINF, =000 [a1,a2]NA° D [a1,ax]NFiNF, 000, [a1,az] N A # (.
0000, [a,a] € A. O

Proposition 3.4.9. 10000000000 ROOOOOOOOOOOOOO.

Proof. 00 000D0DO00DDODOODOOODODDODDOOD. ACROODDOODODO
0000. [a,b] ¢ ADODOOOD abe ADDDOD. z € fa,b]NnA°0D0D000O0.
rg€Aabe ADDa<z<b 000 AN(—o0,x), AN(z,00)0 ADDOOODO
O. U

Proposition 3.4.10. ROOOOOOOOOOO.

Proof. 0O 0OOOODOOOODDOO.
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ACROODODODOOOOOODO. ADODODDOOUOODOOUOODOO. DAODODOOO
Oo000o00o00ooo0oo.0AQU0OooUOooUOooUOOooO,000ooOo.
m:=inf A, M :=supAOO0O. (m, M) CAODDOODOODO. m<ax<MOOO.
m=infAOOO m<a<z2z000aeac AODDODQOOO. OO0O,z2<b< MOOO
be ADDDDD. ADDDDOO [a,b]CAODz€e A O0D0O0D ADDDOOODOO
ooood, (mM)cACm,M OO0 AO (m, M), (m,M], [m,M), [m,M] 00O
ooo,0o00booooag. U

goooogooood.

Theorem 3.4.11. 10000000000 ROOODOOODODDOODO A0DODDOODOO
gooo.

1. ADDO.
2. A0000O.
3. A00DO. O

Corollary 3.4.12 (000OD0O0). XOO. f: X - RO0O. zy,29 € X, f(z1) <
f(z2)BO0. 0000, [f(z1), f(z2)] C f(X).

Proof. f(X)CcROODOOOO. O

Remark . OO000D0O0D0O0OD0ODOOODOOOODOOProp.34900000000000,
O000000Thm. 3.4.7, Cor. 3.4.80000000.

gdddodooooo, bbb oog, bbb Oon
gooooooooo.

Example 3.4.13. 0000 [0,1)0000 (0,1)0000000. 0000, [0,1)0
0 (0,1)00000000000000. 000000000 zsing2 00000 OI0
0o, f:[0,1) — (0,1) 00000000000, f0(0,1)=[0,1)\{0}00000
00000000000 f:(0,1) — (0,)\{f(0)})000D00. (0,1)0000000
oooooooo. (0,)\{f(0}00oo0oo0 £(0,1) # (0,1)\ {f(0)}. OO0
f([0,1) #(0,1)000, fO0O0O0OOO.

Definition 3.4.14. X 00000, ebe X000, 10000000000 ROOO
000,100 X000000 ¢:[0,1] X0 ¢0)=a, p(l)=b000000 a0 b
0000 (path) 000. « 00000, b00000000.

Remark . 00000 ¢000000,000 ¢(f0,1))cXO0O0O0O0O0O0O.
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Definition 3.4.15. 0000 X 00000 (path-connected) 00O (ﬁDDD a,be X
e
OO00,e0b00000000O0.

Remark . arcwise connected 0 00O OO0 OO. path-connected [0 arcwise connected
goodooooobooood.

Theorem 3.4.16. OO0 O0OO0OO0OOOOOOO.

Proof. 000 Cor. 348000000. XO0OOOO0O0O0OO0O0O0OOO, f: X — {0,1}
00000000, f000000000000000. ¢eX 00000000, 00
OzeX00O0 f(z)=f(e) 000000000. X0O00OO0O0O0O e0 2000
0 ¢, 00000000 ¢:[0,1] X0 ¢0)=a,p(l)=200000,00000.
fop:[0,1 —{0,1}000000 [0,1]000000, fop(l)=fop0)000. 00
O f(x) = f(e1)) = fop(l)=fop0)=f(e0)) = fla) O

Example 3.4.17. 00 00000000000. 00000000 R?200000

A={(z,y) eR*|0< 2 <1,y =sin(l/z)}
B={(0,y) eR*| —1<y<1}
X=AUB

oo0ooo0,X0OoOooooooooooooo.
exercise 167. 00000000000 0O0DOO,00000000O0O0O00DDOOO.

Theorem 3.4.18. X 00000, {Ay}xea 0 X 0OOODOOOOOO, 0000, 0
00 ANeADDOD A, C XO0ODOODOOOOO. 0000,000 \peADDO
AyNA, #0000 A=, A,000D0.

Proof. f: A—{0,1}00000000. f00000000,0000,000 a,beA
000 f(e)= f(b)00000000000. a,be ADDD. OO0 \,peAODDODO,
a€A\bEA,O00. 0000 AxNA,#0000.c€cAyNA,000000. fO
00 f: Ay —{0,1} 0000, A,000000 f(a) = f(c). 000 f(b) = f(c). OO
O f(a) = f(b). O

Definition 3.4.19. X 00000, € XOOO. o 0000000000O0O0O00
od
.= |J C

zeC
CcX:00o

02000 XOOOOO (connected component) 000 .
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Proposition 3.4.20. 00000 00000000 DOOCOOO.
Proof. Thm. 3.4.18000000000000. 000000O0OODDOO. U
Proposition 3.4.21. 000000 0O0O0O0O0O.

Proof. C, 0 x0000000000. C,CcC*0,C, 000000 Thm. 34500
Ce000.2ze€Ce0 C*0000000000OODODC*CC,. 00O C,=C"
oooC,0000. O

Proposition 3.4.22. X OOOOOOOO. XOOOOOO ~0O,

r~ysryeCO0D0DDOOOCCcXO0O0OO

Oo0O000,000000000D0,zeX0000000«s00000000DO.
000000000 XOOooooooooooooo.

Proof. 00000 exercise 000 . O
exercise 168. X U ODUOOOO,ze XOOOOOODOO C,000.

1. {z}0OooooO.
2. Prop. 3.4.220 ~0O0000O00O00O0O.
.r~ysye .

Example 3.4.23. 10000000000 ROOOOO R =R\{0} 000000
Ry ={zeR|z>0}0R_={zeR|z<0}0000. 00,R,,R_0RODODO
00000. Ry, CACR*O0A=R,U(ANR_)0000000O0O0OOOOO.

Definition 3.4.24. 0000 X 000000 (totally disconnected) O 0 0O (41:>f ooo
€
oboobogoooaog.

Example 3.4.25. 00 000000O0O0O.
00000000, 0000000000000000DO00O00O0DO0DOo0. oo
0,10000000000 ROODODDODO QUODODOOODODOOO,0D0000D0O00.

Proof. ACQ,4A>2000.nseA,r<sO0000,r<z<sO00000 z00
000.{geA|g<z}0{geA|¢>2}0 ADDDOOOOOOD ADOOOOO
0.0000reQUOO,r00000000 {r}.
00000e>0000,(r—e,r+¢) ¢ QOOOOO,{r}0QOO00DO0OO0
0. O
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Remark . 0000000000000 OODOODOODOOODO,0000000DO0O
gogobobooooobuooonoooooon.

exercise 169. X 0000000000 0OD0OOO,00000O0ODOODODODDOOOO
ogd.

exercise 170. Z 0 RO ZariskiOOODODOOOOOODOO.

1. ZO0DOOOOOoooooo.
2. z000O0OODOODOOODOODOoOObOO
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35 doobooon
Definition 3.5.1. X000, AD0O000, {EAhea 0 XOOOODODOOOOO.

1. ACUy e, EADDDDD, {Ex}rea 0 AODDOD (covering) 000,

2. {E\}xea 0 ADDODOOOO,ADD00000O00000OO (finite covering) O
ao.

3. CAODD. O {Exhen 0 ADDDODDOO, {Ex}rea 0, 0A0000
{Ex}xea 00000 (subcovering) 000 .
000 ANODOODOUDOOOOO0OO00O0O00 Ooo.

4. ADODO {Ex}hea0DODOODOOOO jze)}DDDDDDDD IcAODOODOOO,
{Ei},er0 ADDDODO.

5. X00OO0OO0OO,{Ex}nea0 ADDDD,000 ANeAODD E\O XODODOO
0000, {Ex}axea 0 AO0OODO (open covering) OO 0.

6. 000000000 7CADDD, (), E#000000,0 {Exhaea 000
000 (finite intersection property) 00000 0.

Definition 3.5.2. 1.0000 X0OUO0O0O (compact) 000 (ﬁXDDDDD
(S
goobooooboboodg.

2.0000 X0000O0O AO0O0O0O0O0O0O00OO (ﬁDDDD ADDODOOoOooog.
(S)

Remark . 0000000 0O0D0OQOO0ODOOOOOO0ODODOOODOOODOOOODOOO
goboo,boogobobooooboobog.

Remark . 00000 Hausdorff 000000000 COOOODO,0000 352000
0000000000000 (quassi-compact) 00O000O00O0.

Proposition 3.5.3. 0000 X0OO0ODOODO AQDODQOUODOOOO <0000 AO
0X0O0OooOoboooooobooooooobo.

Proof. ADDDDDOO {E,\}00000 ADODOOOOO 0000 A0000 {0y}
0E,=AN0O,000000O0OO. O

Theorem 3.5.4. X 0OODOOO <& XOOO0OOO {F\}rxaOOODOODDOODOO

Proof XO0ODODODOD {E\}000,{E}000000000(N,E;=000000
000000.00,{E}»a 0000000000 00000000 IcAOOO
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0, Nic; Ef =00 {E{}heaDO0D0DD00OODODO.
X0OOOO E000DODOODOO ECO0DD00DON0NOONONONonooon
oooooo. .

Example 3.5.5. 00 0000000000000, 0000 XO00oOOooOO.
Example 3.5.6. X O0O0OOOOOOOOO,X000000 «XO00O00O0O.

Example 3.5.7. n0000000000R"0000000000. 00, {Up,(0)}nen
0OR"O000000000000000000.0000eR*000

gogoboooooon.
Proposition 3.5.8. 0000000000000 OOOOOOOOODO.

Proof. X0OOOO,ACcXO0O00000000.
00 ADDODOOO0O00. 2€X000000. ACU,eyUn(z) 000,00
NeNOOODOODO AcUy(x) 000 ADDDO.
A0000,0000,A°0000000000000.2€A4%0002z¢AD000.

UEBE @) =JyeX|dazy >r}=X—-{z}DA
r>0 r>0

000 {E.(2)}y»o0 ADDDOD. ADODOOOOOOOOOOOE, (2),i=1,...n0
0000. e=minr; 0000 €>00

ACUEM@:&Q)

oo
U.(z) C Ec(x)¢ C A°.

00000 Hausdorf 0000000000 DOO0O0ODOOOODODOOOOOOO.
ooobooboobobooboob.0ob looboobbo0o. oobboooboo
gogobobod n00b0bDOoOoono.

Theorem 3.5.9 (Heine-Borel). 10000000000 ROOOO0OO0O0O0O00OO
ugbg.gbobobooobooboboaog.
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Proof. ACROUDUDUOODOOO, A0DDOOO {F\} xea00DODDDDODODODOOOO
OA#A000000000D00OO,

a := inf {max ﬂ F;

i€l

@#IcA,ﬂI<oo}

O000,000 AeAOOO

a = inf {maxﬂ F;

Ae[c/\,tu<oo}epA
iel

00 Mea Fr #0000, A00D00O000ODO. O
000000000000 0. ROOODODODODODODODOOODOO0OO,0000000000
0000 (Cor. 2.8.7).
P={ICA|I#0,4l<o0}000, e A000 P ={I[€P|Xel}00DO.
OO0 IepPOOO

F]ZmFi, ar = max Fy € Fy
i€l
O00. OAD RODODOOOODO FO0RODOOCOOOO,00007I00000O
oooo F[%@DDDDD FrOoooooooooo.olcJoono FrD F;,000
ar > a; 0000000000, OO0

a = inf ay, ay = inf ay
IeP IcPy

O00.0A#0000 P#£0000,a; € A0 ADDDODDDOODOOOOODD.O
IeP, 000, elI000 FfCF\O00aeeFm000.000

aA:inf{a[|I€PA}E{a[|IEPA}aCF§\‘:F>\.

D0000,000A€A000,a=0a,000000000,a€ (NyepFr#000
oo.

P\CPOOOay>a000.

00,000 I€PO00,ICIU{N€eP 00000, a <anupy <ar000,

ay < inf a; = a. O
IeP

OO000b0obo0o0obOO0ob0dgoDoDbD,ee AWOODODODDOODODODODOOOOD. OO
gooboooobobbooooboboooo.g
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000 e¢>0000, [aa+e)NF\#000000000000. OOO0OO
a € FY = F,0OOOO.OeOOOOOO, 00000000 I CcAOOOO,
ar<a+e000.IU{AN} 000000 I0OOOOO

a<argpy <ar<a+te

UOU apugay € l[a,a+¢). OO

aru{ry € Frux C F)
oo CL[U{/\}G[&,CL-FE)HF)\?&@. U

Remark . 0000000000000 0OO0DDOODOOOOOOOO. (0,1)0000
gboooobomd

exercise 171. Z0O RO ZariskiOOOOOOOOOOOODO.

1. Z00O0OODOODODOoDOOoooDoo.
2.20000000000D00D00DOOOOO

gogobobooooboooon.
Proposition 3.5.10. A, A, C X O0OOODOODODODOO AyUuA, 000000C0OCOO.

Proof. {Ox}xea 00000 4,UA,0000,0000,0,0 X00000, AjUA, C
UOo,0ODODOOO. 00000 {0,}0 A, 0000000,0000 4000000
00000000000 J;CADO000 4;C U, 0;000. J=J3UJ;CAD
0000000 A UAdy CU,e,;0,000,000,{0;}jes 0 {Oa}rea 000000
0000.000 4,U4,000000000. O

Theorem 3.5.11. 000000000000 QOO0OOOOODOOO.

Proof. XOOODOOODDOOOO,ACXO0O0O0O0O0O000O. {Ox}aeaD ADDDODO,
0000 0,0 XO00O0O0OO,AcJO,000000. 0000 {Ox}U{4°}0 X 0O
000000, X000O00O0000,00000000 1CAD, X =, 0iUA°

00000000.00000 AcC,;0:000. O

Theorem 3.5.12. 00000000000 DOOODOODOODOODOOODOO.
Proof. X, Y OOODOO, f: X —-YOOOODOOO, XOOOOOOOOOODOO.

f(X)OODDOO0O0O000000000. {Oalhea D f(X)0000,0000 Oy 0
YOOOOO, f(X) € UyeaOx 000000, XOOOOODO {f1(O0x)}rea O
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000. fO00D0000 730, 0 X0000000. 00, f(X)cJOo,O000
X c fY(Uoy =Usf o). o0oo {f70o)}0 X0oooooo. Xoo
0000000, 0000000017CAD,X =, fY0)00000000.
F(X) = F(Uier F7HO0:)) € Uje; Oi- 0

Remark . 0000000O0OOO0OOOOOOOOODOOOODODOOODO. OOORO
goooooooboog.

Corollary 3.5.13. 00000000 O0ODOOOOO.
Corollary 3.5.14. 0000000000 DO0OO0OO0OOODOOOOODOODOOO.

Proof X0OODOOO, f: X -ROOD0O0OOO0O00O,0 f(X)OROOOOOOO
000000000.000 f(X)00000,00000000. O

Corollary 3.5.15. 00 0000000000000 O0OOOOO0O. O
Theorem 3.5.16. X,Y O0OO0ODO0DOOO XxYOOOOOO.
Proof. {Ox}rea 0 X xY ODODODODOOO.

UZ{UXV|UEOX,VEOy,H)\EA:UXVCO)\}

D000 U0 XxYDOOOODOOD. OXxYOOOODO, XO000O0O0O YOO
000000000000000000000.0Y 0000000000000 0A0
0D. € XO00OOOODO. {1} xYDOYOOODOODODOODOOO. 000U OO
0000 Upt X Vit ooy Uppy X Vi, 0000, {2} xY Cc U2 Ui x V; DODO.
{2} xYNU, xV,; #000000. W, =N, U, 000000000000000O
0ooooow,0 X00o0o0ooo0zeW,000. 00

Y =p2({z} xY) Cpsy (Lj Uzi % Vﬂ) = Ljpz (Ui X Vii) = U Vai
i=1

=1 =1
HREEN

Ny s Ny

Wao x Y =W, x | Vai = | Wa x Vay € | Uni x Vi

=1 =1 =1
Oo0DO0O00ooooODbOoO0. 0Drxre XOOOOOODODO W, 0000 XO0O00OO
{W,lex 0DOODO. XOODODODODODOODODODOODOODOO 2q,...,z, € X0000O,
X=U, W, 000.000

N,

XxY:GWIixYCGUUxiijmj
=1

i=1j=1
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D00 UOD0000000000. 04,j000 Upyjx Ve COx, 000 A €A
D000 XxY clJ;0,,000{0,}000000000000. O

Remark . 00000000 0DODODOOODDODOOOO,00D000000D0O00OC
goobooooboobo. boboboboobobobobobobooooboDbo
(Tikhonov) 00000, 000000000000000D0O0O0O0ODOOOOOOOOO
goo.

exercise 172. X #0,Y #0, X xYO0OOOOOOO. 0000, X,YOO0OOOO
ooooooooog.

gogobooboooon.

Theorem 3.5.17 (Heine-Borel). 00000000 R*"O00000000D00DOOOO
goooooooboooouoooooon.

Proof. 00000000O0OOOOOOOOOOOOOOO.
ACR'O0DDDODOOOOOD. O0O0DOOOOOO K e ROOOOO,
AC[-K,K|"000. Thm. 35900 [-K,K|00000000000, Thm. 3.5.16
00 [-K,K]"000000000.0R*0Rx---xRO0O0,000 19600.040
0000000 [-K,K]"000000000 Thm. 3.5.110000000000. O

Example 3.5.18 (cf. exe 137). S1'00 [0,1)0000000000000. 000 St
0[0,1)0000000. S'0R?00000000000000000,[0,1)0RO
00000000000000000000.

00000 Hausdorf OO OO QOQOQOoQooQ.
Theorem 3.5.19. Hausdorff O 00O 00O OO0OO0OOOODOOODO.

Proof. X 0 Hausdorf 00, AC X ODOOODOOODOOOO,x€ Ac000. x0 A°O
gooooooooon.

a€c ADDOODO,xz#ae000, X 0O Hausdorff 000, 20000 U, 0 aOOOO
V,0U,NV,=00000000000.0ec A0DDOOOOOOOU,,V,0000
go.dooodooooooboooddooooooooooobo,o0d

A={(a,V)|ae€AV: open,acV,z € V°}

0{Vo}een D ADDDODOOO,A0D00ODO0O00O,O00 ay,...ap € ADDDODO,
AcUr,V,,000.U:=N,U,,0000,U0¢0000000,UNYV,, C
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Uy, NV, =000

UmAcUmOVaiZOUmVaizw

i=1 i=1

0000000000000 CcA°000 z0 A°O0DODO. U

Corollary 3.5.20. 00000 Hausdorf 0000 0OO0ODOO0O0O0O0OOODOOOOODOO
goobooooooobooon.

Proof. Thm. 3.5.11,3.5.19000000. U
Corollary 3.5.21. 000000000 Hausdorff OO ODOOOODOOOODOOOO.
Proof. Thm. 3.5.11, 3.5.12, 3.5.19000000. O

Corollary 3.5.22. 000000000 Hausdorft 00000000000 OOOOO
go. O
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HRERERERERE

4.1 0O0OO

Definition 4.1.1. (X,d) 00000000. XO0OOO {z,} 0000 (fundamental

sequence) 0 00000000 (Cauchy sequence) O 0 O (ﬁDDD e>0000,00
- e

000 NeNOOOOO,O000 mneN (m,n>N)000, d@n,,z,) <e0OO0.

00000 (§??7)0000,000000000000000000O0O0,00000
ggoboobooooon.

OO0 ROOOODOODODODOOOODODO,000D00DOO0ODOODODODOOO
goooo.

Example 4.1.2. 000 (0,2) CcRORODO0O0O0000O000000OO, (0,2)0
00 {1/n}eey 00000000000,

exercise 173. O O0O7

Definition 4.1.3. 0000 X O,00000000000000, 00 (complete) O
goooo.

exercise 174. J0O00O0OO0OQOOOOOO.

Theorem 4.1.4. X 000 «0X 000000000000 XD>F DF D D
F,>...0 lim §(F,)=000000,(, F, # 0.0

Proof. =)0 neNOODODO 2, € F,0000000. 000000 {z,}0000

0D00. 00, lim §(F,) =0000,000¢>0000,00 NeNOODOO,
n—oo

n>NDOOO§F,)<e000.00NOOO,mn>NOOOFE,,F,CFyO00O0O

189
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Tm,Tn € FN 000, d(@m,xn) < 6(Fn) < €.

D000 X00000000 {z,})0000 2€eX00000.neNOOO.i>n
000 F,Cc F,00 x; € F,. F,000 {z;};>, 0 20000, F, 00000000
re€F, 000xzeN,F,. 000N, F,#0.

<) {z,}0 XO00ODOOOO. 4, ={z;}i>nCX, F,=A2000.00000 F,
00000000000, F, D Fuy.

{z,}000000000,000e>0000,00 NeNOOODO,id,j>NO
00 d(xi,z;) <e0O0O0.n>NODOO A, CAyO0D0O00O

d(Fn) =6(A5) =0(A,) <d(An) = sup d(z,x;) <e¢
i,j>N
000, lim §(F,)=0000.

afal=isfa]st= N, Fn#0000. z€(,F,000. z,2, € F, 00 d(zy,z) <

5(F,) - 0(n—o00)000 {z,}0 00000, O

OO0 . 95, 100(1),(2),(3), 101(2),(3), 104(1),(2),(3), 111(2),(3)

Definition 4.1.5. D000 X OOOOO AOO0OOOO (set of the first category,
meager set) 000 (ﬁADDDDDDDDDDDDDD:
- e

A:UAZ- (A, 0 X0Oo0o).
=1

Theorem 4.1.6 (000 (Baire) 0000O00). D0OO0OO0 XOOOO,01000
OO0D000 XOOooooo.

Corollary 4.1.7. OO000O0O0DOOCOOO 100000C0O0O.
gobbooooobboooobooa.

Lemma 4.1.8. X 00O0OODOD,ACcXO0O0O0O0DODDODOO,0CcXO0OOoooooooO
O0.0000U*CONnA°D00000O0,0000000U0UOOO0OO.

Proof. ADODOOOO Prop. 2.10.1300 A°000000. 00O Prop. 2.10.300
ONA°£(0000,0, 40000000 ONA°O000.2€0NA°000000.
ONA°000000000e>000000 U(z) CONA°O0D. U="Us(z)00
oooo. O

Proof of Thm. 4.1.6. X > A= 2, A4 (A:00)000000000. A°0000
00000000. Prop. 2.10.300, 0000000000 0000,0NA°#000
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Doooooooo.
OcCcX0OO00o0oOooooooo. Uy=0000. k>1000,0000,00
00000 U O UP C Ui NAS, 6(Ug) < 1/k00000000. (Lem. 4.1.8 0
0.) XO0O000O0OO0O0O, Thm. 41400, N, U8 #0000. U, 00000
00,Uf C A C AA00000, Nie, U C Neey A8 = (Upey Ap)© = Ac. OO
Mie, Ut CcUFCUy=0.000 ONA®D (N, Up #0. O

Cor.2.105000000,000000000D0D000000O0OC000DO. 0000
ggoboboogoooboooooo.

Corollary 4.1.9. X 0000000,0,0 X000D0O0O0O0O0O, E=2, Oy
0DX0oOooooo.

Proof. A, = 050000, A, 00000, 0, 000000, (A2)° = A3 = O =
O°=X=()000,4,000000. E=N0xr=NA45=(UA) 000,000
0Dooo0o,EO000. O

Remark . 00 Corollary 00 000000000000000. QO ROOOOODO
00,0000000.Q00100000000000reQO00Q\{r}0000
000,00100000000000Q\{r}0000000000 Q\{r}000DO
00.0,0000000(00)0000 N,e@\{r)=00000000

Definition 4.1.10. 0000 X OOOOO AODOO (ﬁ(DD)DDDD AO0OO.
e

Theorem 4.1.11. 0000 X0OOOOODO AODOOOOD,A0000000O.

Proof. {a,} 0 ADDDDOO, lima,=2€ X000O. {a,}0 XO0OODOODOODO
n—oo
0,X0000000.0000000 ADOOOOOOOOOOOOO. ADOOOO
0,{a,}0 ADDDOOOOO. 000 2= lim a, € A0ODO, Cor. 2.11.500 ADD
n—oo
ooooo. O
exercise 175. X 00000, Ac X 00000, {a,}0 ADDODOOO. {a,}0 X

0000000000,000000 ADODOOODOOOOOOOO0OOOOO00O
Corollary 4.1.12. AC X 0OO0O0OO ADDOOOOO.
Proof. A*=X +A00 A0DOOOOOOO. O

Example 4.1.13. RO 1000000000000, QCcROROOOOOOOOO
000000.0000d(g,r)=|¢g—70QO000000. 0000 QOROOO
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goooooooo.
Theorem 4.1.14. X O00O0O0ODOODODOOO. ACXOOOODOOO AODOOOOO.

Proof. {a,} 0 ADODDOODOO. 00000 A{e,}0 XOOOOOUOOOODDOOO.
XO000000 {e,} 0 XOD2zeXOOOODO. ADDODDOUOD z€e A OO0 A
gooogd. U

Corollary 4.1.15. X O00O0O0OOOO,ACXO0OO.0000,AD000 < AQDDO
go.

Example 4.1.16. (Y,dy) 000000000000, Ex. 214500000 F(X,Y)
000000.0000000 C(X,Y)0 (F(X,Y)0OO0O0O0O0O0)000o0o0.

Proof. {f,} 0 F(X,Y)0OOOODODO.0O0O02zeXOOO,

dY(fm(x)7fn(x)) < sup dY(fm(x)7fn(x)) - d(fn;fm)

reX

00000, {f.(z)}0 YODOODOOOD. YOOOOOOOO {fo(2)} 00000. O
Of:X—-Y0O f(zr)=1lim f,(x) eYODODOO.

()0 f000000000000000. {£,}000000000,000¢>0
000,00 NeNOOOO,mn>NOOO d(fim,fa) <e/2000. 000 z€ X
000,n>ND0OOO

dy (fn(x), f(2)) < dy (fn(2), fu(2)) + dy (fu(2), f(2)) < % + dy (fu(2), f(x))

000, lim f,(z)=f(z) 00000,

goood

OO00,n>NDOODO

U

Theorem 4.1.17. X 0O0OOO,YO0OODOODOO,ACcXO00000, f:A—Y
0000000O0000. 0000, f0 A*°000000000,0000000000
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0.0000,0000 f:A* YO, fla=f000000000000000. OO
0O fOoOOoOooooag.

Proof. l. 00o00oboobobooobuo.gobobooboboobobobooog

gooo.o

g,h: A* =Y OOOOOO,000aeacA000 g(a)=f(a)=h(e)DOOOO
goog.

reA*000. A0OO {a,}0 lima,=20000000000. ¢g,A000
googog T

g(z) =g(lim a,) = lim g(a,)= lim h(a,)= h(lim a,)= h(zx),

no 60 n 60 no 60 n 6o
000 g=h.

2.000000000000000.0000000000000000.0
00g:A*—>YDOyla=f0000000000.¢g000000000000
0o0.
e>0000.
ftA—-YODOOOODOODO,006>000000,0004abeADODO,
d(a,b) <36 000 d(f(a), f(b)) <e/3000.
00é000,z,ye A0 d(z,y)<0000000DO0.
¢g000000,0046,>000000, g(Us,(2)) C Ueys(g(x)) 000, 6, <6
0D0000.000,000<0,<000000, g(Us,(y)) CUgys(g(y) OO0,
r€A*000 U, (z)NA#0D00D0. 000 a€ AO d(a,z) <6,00000
000.000be AOd(y,b)<6,00000000.

d(a,b) < d(a,x) + d(z,y) + d(y,b)
< 0p+0+0y <30

000,g¢O fO000O0O0

d(g(a), g(b)) = d(f(a), f(b)) <e/3

goo.ooo

3. 0000O0DOoboooog.
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040 000000

(i)

(i)

(iii)

ADDO {a,}00000000,Y 000 {f(e,)} 00000000000
0.(00000,000000000.)
Y oooooo {f(e,)})000000000000000. e>0000.
fO0000D0D0OO0DODO0DO0OO0ODO 6 >000000,000 a,be AODDDO,
d(a,b) <5000 d(f(a), f(b)) <eDOO. {a,} D0D0D0D00D0DO0
0.000,00NeNOOOOO,mn>NOOO d(am,a,) <d000.
000,m,n>NOO00O d(f(am), f(an)) < e.
A0D0D0OO {an}, {bp,} 0 lima, = lim b, 00000, lim f(a,) =
lim f(b) 00000000, T o
nA_)EODD{cn}D Cok—1 = ag, Cop, = b, 000 D0. 0000 {c,} O
ai,bi1,a9,b0,... 00000000.0O0O0O00C0O lim ¢, = lim a, = lim b,
000 {¢,} 0000000. 000 ()00 Y000 {f(e)) 000000
0. {flan)}, {f(b)} 00000 {f(c,)} D00O0D0D0O0D0O00OO0
lim f(c,) 0000Lem. 22 000.
00 f:A° - Y0OOOOO0OO00. 2€ A°000, ADOD {ap} O
lim a, =2 0000000 Thm. 2.114000000000000000,
F(z) = lim f(ay) 0000, () 0000000000, ({00 20000
DADSEOODDDDDDDDD.
fDDDDDDDDDDDDDDDD.
e>0000. f:A—-YOOOOOODDOODDOOO 6>000000,
000 abe ADDDO, da,b) < 26000 d(f(a), f(b)) < ¢/2000.
2,y € A, d(z,y) <6000. 200000 ADOO {a,} 0 yOOODOO
ADDO {b,}000. fODDO00 lim f(a,) = f(x), lim f(b,) = f(y)
000. 00000 NeNOOODOD,000 n> NOOO, dan,z) <
0/2, d(bn,y) < /2, d(f(an), f(2)) < e/4, d(f(bn), f(y)) < /400D,
dlay,bn) < d(an,z) + d(z,y) + d(y,by) < 6/24+ 5+ 06/2 = 20 OO
000 d(f(an), f(by)) < &/2. DODO d(f(z), f(y)) < d(f(2), flan)) +
f(b

d(f(an), f(bn)) +d(f(bn), f(y)) <e/d+e/2+e/d=e.
0

goboboooobobboooooboboooooobboooooo.

exercise 176. X, Y O0OOOO,AC X0OODOOOOOO, f,¢: X -YOOOOO
0 ADDDDDOO0O0O00OO0DeeADDDO f(a)=g(e)000000000.

1. YO Hausdorff OO O OO0 f=¢g00000000.
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2. f=¢0000000000X,A,Y,f,¢0000000
000000000000000000000.

exercise 177. ROOODOOODOOODOOO,R*=R\{0}00,00 f:R*—-RO
flx)=1/z0000.

1. f00000000000.
2. f0ROO0ODOOO0OOOOO0OOOOO,000000 f:R—->RO flgx =f
00000 fO000000O00O00O00.

0000oO0oO0o0obOooO yDbOoooboooooooboo.
exercise 178. ROOODODODODOODOOOO,ACROOOOOOOOOOO.

1. ADDODO0ODOOODOOoOO.
2.0000 1,:A—-A0ROODOOOOOOOODDOOOO,000O00000O
ffR—AO fla=1,00000000000000000.

00 X0O0OOO00O00000 f:X— X000, fo)=200002€eX0 f00
00 (fixed point) 000000000. 0000000O00000O00000O0000O
0000,000000000000000000

Theorem 4.1.18 (00O 0 OO0 (contraction principle)). X 00000 OO,
f+ X —=X0OO0OO0OO (contraction map) , 00O 0O, 00 0<a<1l00000,O0
00 2,ye X000, d(f(z),f(y) < ad(z,y) 000000000000, 0000 f
00000000 0Dee XDOOO. OOD,000 :L‘EXDDDHILH;Ofn(x):aD
ogd.

Proof xr€ X0OOODODOO. 2, = f"() 000 X000 {z,}0000. {z,} 000
oooooooooo.

d(zy, Tnt1) = d(f(n—1, f(zn))) < ad(zp—1,2n)

000 d(xp, Tpy1) < ad(zx,z;)000. 0<a<1000,000e>0000,N0O
00000000 oNd(z,21)/(1—a)<eO00.n>m>NOOO

d(Tm, Tn) < d(i, Tig1)

<

n—1
2
n_—l
Z o'd(z, ;)

=m
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IN

d
” (x,21) <€

000 {z,}) 0000000,
XO0O0O0OO00O {z,})00000. fO0000000000OOOOOOOO. OO0

f(lim x,)= lim f(z,)= lim x,41 = lim x,
n— o0 n—00 n—00 n—:oo

000 lim 2, 0000000. O000,0002z€e X000, lim fM()0000,

n—oo n—oo

000 fO000000OO0.
a,be XO fO0O0D00ODOOO,

d(a,b) = d(f(a), (b)) < ad(a,b)

00 (1—a)d(a,b) <0. a<1000000 d(a,b)=0. 000 a=b. O
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42 BareOQOQOQOOOO

0000000000000 0000000000000000, 000000
03.4.120, Heine-Borel 1 0 00 3.5.9,3.5.170, Baire 0000 0004.1.60, 00000
0004.1.18000000000. 000000000000000000000000
000000000000, Baire0OOOOO0OBaire00000000000000
000000000000 0000000000000000000000000000
0D00000000000000. 000000000000000000000000
0,00000000000000000000000000000000000000
00000.0000000000000.00000 BaireDOOOO. [2]00.0

421 ROOODDODOODOOOOO

Proposition 4.2.1. X #000000000000000,1 00000000000
ooooboobooobooboobobobo,XOoboobooooooobooo.

Proof. 0000 1000000000000 0O0OD. 000 XDOOOOOOODOD 10
O000D0. 00000 BareOOODOO XOOODOOOOD. U

Corollary 4.2.2. ROOOOOOODOO. U

422 0000000O0OOOO

Oo00ooooooooooo f:tR—-RO

g Q
r €L
r€Q—-2%Z, z—[z]=1 pqgeN, pe0OOIDODO

flz) =

Bl= = O

0000 [2]0 e 0000000000,0000 [#]<z<[z]+10000000000

oo0ooo, fO00D00O00O0OOOOO,00000D0000000.
gd,gjgooboobobog, bbb buoooooonboobo0 bbhooooao
gogooooag.

Proposition 4.2.3. ROODODOOOODOO0OO f:R—-ROODODODDOOOOOODOO
00, fO0000000CO0OO0O0ODO. 000, RO0O00O000OO00OO0O00O,0000
ggoboboog,gobbbodoooboboooobobbooooobooo.
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Proof. f: R—-ROOOO0reQOUOODOODODOOO.
QUoDooDooooo NDDDDDDDDDDDD.Q:{TR}RGNDDDDZ'7£j
OO ri;érj[][][][].
neNOOO. fO0r,eROODOOOO,00009,>00000000000.
1
‘x_rn‘<26n:>|f(x)_f(7an)’<% (4'1)
OneNOOODO,ROODOOU,,O0,0000000.

U, = (rn —0n,mn+ ) CR
On=J U — {ra}
j=n

0000 0,0 RODOODOOOOOO. 00,0 0,00000000000, 0,0
000000000000.00 0,2 {rj};»,000.000e>00000 z€RO
00 U.(zx)NQOO00000000, Us(z)N{rj}jsn #0000. 00000 {rj}j>n
0 ROOO,000000000,000000.

C:ﬁOncR

n=1
oooQ.
ROODOOOOOO,Baire00000,COROO0O0,0000000.
0aeCO000,000neNOO0D0ac0, O00a#r, (WneN). 0000
«¢QO0O00.000 CcQe.
a€CO0D0. fO00«00000000D0000. e>0000.2<e00000
0000 neNOOOOOO.aeC=2,0,000

CLEOn:GUj—{Tn}C DUJ
j=n

j=n

OO0 N>n000000000 NeNOOODO

ac€Uy=(rnv —On,"N +IN)

0000 la—ry| <0y <26y 00000,6y0000 (4.1)00

F(a) ~ Frw)| < gxc (4.2)

|t —a|<dy 0000

|z —ry| < |z —a|+|a—rN| <Oy + 6N =20N



42 BaireOQOOQOOOO

199

goooo

goooo

(4.3)

[f (@) = fa)] <[f(x) = f(ra)| + |f(rn) = fla)]
1

1 1 1

<o =— <<

2N 2N N —n

€

000 fO00 «0000O0OD. 000 fOODRODODOO,0000000000COOO

goo.

O
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4.3 0O0OO

Definition 4.3.1. X 0O OO0O0OO0. 000000 X0,00000004:X —X
0,4X)0 X0O000000000000 (X,i)00000 X0000 (completion)
ooo.

00004000 X04(X)cXO00000O0 XcX0oO000,:00000 X0
Xooooooo.

I I A I
gooboogdoobdooooooooooooboog.

Theorem 4.3.2. X O00OOOO,YODOOOOOO,e: X —-YOOODOOOODOO
. gggoboooooo.

1. (Y,e)D XO0OOOOOO.
2.¢c: X >YDOOOODOOOOOO
000000000 Z0,0000000000 f:X—2Z000,000000
0f:Y—>Z0O foc=f0000000000000000.
3.c:X—->YO0DOO00O0OD0OO0O0OO
000000000 Z0,000000000 f:X —Z000,000000
f:Y—>Z0O foc=f0000000000000000.

X
1N
Y oo -7

Remark . 00 3000000000000O0000O0OODOO:
XO0Ooooo,yYyooooooo,e: X —-YOOOOOoODDOOoOoODO. ooooooo
gooo.

1. YOOOOOOO0OO0OOOO0O00000000000 (Y,e)d X00000oo0.
2.¢: X >YDOOOOOOOOOO
000000000 Z0,000000000 f:X —Z000,000000
f:Y—>Z0O foc=f0000000000000000.

goboboooobbbooobobbooooboboooo.
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Corollary 4.3.3. 0000 X 000000000 O0000000. (X,4), (X,7)00
00 X00O0O0OO0OO0O00,0000000000000000000000f:X —X
0 fei=j000000000000000.

Proof. i: X - X,j: X - X 0000000000000 f:X—-X,¢:X—>XDO
foi=j,goj=i00000000000000000000.

fog,lg: X - X0OOOOODODDODDDOOOOO,
(fog)oj=folgoj)=[foi=1]
lgoj=y

000.000,j000000000000000000000 fog=1%.00000
gof=14000, f000000,¢0000000000. O

Proof of Thm. 4.3.2. 1=3) 00000000 Thm. 4.1.17000. ¢: X =Y O X O
000000. j:e(X)—-YOOOOOOO, cO

c=joc: X LX) Ly

00000. ¢c00000000¢:X —¢X)0000000000000000. O
00000 s: ¢(X)—X0O0O0.

70000000, f:X—-2Z0000000000.s00000000 fos:¢(X)—
Z0O0O0O00000. ¢X)*=Y00000,Thm. 41.1700,000000 f:Y —Z
0 foj=fosO000000O0DO0O0DOOOO. fO

foe=fojocd =fosod =
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0000.00,000000 ¢:Y —Z0goc=f00000,

goj=gojocdos=gocos=fos

000 g0 fosOOODODOOODOD.00O0O0O0OOOO0OOO g=f.
3=2)YO0000,0000000¢:X—-Y0O30000000000.

1. o(X)*=Y000. j: ¢(X)*>YOOODOD0OD, ¢O
c:joc’:Xﬁ;c(X)aLY

O0000.YOOODODOOOO0OO0OO0o0O0oUo0 e¢(X)*0oooooO,c0nOO
00000 J000000,0000000000. 000 cO00O0O000O,00
0000 rY—-c¢X)*0Oroe=J0000000000000000O0.

jie(X)*—-YOODOD0O0000000000000000. 000 Cor. 4.3.30
00000000 ¢000000 jor=1y,0000.0000000,;0000
0000 ¢X)* =Y.
2. 70000000, f: X —-Z00000000000. f0000000000
00000.¢0000300,000000 f:Y—>Z0ioe=i000000
0D0o000000000.

X
1N
Y oo -7

f000000,f00000000 flyxy) 000000, ¢X)0YOOOO
0000 fOoOOOOO.

2=1) 000000000000 ¢(X)*=YOOOUDOUDOODOO. U

exercise 179. X, Y 0OOOO,ACX, f: A*—YOOOOO, fl,0000000
00.0000 f00000000O00O0.

go,0bbdoobobbooogoboboooob.
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Theorem 4.3.4. 00000000000 0OOOOOOODOODOOO. OOOO,00
ooo00ob Xooo,0boooo Zooobob - X —-Z0000D0.

Proof. X #000000.2zpeX0O0ODOODOOOO.

Fy(X,R) = {f: X >R

sup [da (2) — F(2)] < oo}

reX

o000, Ex. 21450000

dr(f,9) = Sup |f(z) — g()]

000 Fp(X,R) 000 dp 0000000000000 87(2)000,Ex. 4116000
000000000000000000. 000 dgy: X — RO dy,(z) = d(zo,2) OO
0ooO0O000000O0O0O0oO.

000 2,y,z€ X000, Ex. 2143000000,

|da(2) = dy(2)| = |d(x, 2) — d(y, 2)| < d(x,y)

000
|dx(y) — dy(y)| = |d(x,y) — d(y,y)| = d(z,y)

goooo

sup |dq (2) — dy(2)] = d(z, y)
zeX

O00. 000000 z € X000 sup,ex |de(2) —dz(2)| = d(zg,z) < coD 00O
d, € Fo(X,R)000,00 6: X — F(X,R) 0 é(x) =d, 00DDODO,

dp(5(x),0(y)) = dp(dy,dy) = sup |de(2) — dy(2)| = d(z,y)

zeX

000 é000000. Z=F(X,R),:s=0000000. U
Corollary 4.3.5. 0000000 XOOO,00000000000.

Proof. i: X - Z00O0O0ODO00 Z0OOOO0OOO0OO. X =4X)*cZ0000O,
XD0O0OO0ODODODOD0D00D000000000000,000004X)0 X0oooooao.
000 (X,)0 XO00Oooooo. O

exercise 180. X 0OODO0O,ACBCXODOO. 0000 A0 BOOODODOOOO
0,A00000 BOOOOOOOOOOOO0OO0OD0OO0O0000,AD XOD0D0OODOODOOO
A BOOOOOOO ADDOOOO,A*DBe A=BO00000O0.
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Cor.4350000000000. DO0OO0OODOOOOD,0000DOOOODO
gobboboooogooooobooboo. goboobooooooboboobboooooooboo
goobooobo,b0bbbbbddoooooobbobbbb0dooooooooboo
goobboboodooooboobooboboboooooobb. bbb bboooooobo
goooogooo.

Proof of Cor. 43.5000. XO00ODOOOOO,X0O00O00O0O0O0O0O0O
X={{z}eXx"|{z,}0 X0000O}

OOoDO0. xX000000 ~0O

(e}~ o} & Jim d(z.) =0 (4.4

00000,0000000000000 X=4&/~,000 {z,}00000 [z, 0
0o.
{z.}.{y,} e X 000,000 91(2)00

|d(mm7ym) - d<xna yn)| < d(xma$n) + d(ynuyn)

00000,000 {dz,,y,)}00000000000.

5({$n}, {yn}) = nh—{go d(l‘n, yn)

0000, {zn} ~ {20}, {yn} ~ {1} 000 6({zn}, {yn}) = 6({z5},{y,}) DODODO
00000000000.000 [#,],[y.) € X000,00 d([z,],[ys]) O

d([n). [yn]) = 5({zs}. {yn})

000000000000. 0000000000
d: X xX >R

0 XO0oooooooo.
00i:X—->X0,zeX02,=2000000000000000,00000 4
oooooo.

i(X)0 X0D0OO0000D0O000. [z, e X000, {z,)0 XO00O0O0OO0ODOOO
0,000e>0000,00 NeNOOOOO,m,n>NOOO d(@m,z,) <e/20
00.000m>NOOO

d([xn),i(zm)) = lm d(z,,zm) < e

n—oo
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000 i(zm) € Us(zn])) D00, 000 limy—oe i(2m) = [2,], D00 [z,] € i(X)2.

00000 4(X)0 X00000oo0oo.

000 XO00000000000. {z,}0 X0000, {Zknlren O [2], 00
000 XO0OO0OODOO. (X)0 X000O00O0,0neNOOO, 2z, € X O
d([z]n,i(z,)) <1/n000000000000000. 0000 {z,}0 X00O0DOO
00.00,e>00000,{z],})0 X0000O0O000O0O0O,00000 N>3/e0
0000,000 myn>NOOO d([@]m,[z].) <¢/3000. 000 k,m,n € NO
oo,

d(-fEm; xn) S d(wmvxk,m) + d(xk,mvxk,n) + d(xk,nvzn)
0oooo,000 mp>NDOOO

Az, zn) < Um (d(zm, Thm) + A(Th,ms Thn) + ATk n, Tn))

k—oo

= d(i(zm), [2]m) + d([2]m, [2]n) + d([€]n, i(20))

00 X0000 {z)}00000 X0O0O []0000. 2,000000
limy o0 d([z]g,i(2)) =0000, 000000000 limp_ee d(i(zx), [z,]) = 000
000

lim d((a]y, o)) < Jim (d([o)e, i(z)) + d(i@e), [0a))) =0,

oooo, {[z.} 0 [z,)00000. 000 X000O0O0OO. O

exercise 181. 00000000 OOOOOODOO.

1. 00 (44)00000000.

2. Az} b vt {yny € X000, {zn} ~ {2}, {gn} ~ {y,} OO0

d({zn}, {yn}) = 6({z}, 1, {y,}) OO O.
3.d0 X0OOOooooooo.
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