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LET, Z0OBERO T3S OMiczoH (KETIRRV) ORETY X TEAEPRTRL 27 (&
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5 KEDER!
51 MEREZHRDMER

(2, B, P) # K7/ L T 2,
ZOHITIE. (Q,B, P) EOWREMI {X,} OHHRZ X ~DIGRIZOWTHAN 5,

E& 5.1 (1) (BUNR) X, A7 X WIS (almost surely convergence) 3 % & id. P-aa. w WK LT
Xp(w) = X(w) (n > o0) THREE, DED
P(hm Xn:X> —1

HBHVE, BICIEREICE 2R
P({w €0 lim X, (w) = X(w)}) —1

THBHLEIIVI, X, > X as. 2RT, (X, > X ae 2dERT, )
(2) (BELINE) X, H° X HERIH (convergence in probability) 32 %, £ED e > 01 LT,

lim P(IX, ~ X|>¢)=0
DL EIXWVWS, X, — X in prob. ¥FKT,
(3) (L™-4XBR) = >1¥ LT, X, 25 X 1C LI 2 213,

Tim B[1X, = X["] =0

DrEIWS, X, » X in L" &RF, r ZFHEICR (convergence in the mean of order r) & HW15,
AR 5.1 FERZHAH R T2 LSRR, LT-WORAED 2 0iMHid. Zh 2 nEHHS I rTRETH 2, (Ri#H1E

[F] ph9 22O, BEIL-/ VLW EDSHEMTDH 2, r=1DHEIZAWARDT, r=2DHE%M
522 LEd, ) MUICRIZERET I TE LW (¢f. [F] p.59)s

F9ZE 5.1 ((3) 13D LIEAITT, ) (1) X, — X as. #0Y, =Y as. (BIGH) 0%, X, +Y, > X +Y
as. , X, Y, =X Y as. Znrt,

(2) X, - X in prob. 2»2Y, - Y inprob. D& %, X, +Y, > X +Y in prob. ZR¥,

(3) X, — X in prob. 2»2Y, =Y in prob. Dr %, X,Y,, — XY in prob. ¥,

RIRE 5.2 X € L" TR LT, | X, = (B[ XDV £BL, ZhE L™-/ 105,
(1) X,Y € L2 &HLT X + Yo <[ X2 + [[V]}2 2Rt

b > b: Cauchy-Schwarz DFER (E[|XY))? < E[| X2 E[|Y?] ZHW X
(2) X, > XinL2»2Y, Y inl?DrE, X,+Y, > X+Yin L? 2Rt

RIRE 5.3 a > 0§ 2, HERZEEI (X, )} 2T TR U(0,0) 165 & %, Y, = max{X;, Xo,- -, X}
Y5, (V) 1 a ICHERIGHT 5 2 ¥ &R,

RIEE 5.4 {X,} MO CR UATICHE S HERZRGIC. 2 OBERRDS f(z) = 2010y (2) THE LT B, =
D E. Y, =max{X, X, -, X} B,

(1) Y, OB Fy, (y) = P(Y, <y) LRI fy, (y) &R X,

(2) r > 1L, E[Y, —1]"] &Ko, Y, — 1in L ZRE,



RITHEFK 5.1 TED PR DB DBERZ TR 5,

T 5.1 (1) X, 25 X (CHUH U, HERIGHT 2.,
(2) X 7% X 12 LT-UGRTAUS, HERIGRT 3.

E: (1) X, 5 X CI0RT 2 &5 % w 0EAE

{nan;oXn - X} - ﬂ M A (5.1)
YERTZENTED, 7L,
1
Ap = {Xm - X| < j}
Ths, X, > X as. THINEH, CORROMERI LI THS, (RELD Vm,j ITNLTA,; e BTH?
N { lim X, zx} EBLRHILITEET S, ) 2Ty Amy D Ams1 (Ym,j) THB>E, (5.1)1C

n—oo

(oo} (oo} [ee] (oo}
0 U N Ans > U N Angia 22 { im X, =X} xmzoT,

n=1m=n n=1m=n

P(G ﬁ Am,j>_1 (Vj € N)

n=1m=n

ThHbd, 51T, ij = n Am,j b IR N Bn,j C Bn+17j (Vn,j) Vb IoN

lim P (B,,) = P(U1 Buj) =1
tfiéo : :,VC‘\\ Bn’] C A’I‘L,] T%éi]lﬁ)\ J;{J:J: b Vj 6 N L:jﬂ‘bf\
. , 1
Jm P(405) = Jim P(1%0-X]< 5) =1
THHIEHbhot, TIT, Vo> 0A526NEEE, j 2 FHRELLoT1/j <e bFRE
1
(1%, - x| < 3} C {|1X, — X| <¢}

Vb LS)
lim P(|Xn—X| <5) =1
n—oo

HELH, REREEZNUI. X, 28 X KHERIKLTWS Zebhr s, (2) OABICEREZHE L T 5,

R 5.2 (FTE> T 7 (Chebyshev) DFFER) r > 0, A > 0 L HERZH Y IZOWTRORNEFERXD AL
‘—3—50

1
P(Y] 2 ) < 5 ElYT)
EERR: 9. RICHEET 5,
Y[\ Y|
e (YD) < (B1) 1y (D) < B
THBHMD (1 LEREE,. M5, 14(x) =1 (z € A), 1a(x) = 0 (z ¢ A) % 3B5). FLOWIEEE & T
Y| 1
P(Y] 2 3 = Eltp (VD] < B[E1) = Tppyyy. o

EIH 5.1(2) DOFEER: RE L Chebyshev D FREARIC K b

1E[|Xn—X|“”]—>O (n — o0)

P(‘Xn_X|25)§*
€’I‘

e B, |



B 5.3 EH 5.1(1), (2) OB, BFLBEIT LAV, £, BIGEY LT-IH oM R0 BIRIE 2.
Q2 =10,1], B % Zh L Borel £EA24K, P % Lebesgue & LT, UTREE LTENEHIRT %,

fIRE 5.5 (L"-PHT % (- THERIURT %) 25, BULGR L 72 Wil)
Xnk(w) = 1[b7£)(w), welo,1,k=1,....mym=1,2,... £ BE, Zh%

X1=X11, Xo=X1, Xg=Xo9, Xy =X31, X5 =X32, X =X33, Xr=Xu1, ...

DESWAREFNA{X,} ZEZ D, 2O ZE, E[|X,|"] KD, X,, > 0in L"” Zrn¥, —H. X,, BHICH
LanZ & EmRtE,

fE 5.6 (MR 2 (o THERIR T %) 25, L"-IR L 72 il)

Xn(w) = nlg,1)(w), w € [0,1] EEZDr. T X, > 0as. TH2 (BICRT 2) 2. L™-PERLZRW
T, HE: EM 54 XD X, > X in L" o1 BRI {X,,} BHo>T X, —» X as. LR3D.
X,—0as BROTX=0R2ZPbhrsd,

B 5.4 X, B8 X ICHERIGRS 272 513, BHIHA 28 AT 2 £ 51ICT&E %, RIS, L7-IORS
U (FERICR T 270 5), BHITHIZEATHIICRT 2 L 51T 2,

FIE 5.5 (Borel-Cantelli DE®E) {B,} C BIZHL, > 7

EIEHH: mzozl Uzo:n Bk C Uzozn Bk (Vn) ‘J: D‘

0< P( ﬂ UBk < P( UBk iP(Bk).
k=n

n=1k=n

P(B,) < 00 1513 P(N>, U, By) = 0.

n=1

2T N P(Br) <00 kD X P(B) =0 (n—o0). koTy PV, U, By)=0. O

EHE 5.4 DFEA: ke NIZHLT, X, 3 X ICHERICRT 20256, ¢ = 27 LT, % Ny 23dHoT

1 1
n>N, = POXﬁ_X“3ﬁ>§§Z

L TE3, Rz, 2B ny < ng < < < - BHoT (n1 = Ny, np = max{Nk,nk,l +1},
1
k>2 k) P(\Xnk X| > ) - rTER,

1
ZO X, DX c:muma“%p}:%m: ck - {|Xnk X[ > 27,6} rBLL,

iPCk §iik—1<oo
k=1 k=1

TH %25, Borel-Cantelli DEFIZE D, P((Z, U, Cy) =0. 22T,
oo oo c oo oo 1
we ( U ck) —JN e ¥5 e N such that Vk > LHISHL (X, (@) = X(@)] < o
l=1k=l 1=1k=l

T4%bD5 lim X, (w) = X(w)
k—o0
¥i25, TR X, 13 X WCHIORT 2 Z e 2EKRL TV 5, O

RO 5.7 B8 5.3 CTHERLE Y, IKHLT, An(e) ={V, <a—c},0<e<a, T3,
(1) 3 P(An(e)) < o0 &7 ZAL Borel-Cantelli DL D P( N U An(5)> = 02bh3

n=1k=n

=

(2) (ﬂ ﬂ G An(€)> =0%2E%, Y, > aas Zmnrt,

l=1n=1k=n

5



52 REBDIHER]

RERZER (O, B, P) LORERERS (X, )} 1S LT, 20T S, /n= 3 Xi/n OUGRIZOWCHRT 3.
=1

E& 5.2 H28H {c,} ITHL.
(1) Sp/n—cn, 250 ICHERINR T 2 & &, KEOIFEH] (weak law of large numbers) 22T % &
(2) Sp/n—cy, 250 ITHHNRT % & &, KREBOEZEH (strong law of large numbers) 233 % W05,

i 5.6 X1, Xo,... MRS, 0% h Yl 1,7 (Z 75]) TEoTH COV(XZ‘,XJ‘) =0T (%&:\ Xi,Xj i

TN 72 & HEAHBEICTERD).
sup V(X,) < o0

7251, B {c,} BFEEL Sp/n —cp 13012 LUK T 3, Fric, KREOEIZH2Z3, V(X) =
E[(X — E[X]))?] & X o5#E. Cov(X,Y)=E[(X — EX])(Y — E[Y])| ¥ X £ Y oHn#r#T,

FERR: LP-URS 2 Z e AVRENAUR KBOFHERNGER 5.1 25550 my, = B[X,] & Ui = 5 25 my
RN

—

E[(— - cn)Q] = %E[{i()ﬁ - mj)}Q] = iz i— E[(Xi —m;)(X; —m;)]

. n
j=

n

:%{ZV(Xj)+2 Z COV(Xinj)} S%SupV(Xj) -0 (n— o0)

j=1 1<i<j<n

b, L2RT 5 2 e hibh b, O

Bl 5.7 (KFXIRE) DL2HMOH Z L OMERIHEREZHT X1, Xo,... (n 7 AHIZ n—1 » HHICHART
X, B2k 2) 22T 5, ZORDOKIMNE n » ARICIIITTHED Y, = H?:l X; 81275, Y, BEHIY
WEIRIZLTHLEZV, 22T, BHEOLD X1, Xy, ... XM (a,b) (0<a<1<b) OfizL 3 iid.
5%, (iid A3 TRSICHE S independently, identically distributed O, ) Y, OREBEES &

logV, = Zlong

j=1

T log X1,log Xo, ... 13 1.id THER (o THMMPEFEET 2) ZDT, EH56 D Ve>01I0fLT
1 .
PQEM@Q74§€>HJ, 772U | = Ellog X1, Thbb,
P(N*Wgyggwﬁm)+1 (5.2)
Y753, £ > 0 BEEINE S L hadh e, CREDAZ L O RRERE e L5,
—7. B Y, 0¥ e 3 e Mtk kh
ElY,| = E[X)]- - E[X,] =m",  7#Lm=E[X|]

Lih. 22k TAZ L OPENERERE m) EB>TLEVESER,  DIESHELVI LIE (5.2)

DOHEHTH B,
flZ1E. P(X, =1.3)=3/5 P(X;=06)=2/5 DBEEEZS L.

3

3 2 2
l = E[log X;] = glog 1.3+ glogO.G = —0.0469-- -, m=E[Xi] = 31.3 + 50.6 = 1.02

6



b <l<m oTZDHEm > 1 B FENRRERECLTHRET 2. (5.2) KX EEZ
FEBAHNTIHE L TL £ 5, (Jensen DRFEX “po(z) A TIIMD & Z, o(E[X]) < Elp(X)]” 1&& b, —f&ic
el <m¥RBILIFHTE S, )

Rix, FEOEGEKIERBAES ETIRZERCID IS E e 2ERLTWS, EH 54 ¥
FIRRICAEFATE 3 DT, 22T,

EIE 5.8 (Bernstein DZEELER) f(z) % [0,1] LOEREBE T2 L &, XHWLT 5,
L rk
)= f(ﬁ) (Z)pk(l —p)" "
k=0

HHEDH O 2 THIZ p DE A n XRZHER L 2o TWB 2, % Bernstein DZHER L WS e h3dH 3,

lim max
n—o0 0<p<1

=0 (5.3)

SEBR: 0<p<1BEEICEDVEET 3, X1, Xo,... %iid. T. HnTP(X, =1)=p, P(X, =0)=1—p
R TE T8, COLE, S, =30 X, £BL Y, S, R IADM B(n,p) 166D DT,

E[f(%)] = kznjzof(:)P(Sn =k) = ;f(z) (Z)p’“(l -p)" " (5.4)

—J. V6 > 0¥ LT, Chebyshev DFRERICLD
Sn,

P( ; —p‘ > 5) = P(lsn - np| > TL(S) < (n(;)QEHS” —np‘g] - (TLE)ZV(STJ
S b s

2T, V(Sn) &S, DAMTHD np(l —p) &B2 MV KoT, [[fllee = supgeioqy [ (@)],
uf(0) = SUP, yefo,1):je—yl<s |f (@) = fy)| £BL L,

10 - 11 (3201 = |l - (3201 < Bl - £(32)]

n

= E['f(?) - f(%) 1{\3771_;;\25}} +E[|f(p) - f(%) 1{|ST’,‘—1>|<5}]
Sn

n

Sy £l oo
on <
n p‘ < 5) — 2nd? +ur(9).

2T f(@) E[0,1] TEETH B0 0 HEEHELEOT, limup(6) =0. £oT, MO Ve > 0K LTS
—
56>08B5T, up(d) <e/2. KiZn%n>|fllo/(e62) &FHII

<2l P(

—p‘ > 5) + uf((s)P(

- Els (S <5 =+

TZTniEp KKELTOROVWOT (54) £ HbET, (5.3) IR, O

3 x?
- E(l - ﬁ>1(_k7k)(z) THL
T3, a>0BERE L. Y, = niaélxk ryovE BV, 2R, Y, o 0in L2 %% a> 0 Qi
Bk k.
(2) a,b, e BFERE T B, HERZRG] {X,} 55 &k € NICH LT E[X)] = a, V(Xy) = b, Cov(Xs, Xpp1) =
¢, Cov(Xp, Xiip) = 0 (p > 2) BMEFTE L. Sy = 3 Xp L5, ESu] £ V(Sn) % arbyc ¥ n ORTE
L. 18, A a iz LR 3 2 L 2t -

B 5.8 (1) {Xi} BHOIRERZRIIT, & X, OBEEBED fx,(z)



P UHEH LS KEOIFERNZ TR S 72, DIT D Lebesgue fE7 DEE (EH 5.9-5.11) 2EA T %, FFHA
ciﬁamﬁﬁ% HT¥ET250r LTI, (BRI 11T @aﬁ%@%ﬁ(ﬂ%%%ﬁ]/\“f L&, )

FIE 5.9 (EANKRTEIE) FAEOMRZES { X, } PHEFAEM0< X; <X < < X, < - THHR,
RDEALT B 6
lim E[X,]= E[(lim X,)].

n—oo n—oo

EIE 5.10 (Lebesgue OUIREIR) MERZHI {X,,} 28 X KWK L., »0EAHRER Y CTAIED
(ElY] < 00) b DHBFELEED n € NIZH LT |X,| <Y %372 0I1ERMBBLT 5,

lim E[X,] = E[X].

n— oo

FI2 5.11 (Fubini OFIR) (R;, Ui, wi), i = 1,2, # =00 o-BRZPEZEME T2, B f(o,y) PZDHE

R EE 2R oB% e LTaiil* 2T, f(z,y) >0 if:bi/ If (z, )| d(p1 ® pe)(z,y) < co Zi7TzBIX. KX
R1 X Ro

BT T B, -

/Rlsz f@,y) d(m @ iz) (@, y) :/Rg< 2, f(z,y) dpa (x ))dﬂz( )= /Rl< 2f(ﬂc ,y) dus(y ))dul(m‘).

F‘iEE59// S| dady = coTHY, /(/ i _y dm)dy;é/(/ v _y dy)dx}:

x2

8 x
7 o 7N o — = g °
spTrEme, kv b o e ;) wAAE
AE Coflkb |f(z, ) d(p1 @ p2)(z,y) < oo BKIL LR WEEICIE, 25 LD DIEFHEIN

R1 X Ra

TERWI DN S,

FE 5.12 X, Xo,.. WFHZ I L, 20, >0,b, 200 (n—0) B3HoT. n—00DE X,
ZP ‘Xkl >b (b 5 ZEX]C 1{|Xk\<b }]
k=1 by k=1

n L Sp — an s
T B, COLE, S, = Xi,an = Y E[Xil{x,<hy] T 5L, In 1% 0 T HERINR T 5.

k=1 k=1 n

SIERR: Sn = ZZ:1 Xkrl{\Xk\gbn} 32, Ve>0IXHLT,

P( >s) gp(sn¢§n)+P( >5>.

22T {S =S} D Mre A Xkl x0 160y = Xi} = Ny {1 Xkl < b} £ D,

Sn_an

Sn — an
b

n

P(S, #5,) < P(O{\Xﬂ < bn}C) < ZH:P(|X,€| > b,) — 0, ((a) 12X 3).
k=1

k=1

—7\ a, = E[S,] TH 2% 5, Chebyshev DFRZ%RIc & D

P( >e) < éE[

S, — an,
by

1 )
|= 25 V(Sn) = €2b2 ZV (Xr1lgx, <bn})
n =1

Sn_an 2

bn

< 2b2ZEXk1{‘Xk‘<b 3 =0, (D) ick3). O
k=1

“L i % Lebesgue MAMOWEH T, E[X] = / X(w)dP(w) ¥ 755 2 L IZiHEE X,
Q

*2 (| z212, Ry = R T A %70 Borel AWML T2 &, f(z,y) H Vy ZEET 2L 21200 T A -AIJIT Ve 2EET 2L y
WCOWTHERTHIUR, f(z,y) FEBRIEZEMTIE 25 (of. FHEE=: V=775 AM (1963), pp.68-69).



EIE 5.13 X1, Xo,...13iid. T,

zP(|X1] >x) =0 (x — o0) (5.5)

E3BH, ZOEE, S, = Z Xk, cp :E[Xll{\X1|§n}] i B W % —cp 10 ICHERIES %,
k=1

SR 5.2 EH 5,13 OIGEIE. D — 510 ICHERITH & 5 7% o HFET 570 OBERETS B3 (cf.

n
Feller, W.: An Introduction to Probability Theory and Its Applications, vol.IT, (1971) pp.234-6).

HERA: X1, Xo,...ldiid. ROT, EH5.12 D a, KNLTa, =ne, &85 ZEIERT 5, koT, &M
5.12 DM (a), (b) & b, = n W L TRBIE LWV, (a) 1

> P(|Xy| > n) =nP(|X1| > n)
k=1

Einb (55) K DBS», (b) DRI KOME L MERT 5.

HES514Y>0,p>0&3 2k, E[Y?] :/ pyP I P(Y > y) dy.
0

SIEPR: (f320) :/Ooopyp—l(/g1(y’oo)(y(w))dP(w))dy:/Q(/Oopy”‘lhoo,y<w>>(y) dy)dP(w)

0
-[(/ " ay)ap) = [ yirapw) = ),

TIT B20HEBEBVT, pyP M (y00) (Y (W) = pyP 1 1L oo, v (w)) (y) = 0 IZTERE L T Fubini OEH (E
B5.11) AV, O

TR 5.13 OFEBADKE: YV, = [X1|1{x,|<n) £FT2E. Y, >0 XDHIES5.14 205

E[Y;] =/ 2yP (Y, >y)dy=/ 2yP(Y, > y)dy.
0 0
ZIZT, B20%BREPY,>n)=0&D P(Y,>y)=0(y>n) &R2ZxHVik, XoT,

1 1 1
2 > EX1(x, <n}) = ~E[XT1(x,1<m] = ~E[V]
k=1

1 [ 1/
= 7/ 2yP(Y,, > y)dy < 7/ 2yP(|X1] > y)dy
nJo nJo

L7 %h5 KORE5.10(2) 25 (5.5) & DER 5,12 OF&LE (b) RO IOz edbhz, O

& 5.10 (1) 84 {an} # lim a = o Zifi7zEE, lim 1 Xn: ap = o L7235 BIRE,
k—o0 n—0o0 N p—1
(2) p(z) PEROEREAKMTHATAET lim o(c) = 0 #i7tE. lin % / o(z)dr =0 L BB L%
xTr—r0o0 n— oo 0
T, (LB ICHMEOMETT, )

FIE 5.15 X1, Xo,... 2 iid T E[|X1]] < 0o THIUE, Sp = > Xip, m= E[X1] €T 3L, % Em i
k=1

TERIPRS %

SEEA: E[Xi|] <oo &D [Xi| < o0 as. THEDH, v — 00 DEE [Xi|lx, |50 — 0as. KD, £o
T IX11 x50y | < 1X1] 222 E[|X1]] < 0o & D Lebesgue OUHEA: 5

zP(| X1 > 2) = fE[1{|X1|>x}} < E[|X1‘1{|X1\>x}] — E[0] =0, T — 0Q.

9



XoT, EH513 &b % —¢n — 0in prob. %27 U. ¢, = E[X11{x,|<n}]- — 77+
D E[|X1]] < oo & D Lebesgue OURIERD &

Xilgxy<ny| < X

cn:E[Xll{\Xl\gn}] —)E[Xl} =1m, n — oo

RO (2) oS, O
HiE D EFE 5.13 OIS & LTROBIZIHL &5, Z0filh o0 U s I EE 2% < T ARk
BB D LD 2 e Ab B (cf . T 5.5)

Bl 5.16 X1, Xo,... Xiid. T, P(X; = (—1)7§) = % j=2,3,..., BT 53, ZFLK =
(S i) 5. SO EX)]] = 00 THBH, BEEH cAFELT 2 1% ¢ IKHRILRT 5

= J*logj

(BB RO SHERIDHALT 3) & ¥ 2R,

dt: (0] cl: Dbﬁléo ;j(b:

tlogt

_ . = K oo
HH: WIFHESFE LRV i BX ) = Y o 2 /
2

j=2

> K >~ K
P(lX = E — < ——dt
=P(%]> o) v jQIOgj_x/x t*logt
Jj=lz+1]

TH20. nEXLVOE#EEHVIUIZOHL — 0530220 T, EH5.1312&D Sn _ ¢n — 0in prob. %
n

= (—1)7 X 1 -
#5, CCT. o= Bl en] = K T eaam, {1} ammmsc o iy s o,

= jlogj nlogn
= (71)]- - - N D =1 Sn :
C:KZ@ti‘?( Z;@Eﬂbi/ﬁ(@ﬁﬁé5llib”¥§ib\ Cng)Cchiéo J:OT\ ?%Clnprob.
i=2

HPRENTz, O

F9EE 5.11 {a,} DHAARDT 0 WILRT 5 ¥ &, R (—1)" ' ay, BIGKT 5 2 2 2R, (B0
n=1

T, )
EFE 512D LT, XOfZRTEZ S,

Bl 517 (B CRTFILZATIWNITDNZ Ry IR) X1, Xy,... ®iid TP(X; =2)=1/2"i=1,2,...,
LB T b, ZOLE E[X| =00 THD. S, => 1, X £BL L. Ve > 01U TRIMIT %,
Sn

u
nlogy n

O Xp &k RiERaA Y &R 2 ETRIFT., i BEHCRPPD THIZE & 20 RIS EL UER
THERLEREEZONS, ZOFEL CIRWL bOMMERDH 20 TH 20, E[Xy] =00 KDV HHLTHHE
AT BEESHD Z5TH2, Ll ZOFEL UT2EALFERT 27201213, 228 = 268,435,456 & b
28 M HLRRICHID TR ZHELD 2, ZOMRF 13ETD 1 UTTH2, Lizd-> T, 24U OffifE
DB B EIFBZ 0, TAUTH LT (5.6) B n 3t REFIUE nEDtE Y bT nlog,n FOMfifERH 2 Z
ERLTVWS, flZIX 228 AR DTHIUR, —AHIzh 28k,

-1

< 5) — 1, n — oo. (5.6)

SERA: b, =nlogon ¥ L ¢, = |logy by | 3% (la] 13 a DBBE T ZERT), ZOLE,
cn <logy by, < cp+1 &b 20 <p, <20l

WIEET 2, koT. n—= 00Dl &,

- =1 1/2ent1 g n 2
P(|Xg| > by) =nP(X; > 201 = = = = <——=——=0
(a) ; (IXk] > bn) = nP(Xy 2 ) ”h;l o "1 -1/2 " 2 271,  logyn

10



n Cn

1 o1 no202e 1
(b) TZ (X L xy)<ba}] = b2 E[X1 Lix,<bo}] = 2(2 ) = bﬁg

n

£ g 2-1
2n2¢n 2nb,, 2
S 5 S ) = — 0
bn bn 10g2 n
o Sn - Un
koT, 512 XD an = Y E[Xiklgx, <hy] T3 E. U 0 CHERIN T B, 2 2T,
k=1 n
an nen _ |logy(nlogyn)] _ |logyn +logylogyn
2 BX11
b, ~ b, X niea) = 5 Z logy n log, 1
R DOMERIGEBIE DHEE
log, 1
lim logy,n = o0 IR lim —82%821 _
n—o0 n—oo  logym

CHEBET RS ICRE S, LEXD (5.6) #1585, O

BIRE 5.12 p; = 1/{27j(G+ 1}, j=1,2,..,po=1-372p; ¥ L. P(X1 = -1) =pp, P(X, =27 1) =

pi,i=1,2,.., 3%, TOLE E[X1]=0 %23, ici 1 ICHERIGRS 2 Z v 2R, BV
n/logyn
b: b, =

CLUTERES12 ZHVE (¢f. #1517, # L WO THIES 12 EZ IR THE L, )

logy n

SEE 5.3 I 513 OIED T (X1, Xa, ... B iid ¥F3), mé a,b] %5 Pla< LY X <b) 120
IRT %, L. E[et] < oo (Vt € R) THIUX., ZOPCRIFIEBRINH BMET 5, ZOIRDEX &R
ET2DH Cramér DEHTH %, ZhEKRBERE (large deviation principle) £ W\, Varadhan 12 & b
B, IO Z BAICIHEIN TN (of. BHEFITETE 26 LTHE 5.14),

a n

KD 2 O ORI Stirling DA nl ~ V2 tre ™ 2V, a, ~ b, 21E lim o=1ERT

n—oo n

1
BE 513 0<p<l1¥35, X, D_THN B(3n,p) WS 3 3, li_>m ElogP(Xn =n) ZRD X,

PSS 5.14 X1, Xo,... l3iid T, P(X; =1)=P(X; = -1)=1/2 LTS8, =Y Xp £¥3, =
DrE0<Va<lZMLT nlgroloilogp(% > a) = la) BB IR LTI TRYE, 7271
Y(a) = H{(1+a)log(l1+a)+ (1 —a)log(l —a)} & ¥ 3,

(0) $(a)>0(0<a<l) ZReE,

(1) Stirling DR n! ~ V2"t re ™ ZHWTRE R, 72721 an ~ b, £ lim Z—” =1%3%7,

n—oo
P(Szn:2l)=(n2j:l>2in (rn)~ (1+l) n_l_%(1—%)_n+l_%7z:1,...,n

*3 PR 5.12 OB E[X,] = —po + 352, (27 — )p; = —po + 252 1(;<g11> pj) = —1+352,(5 — 547) = 0.

bn:n/log2n,cn=Uog2(bn+1)J2»_1,2%<bn+1<20n+1 CHEET %, n > 00 DL X, ﬁf%lz()u

n )
2logo
2 P( Xkl >bn)=n 3 p; < > = < = 2 — 0.
J = 2 = 1 2 2
=1 j=em+1 j=en+1 27 2¢n (Cn+1) 2= bn(logz bn)2  (logy n—logy logy n)

N\H

(cn+1>

o
" n 9 Cn t+1
0<a<1EF5o (b):= g BIXPlx 0] = 35 (0 + 2(27 S0 S g 3 S < (T 2
= b2
cn+1 2t a(ecp+1 cn+1 ale cn+ an
T e = {1 )+f(cn+1>2dt<2(n+1>(1_G(C7L+1))+2Cn+1(a_1)J:D()Sb2+22 +
B g (6~ < (log m)? | 2008z m)*" | 10;02{ (L—1). ¥oT. Ve > 01HL a & LIcH9iE L o THEA

WO 3TH < /2 (vn>4) YTE, ZOaREELT oo 852 AUDE 1TH, H2HILIZ 02k, () =0
DBbh o, EoT. an _nE[Xll{‘Xlen}] LB LEM 512 kb Sn—tn 3 0 ICHERIGRT 5. 22T

o0

an _ n - 2-¢n logy 1

by bn(v_z Pj — ¢, +1) TO< 4 Z p] < oy TentD)2 <3 b% » 0, bn(anrl) loga (m2—FDI+1 Lek
Jj=cn+1 ] cn+ 82

D Gn 1 ASREN. ERHGES.
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(2) I, e{l,....,n} 2 nhﬂn;@% =a Zflilzd L &, nlgngo %logP(S% =2l,) = —¥(a) R,

(3) I, = [na] D& & P(Ss, = 2l,) < P(S2, > 2na) < nP(Ss, =2l,) Z/RL. AEHZEREE X,
7272 [nal & na LEDR/NOBR RS,

HE: Ch&D P(522 >a) 3BBEZ e () OHEXTHET 2 2 b 5,

53 AR D5RER]

EIE 5.18 (Kolmogorov DFRFNX) X1, Xy,... ZMIZLMEREZLYIT, Vn IZH LT EX,] = 0522
V(Xy) <00 £ T3, COLE, EED a>0HLT

1 n
2a>§ﬁ§:wXﬁ
j=1

k

> X

P( max
1<k<n
VAND RYAS B
REBE: Sp =0, X; kL. FHIiL72WERE

A* = {w eN; lrgnka%(n|5k(w)| > a}

B, Sk Dk ERANDESITEZ, S| PEUDHTa bl iz d kICEB LT, A* ZEWCHERBRERIC
DFB, ThLb, k=1,2,...,nZXLT

A ={weQ;j=12,..,k—1ZHLTI|Sj(w)] <aT. 2D |[Sk(w)| > a} (5.7)

B, AT =l Ar (HWICHIR) 2755, LEkdisT,

LB, BEOREBE we AL B3 Sw)? > a® LRSI L EMVE, IT.
Si = (Sk + (Sn — Sk))2 = Sg + 2Sk(Sn — Sk) + (Sn — Sk)2 > S,% + QSk(Sn — Sk)

WCHEET 5L,

E[S} - 1a:] — E[S§ - 1a:] = 2E[Sk(Sn — Sk) - 1a:]
ZIT. (BT EVERALZE X, Xy DAL Lo THRESTED, =S, =Sk =27, X; ROT,
{ X, 3L 7E S Sy - la: & Sp — S WIS 8B, Lo T,

n

E[Sk(Sn — Sk) - Laz] = E[Sk - La:|E[Sn — Sk] = E[Sk - 1a;] Y E[X;] =0.

j=k+1
BEXD.
PA*<n 1E521 <n 1E521 —1ES21 <1Es2
( LZ; [Sk - 1a:] < ) (S Ak}—afg (S5 - 1a-] ) [S7]
k=1 k=1
1 1 &
= V() = V(X + X+ + Xa) = 5 3 V(X))

BEREOFESTEIHS X,,..., X, WV THhs 2V, O

12



EI 5.19 (Kolmogorov OF 1 FIE) X, Xo,... DI RHERZHI|T

i ni (5.8)

n

1

Rl EE, REOMERDHOL, TR, ﬁZ(Xj—E[Xj]) 1 0 IR T %,
j=1
SEBE: Vnoe NIZH LT E[X,] = 0 ¥ {RELTEW. EBE X, — E[X,] £ X, tAaREEE W, Y, =

LS X =18, v #CrrTa,
1st step Ve > 0 X LT,
= U N{val<e}

N=1n=N
Kjg%\

P(A() = 1 (5.9)
POREAIUE, RO IEAREND, B A= (T2, A(/)) L BUE. (5.9) kD% j=1,2,... 1200

PA(/j) = 1 B, PA)=1. 22T we ArFar. {FEDj e NIZHLT we A(1/)) oo

N = N(w,j) PEELTn > N BB Y, (w)| <1/j THZ, LEdoT, we AkR li_>m Y,(w) =0

b, RERET T %,
2nd step (5.9) ZR"T . ZDDIC

2m—1
= U miza={, max mize}

g1 1<n<2m
n=

EBL, TOLE Ve NIZHLT

ﬂ U{\Y|>€}CUB (5.10)

N=1n=N
Ehe, (5.9), Trbb P(AE)) =0 2RI 72D
> P(B (5.11)
m=1
BRI RV, EE. Borel-Cantelli DEHIC X (ml U, Bu(e )) —0THBH. (5.10) £ b A(e)° C

N2, U, B(e) 75205565,
3rd step (5.11) ZRF 70, S, =37, X;(=nY,) £ LT,

1
P(Bn(e)) = P( max E|Sk‘ > e) < P( max  |Sk| > 82"‘_1)

2m—1l<2m 2m—1<f<om
1 om
m—1
= P(1<Hkli}2(m |Sk| > €2 ) < Z2orm—2 kz_:l V(Xk)

R LU IATHOREFEETE 2™ <k %, BREBEOFFSE Kolmogorov DAREX (EH 5.6) W7z, L7
Do T,

00 00 2m 00 oo
4 1 4 1
> P(Bu(e)) < = > S2m V(Xy) = = > S2m D 1jam (B)V(Xy)
m=1 m=1 k=1 m=1 k=1
4 & > 1 4 S =1 16 1
= ;QZV(Xk) le[k ) (2" o = V(X)) > Jom = ?ZV(X;C)?
k=1 m= k=1 m=myg k=1



272U my = [logo k] £33 ([a] F a L EOBRNOBEKELRT), O &, 2l <k <2™ THEH2 5
2ITHDOAREZIZ

SSLo_yme 41 41
22m 1 —1/4  3(2mr)2 = 3k2

m=my,

Eib eV, ko T, RE (5.8) &b (5.11) pimm& ik, O
(Xo} OHTHF TS 51, FH 5.10 ORE (5.8). BIZ E[X2] < 0o BREICH 3,
EE 5.20 (Kolmogorov 0)%’ 2 FE) X1, Xs,... Fiid T, E[|Xi]] <00 T3, ZOLE, KEOM

AL, FRD B, ZX i3 B[X] IR 3.

SEER: E[X] =0 tﬂiﬁbf;mo X % X, L ED D% b OMRER L T 5,
1st step (%% k biﬁkﬁ L/7’:Z cut-off 0)5?]\) Zk = Xk1(07k](|XkD — mk, ’I’hk = E[Xkl(o,k:}“XkD] B < }:\
{Zk} Giﬁfi 5.19 @{}iﬁ%?ﬁf:j‘o %I‘;%}—:’\ {Zk} Lizﬂjf% D\

=01
2@V

1 =1
ﬁ( { Xk (0.0 (1 X))} Z;? (X710, (1 Xk])]

k
L 1
7 2 B L (IX0) = 3 BIX (XY
k=3

k=1 j=1
S I 1
< BX* 10 (1XD] Y 7 + D BIX* 1, (X)) —
k=1 j=2 J
<> w2 +) 2B X1 (IX))] < Zﬁ + 2E[|X][] < o0
k=1 =2 k=1
2:7;60 pp'C?)ﬁE@Z‘g}ﬂ?Ci
i1</°° de 1
k=j k27 Jjaa? g1
4ﬁao>a?—<%®$%%aijz2®t%j—1<|x|§jfz15mc£
1 ||
2 <2
v = || 1_Ix\ ||
L7532 2V, LEDN-T, E[Z ]—0t7b>l’o%f§i5197b>fo
m 137 0
Jim 2 =0 s

DRI NIz,
2nd step [ X1k (X)| < |X]| (Vk € N) T E[|X][] < 00 72D T, Lebesgue OUHERE (EH 5.10) 12L& b

g = E[X1(0(|X])] = E[X] =0 (k— o0)

Bbird, LikhsT, li_>m LS =02t7%D (c¢f. MIE5.10(1)). 1st step IC& D

n—o00 N,

. 1 <&
lim ~ > Xplow(Xe) =0 as.
=1

3rd step P(#{k € N;|Xy| > k} < o0) =1 2R, ZOAHWVZIIUR aa. w L THRED k ZBRNT
X = Xkl(o,k](|Xk|) 75 2nd step D oftmaFEond, £IT, ¥F

[e'e] oo o0 oo J
SNP(Xel > k) =) Y Pi<IX[<j+1) =) Y PG<|X[<j+1)
k=1

k=1j=k j=1k=1

14



SN PG <X <i 1) = E[Zﬂg,mxﬂ < BIIX[] < oo
=1 =1
SRR B, 2R L, 2AFHO—DHOREHE Y2, 1040 (2l) < S50 2llg e (o) < o] %2 2
2wz, koT, Borel-Cantelli DE#H 5 P((,_ Ure {1 Xk| > k}) =0 TH 25, {weQ;#{k e
N; [ Xe()] > k) < 00} 5 U M {1l < K = (M5, U (1K) > k) 2% ) Bamans, O

AE 5.4 EM5.2010F Xq, Xo, ... PHI T THIIMILT S Z e A SN TWS, (¢f. Durrett, R.:
Probablity Theory and Examples, 4th ed. pp.73-75.) Z ZTlX. Kolmogorov D RERR < LVF > 7 =L
HERICDRDIBE Z /N H 5720 Z DFEAEE AV,

EE 5.21 X1, Xo,... Fiid TE[|X |]=00 k2L E,

1 n
P (limsup|= > Xy =00 ) = 1. 5.12
<1msup nkZ:l k oo) (5.12)

n—oo
FIE 5.22 (Borel-Cantelli O3 2 EIE) {B,} 23T > P(B,) =00 %561 XP(() U Bx) =1
n=1 n=1k=n

EIEHH: (ﬂ;oﬂ Ul?‘ozn Bk)c = U;.Lozl ﬂliin Blcc T {ﬂzozn BI?:} &i n QZOL\VC%%E‘[%I]D‘ if:‘ {mkN:n BE} Ci N &:
SWTHHBAT N, B = Ny, Nh_, BS DT,

oo 00 00 N
P U Bo) = lim P(() B = limJim P(() Bf). (5.13)
n=1k=n k=n k=n

iz, ARE L EH 1.7 (2) 1T&D BS,...,BS BN THBI e, P(Bf)=1-P(By) <e PBo) rizzpz

LR HWT,
N N

N
0< P(() B) =[] P(Bg) < [ e P = e B P50,
k=n k=n k=n

TIT N, P(By) =00 EdB. (Fi8)— 0 (N — o). MEXD, (513) &b P(N2, U, Br)¢) =0
LB o FEREE S, O

EIH 5.21 OFEAA: X % X, LR D% S OMRERE T 5,

Iststep M >0¥r L., BM ={|X,|>Mn} t55L,

S PBY) =S PX| > Mn) = 33 Pk < [X] < M(k + 1)
n=0

n=0 —i=
co k N )
=Y 3 P(ME<|X|<M(k+1) =) (k+ 1)p(k < %I . 1) _ E[(k+ S
o k=0 =0
> p[ X X E[|X
>3 [ e = P[57] = 57 -

~
Il

0

22T, 2ffHOZ2HOERE P(ME < |X| < M(k+1)) B n 2 E5R\I 2 2HVE,

2nd step {BM} 3B FRDOFI7Z % S Borel-Cantelli D5 2 EHic kb P (N, Ui, BY) =1Td
. $oTP(Nyei Moy U, BM) =1 we Nyoi Mo U, Br £ 352, VM,ne NIZHLTH 2
k>nhHoTwe BM, e, 2o > arvizpe,

X
lim sup [Xn (@) > M.

n— 00 n

M0<zr<1DrE0<1—z<e ®ZHWVE,

15



Zhp, VM e NI L TR D IoDT, limsup,, . Ze@l = o

iz, B {an} CH LT

1 oo
limsup‘fZak’<oo e limsupM<oo
n n

n— 00 n— 00
k=1

L35 ZEITHERT 5, AR
lan] =[(a1 4+ +ap-1+an) — (a1 + - +an-1)| <lar+ - +an—1+anf + a1+ + a1

YRBEIEHET DS, ZOMEE a, = X, (w) IKHLTHVS &,

A O OOB,iV[C limsup@:oo C limsupl nXk =00
I\Q mU " "=

n—oo n— oo

rb. (5.12) WD IO EHbhot, O

ER 5.5 191 5.16 OFNI RO IFER &R /2 T2, E[|X1]] = oo £72 270 EM 5.21 & KEDEIEHZ i
7o E 720,

5.4 HEETE

E& 5.3 (1) MatE T(X1,Xs,....X,) B 0 OFRH#EEE (unbiased estimator) TH 3 & &
E[T(X1, Xa, ..., Xn)] = 0 DD D C ¥ T B,
(2) #igtE T'(X1, Xo, ..., X,) DO O—HHEFEE (consistent estimator) TH 3 &iF, Ve > 01K LT

lim P(|T(X1,Xo,...,X,)—0]>¢)=0

n—oo

D DIIDOL FIZWI,

B 5.23 X1, Xo,..., X, ZEMEAIEA, $2bb, iid LRBHMREHIITE[|X1] < oo £33, AT
X = %(X1 +o 4 X,) B = BIX ] ORNRHEERTH D, 32 —HdEERT D 2, EB E[X] =p
IO MRHEERTH 5, Fho. RBOIGEA (EH 5.15) LD —BUEERBTH L2 L dbbh 2,

‘ 1< -
PIRE 5.15 X1, Xp,.. X, BIMEAMAL L, U2 = —— 3 (X, - X)* v 5
=1

(1) E[X?] < oo Dt &, U2 DR o2 DFFHEERTH S 2 L 2t ThED U2 2 REAHE VS,
(2) X1, Xo, ..., X, PIEHFER N(u, 0?) 20 DIMEAIEAL T2 &, B[(U? —0?)?] ko, U? 23—
HWERTHH S % (FH 5.6(KBOF9EA]) OFEA & FEIC L T) Rt

-1
LY h:(2) ik ”02 U2 DSEHE n — 1 D x2 5HICHED 2 2 2RIV X,

EE 5.4 “OOHR (X1, Xa, ..., X,), To(X1, Xo, ..., X,,) D0 ORNRHEERTH 2L T 5, 20D
LELV(T) < V(T) RO 2RBIE. Ty DTy KOEMTH 2 205, Fic, NRIHEERDOFTHRD R
N2 BHDEEMEEEL VI,
BIRE 5.24 X1, Xo,..., X, & iid T2 U0,0) ICiE->THD, 0 BRI T2, DL X,
2 1
TiX1o o Xa) = —(Xi 4+ Xa), To(Xi,e, Xo) = %max{xl,-.. LX)

BB O DPRMEER LD I 2mt, £ T1, T DEBLBERMTH 20N &K
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=0. —A. Y =max{X,, -, X,} £T B L,

P(Y <y) = P(Xi <y, Xy <y) = P(Xy <y) - P(Xa<y) = (4) (0<y<0)

= 0
n—1
PY<y)=0(y<0),PY<y)=1(@y>1) &b, fY(y):nyen (0<y<0), =0 (Zofth). #toT,
E[T]—n+1/0 LA W e W R
2T Oyen A R
PLEED, Ty, T, &b IR RAEERTSH 5, L i
. _ 4 N e W
ﬁk\vgﬂ—gﬂWX? ~Aw¢n»_nfn(3 ?)_3ﬁ
—7. E[YQ]:/ anye dy——e2 )
0
CnEIN e o (+1)? n o, o, 8
V(T) = (5 =) YY) = (BT = 5 et - 6= s

J:O'C\ 71220)}:% V(Tl) >V(T2) Ttib% T2 LiTl J:Dﬁ;ébtméo (nzl@X%Tl :TQ.) O

FI 5.25 (Cramér-Rao) X,..., X, 23 iid. T, 0 25RABEE L. ZOHEREEE f(x|0) F72i3ER
BEE p(z]0) = P(X =2) £33, 2O &ET(Xy,...,X,) DO ORRHEERTHIUL, BYIREMT
(BlZE {z; f(z]0) >0} A Ok eirw, DUFZh%E D TRY) T

1

VI(T) = 10) (5.14)
THd, TZT. I() d Fisher FHiE L KITNKRTEFEE N3,
10) = B[ (PRI wpmmrn e s) = p(ZB2XDNY) oy x)

SEFE: BEBEHEFR O L EDART, BEBEKTHIZ ., THNMBHERTH 205,

9/D~~/Dle:Ilf(xj|9)d:c1~~dxn, 1/D~-~/Dj1:[1f(xj|9)dx1~~d:z:

BRAIT 3, LD =iE 0 1T 3OV DRENTITRAS L L. ZOWI% 0 TS L.
1:/---/ Tﬁ{ﬁf(x-w)}dxl--.dx oz/--./ g{ﬁf(a:;|9)}dx1-~-dx
P AR TY S Sh " b Jpoa UL "

) I
%@5o_ngaw() (5 1089(0))9(6) 1R LT

1:/D~--/D(T—9 (log{Hfa:]w })ﬁ f(x;10) day - - - day,

sl a(Gu{fm))

Z 2T Cauchy-Schwarz AR ((E[XY])? < E[X?|E[Y?]) W T

elr=o G ee{ITreom})]

2

< sl -or) (sl Loo})] om0

17



“G)Qz%logf(X ) £ 5352, I(0) = E[Y? T

B
E[Yi]—/{%logfx\H)} (]0) da:—/ 51 (l)d /f:c|0 )da) = 0.
Yi,..., Y, BHGITH 525

[(mg{Hwa})] B+ v = S BV 42 Y B = al(0)

i=1 1<i<j<n

(Y

-
—

LD, V(T) = E[(T — 0)? WHEELT (5.14) %182, O

AR 5.6 (5.14) THESHIZIEZH 2 EH c ITHLT

log{HfX|0}—cT ) a.e.
BT 5L ETHS, ZaUE (5.15) THW Cauchy-Schwarz D AREFERICE T 2 FEEHILDORMFIT K 2,

JEE 5.7 Fisher 1HREIZBEERBE f(2]0) & U FHERBED p(2]0) 25 “XW BB SI1E. LITFTD X5 H%K
RHFFO,

0% log f(X10)
E 062

9% log p(X0)

1) =~ 062

| wEmmsnzrE) =B | oy s

WUF, BEERERO L 20BHIT 2. f(2]0) 7b§9b:ob\f2l§lfﬂﬁa\ﬂﬁéf‘$§%/ F(2]0) da 7% 6 1220
D

TGy b B BT E U / f@l6)ds =1 kb
D

/D g—;f(x\ﬁ) dz = 5—; (/D f(lo) dw) =0.

1 of o? 1y 1
o) 59 @10 g 108 F(2160) = 5 G (1) - ( en

g2

(‘j 2
k27T, 55 log f(alf) = (ar|t9)> SR

B[ 2 lox 1(ap)] = [ﬁwﬂ 0] - 2[{ 75 19}

:/_Z{émamf(xIQ)}f(xe)dx—E[{ ()1<|9)g£( |9)H

zo—E[{%logf(Xw)H —16). O

Bl 5.26 EMAEN N(u,0?) 25 DEEAIER X,..., X, £ T3, 2O, 523 X DEAFEY X & u
DARHEERTH 25, CHIFEHERICE R > TS, L, o2 3HHME T3,

= ~ 1 2 2 R 1 (J:_:u)2 > : e
B V(X) = 0% i Niu,o?) ORI f(slp) = exp{— 7=} IZH LT, Fisher i
ye
i 0log f(X|p)\2 X 2
_ og fF(X[m)\?1 _ —m oL
i =|(Z550) =250 = 2

TH3H 5, Cramér-Rao DFREROESHILT 2, Lo T, X 3EMHERTDH 3, O

R 5.16 n > 2 £33, X1,X,,..., X, & iid THEEIM Ex(1/N) Ko THH. 75 )\ O RHEE
BXeT=cmin{Xy, - ,X,} %%X_%o
(1) BB cEEDE, (2) X 2T OLELPEMPTFANE, (3) X DEMHERTH 3 Z ¥ 2Rt
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RIRE 5.17 [EHREEN N(p, 0?) 226 OIIELIEAR X, ..., X, £ 3%, ZOLE, M#E5.15 XD MRS U?
BERE o OMRHEERTH 255, o @ Fisher 1§#HEZ KD, 1A’ Cramér-Rao DEFD (5.14) DEFS
BT IRE D PR K, 2L, pl3BRE T 5,

E&E 5.5 RO OREMD S DOREAR Xy,..., X, L. ZOHEEREBE (11, - ,1,|0) FIEXHERE
BE p, - anl8) = P(Xy = 21, Xn = 2) £F B0 COL XA X, ..., X, BELONFEHTFT
@ 0 OFLERBE (likelihood function) Z X TERT %,

L) = f(x1, - ,z,|0) (BEEEDSDZLE)  =plr, - ,2.00) (HEEHOL %)
F7o. REBILO) BBAICT 3 0 =0(x1, - ,a,) DT Z L&, Thbb,

-~

L(B(z1, -+ ,20)) = max L(0)
DY EOXy, -, X,) % 0 ORAHER (maximum likelihood estimator) ¥ 15,
B 5.27 X1, Xo,..., X, 5 Bernoulli #fTOMRT, P(X; =1)=p, P(X;=0)=1—-p &3 3, p Dix
THEERZ KD Ko
fi#: p OILEEREEIT
L(p) = P(Xy =21, Xp = 1) = p T H0n (1 p)n - (orbetan),
T=(r14 - +an)/n tEL. L(p) ORBE L > THHT L

0
87p log L(p) =

0 _ _ T n
a—p{mclogp—l—n(l—x)log(l—p)}——— b "

- T, (%logL(p):O%@@b\“Cp:E. Tt &, Lip) B3mKt725DT,

X+ X
p=——"—

2 p DERAHEER L 725, O

I8 5.28 X1, Xo,..., X, DIEMEER N(u,0?) 25 DEEAEAD L &, BFY p & BDE o ORAHE
ERERD X,

fB: P(X;=x2)=p"(1—p)' ™%, 2=0,1, RN ZDT, LEBEBIZ

n 1 (zb #) 1 n/2 n (2 _M)Z
Liw, ™) = v} \/27T02 (27702) exp{; 202 }

n )2

log L(p, o :—71 2 —§
Wk L 5 & log L(p,07) og 2o 2 20_2

9] " x—p 9] n 1 " (x5 — p)?

—log L(p,0?) = —log L(p,0%) = —= — R

o %8 (1, 07) ;:1 5 pozlogllno’) 202+i§:1 2(07)?
. 0 0 T+ +x 1 &
BoTe o log L(p, 02) = 0, ~5 log (i, 0%) = 0 BfRNT p =7 = T 50 o2 DN g2
) on og L(p,0?%) =0, 507 108 (,0?) =0 %2fBNT u=72 - ot = (v; —7T)

ZDrE, Lip,o?) i3k R2DT,
_x- Nt r & 5
DS p, 0% DIRAHEER L 725, O
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SER 5.8 1 5.23, FIE5.15 X ) L3l i, 02 3—EUEERICZ->TWB e b b, — RIS, B 55D
7 ABOWTRALHERN —BHER L 25 Z L AGFHTE 5, #Hic, FOMKREEEZHWS Z 2T, &I
HEERDWHEMICIER DA L 72 2 2 2 2VRE N, ZDOHFEATHIE Fisher [EHEDHITII L 125 (of . FHEE
4 F BUERGEYE BH#EE, 2003, pp.261-), 20O Z 2 ZEEBETHW O,

f9%8 5.18 (1) X1, Xa,..., X, % i.i.d. T Poisson 27 Po(\) 12> ¥ § 2, ZDr %, \ ORLHERER
DE, Fl. FOOEMHEER Y 22 I BT,

(2) X1, Xo, ..., X, % idid. THY 2O T, 1/8) THED £ F 3, 22Ty o ZBHEIT B IEARH RS X —
R—r T2, ZOrE, BORAEHMEEERD X, T ZOUIEHHEER L 22 0HFAXRI,

Pl 5.29 X1, Xy, ..., X, A iid. T, —kk0i U(0,0) IZHES & & RIAEE 6 ORLHEEEZKD X,

B Y INOEBUE 2, 2, BER SN & REBLO)E0< 2, <0, -+, 0< 2, <OTHY
WXLO)=0t%2%, T, 21 >0,...,2, >0THDH
LW%=£;(mwhm~w%J§9®t%) =0 (Zofth)

b, €oT. 0 =max{zy, - ,z,} DEE, LO) IIRKEZLZ, Zh&D
0 = max{X1,...,Xn}

250 DERAHEER L 725, O
TR 7 275 27V —ilBRHED» 5 OHETE, M@ 5.22—524 I3EHEZM > TEHRLTIZE W,

fIRE 5.19 H 505 20 EDAZ L 52T, ZHUCHHZ DT Tl o7z, LIZSL o T, A2 1 kT
DEHLATIRBEICRL, HIOOWLANRGTELN S FTHT 72, TAUCE L M (REDENIFHRIC AL
W) &2 X 295, ZOMITE 10 BEREDIEUTEA 21, 20,...,210 B ET 5, TOLE, HOPOADK
BH N oLHERZRD X, br b X IEEMTMIHED 2 8 ITHEEE X,

MR8 5.20 2 DOIEMHRER A: N(ua,03), B: N(up,0%) 226, ZRZN na, np HOBEAR (X, -+, Xn,),
(Y1, ,Y,,) R L7,

(1) m=ps—pup ODBRIAHMEELRD I, ¥ b pa=m+pup & UTRERE L(m, up) ZHRRICT 2 m
(¥ up) BRD X,

(2) 220DHHHBHEL (04 = 0% =0?) ZePBAHTH > HED o? ORAHEER 02 ZRD K, 727201
pa, pp ERHE B X, X512, Elk-o2] =02 LR 3EBk ZKD X,

PSRE 5.21 FEREEBIE f(2]0) = (1+0)2°1 0. (x), (0 > —1) ZHMIC D OREFS 5D, KE & n DR
BIAE X, Xo,. .., X, LFBLE, 0 ORLHEFRERD L,

ﬁ%5zzﬁ%ﬁgaﬁf@wyzghm@@>w>o>%ﬁﬁm$og%ﬁ#5@\k%én@ﬁﬁkgxw
BATE X v RRAE U2 129WT E[CiX] = 0, E[CaU?) = 02 £ 23 & 558 C1, Cy 2D k. F72. &
nzHAWT, 5 EOBHEIME 0.7, 1.6, 0.9, 1.2, 1.5 fF5h- 2D, 0 DRREHEEMYL 02 RRHEEEZ K
» X,

FIRE 5.23 MOV RO N ZRAFECLIDHE LV, 22T, HoHn s 50 Eofizr 52 TIh
HITHIZ DT T, OBIZ20 EDfaZ L H 272 (JLICRERWVWE T 3) L2 A, TIEDRICHINDWT
Wiz, odizizz s 50 EOBLBIMNIHIOWfldnwizro7b D T4 &, ZoMERE N OATE
L (CODREEBE % 2), ChiiKe 32 N Z2RDOE (ZD N PERLHEME 2 5).
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fIRE 5.24 1 225 n (n > 4) FTOBEDFTLAINL n HORDPFHICA > TWVW5E, ZOFD»S 1 HOEKER
DHIL, TLICRERTHEITZ 5 EHEDIR L 25, 1 ERTFEUKTOEAINIIRIE D X iz, FERER
DHTHERIFLVDDOL LT, n ORALHEEMEERD &

6 4FIERIEE ROERE R

R B R O FHER 1S Fourier ZHDOMERZ IR W R %, Fourier Z2#UiW/=2% & ZATIHHENTWS, i
ZWECT XAF % VX ZOHRD LITH DT> TWb, ZORXETIIREBMOEE THRZ R WD, BT IV IX
Fourier $#° Fourier Z#1% /5> D TZ Z T URHE L THEEL TBWVWTIZL L,

6.1 4$FH4RIEK

T 6.1 (1) WEMMEBE Z HaTHl (MERIERERZER) TH 5 213, ZOEH X =ReZ, Bl Y =Im Z
AL I (EREH) THE L ECWS, 22T, Z=X +iV,i= -1 THs, T, HICHRLH L
VRIS, FMERERERERT b O T 5,

(2) BEMIERERZR Z SR LT, E|Re Z|] < 0o %0 E[|Im Z|] < 0o D & %, Z OWIFHE%

E[Z] = E[Re Z] + iE[Im Z]
LED B,

B 6.1 EHERMEHERZER Z 1S LT, |E[Z]| < E[|Z|] BHaLT 5.

H: E(1Z)] <co 0¥ E. [ReZ| < 2], [n 2] < |7 &V B[Z] SERINS S LIRS B 0 = BlZ)

7
= ilze T, COLE,

B12) = lol = o= B[15.2) = E[|21.5,2] = B[121Re (15, 2)

+
s
N
—
=
A
2«
N\
N——

THZN, ELIEREOT, (HLOEH)=0 %5, 2T, R%%ﬁ)g
DEI< E[|Z|] b, EREE S, O

—Qﬂglfﬁéﬁa(ﬁﬂ

EE 6.2 MERZH X 1 LT, ROME ox (1) 2 X DFFERIEL (characteristic function) W5,

ox(t) = E[e"X] = E[cos(tX)] +i E[sin(tX)], tcR.

BE 6.2 (1) EEOMRLZH X ORI SRICTFEET %,
(i) TRTOFEH L ITHLT, |ox ()] <1 THb,

(iii) ¢x(0) =122 ¢x(t) = dpx(—t) TH 3,

(iv) t DBEE LT, ¢x(t) IF—koEkTH %,

SEBR: (i), (ii) [e"X|? = |costX +isintX|? = cos? tX +sin®tX =1 L@ 6.1 & DB

(1) 6 (0) = Ble"] = B1] = 1, 9x (1) = BeX] = B[] = B[] = gx (1)

(iv) 0 IR 2AEE DI {h,} 1IZHF L sup,egr [ox (s + hy) — ox(s)] = 0 ZREF IV, 22T, (G
)< sup, Efle?*X (e X —1)|] = E[le?X —1]]. £oT [efX —1] < | X|+1=2TE[2]=2< 00T
H5H 5, Lebesgue DIHER (EHE 5.10) Ik D ElleX —1]] - E[le® —1]] =0 &b FEREF 2, O

B 6.3 FERZM X LM a,b IS LT duxip(t) = et (at).

ﬁEHH: ¢aX+b(t) — E[eiatXeitb] — eith[eiatX] — eitb¢X (at). O
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5l 6.4 (1) X 23ZIH537 B(n,p), 0 <p < 1 IS & =,

ox(t) = Ble™] Ze”k< > -p)" = zn: (Z) (pe™) (1 =p)" ™" = (e"p+1-p)".

(2) X %% Poisson 731 P(\), A > 0, 1T & =

itx = itk A Y = (e"N* A _—A Ae’t—1)
¢x(t)=Ele ]:Ze e :Z eh=¢e® et =e .
k=0 ’ k=0

FRE 6.1 HERZ X OBEBBD fx () THdLE, ZORMEREE ox(t) 1

dx (t) = E[e"X] = Elcos(tX)] + i E[sin(tX)] = /OO fx(x) cos(tz) dx —1—2'/OO fx (x)sin(tx) dz
Y7%%, ZORBAD2 OO EFET S LT ROMERER X 3t U TRHIERIE ¢x (1) 2 RD X,
(1) X OFERED fx(z) = (1—|z))l(_11)(z) THEZOND L E,

(2) X OEEMEDS fx(z) = %e“”' CHABNAL X,
(3) X AHEECGHE Bx(\) (A > 0) 12685 &,

RIRE 6.2 (1) X 2SEOIES NB(a,p), a>0,0<p <1, IS & =, X ORMER ox () ZRD &,
(2) X HIAS B(Qn, %) RS L LY =X —n £BL. Y ORI oy (t) & cost &FIVTERE,

BE 6.5 MEEEH X 2 E[|X|*] < oo Rili7z 13, Z DR o x () 1& CF-HT ¢\ (t) = E[(iX)FeitX]
&Iz 5,

SERR: (B ZHVS) k=00 &, ¢x(t) Dt IOV THRTH % Z L I13mE 6.2 TRLT.

kD EROSIDERNES %, k+1 D E, FTEED 0 WZPCET 285 {h,} L

kei(t-',-hn)X _ eitX
hn

() (*)
lim 2X CHhn) =00 ®) _ E[(iX)

n—00 hy, n— o0

t+h
/ izer? d@‘ <
t

pit+h) X _ itX

} = E[(iX)+1eitX] (6.1)

t+h

BRT, et _ gitr] = lize'™| dG‘ < |ha| &b,

’(z’X)k ‘<|X|’““ LIE B[X[MY) < oo

i(t+ha)X _ itX ‘
725, Lebesgue OULAGER (7 5.10) ¥ lim % XX 275 e (6.1) ERILT B,

HFTV (1) B3 IZDOWTHEBETH B t&iﬁﬁﬂﬁ62(1v)<‘:ﬂﬁkrﬁ‘ EHTE S, O

Bl 6.6 X HHEHEEIISNAR N(0,1) 1St & &, ZORHEBIBIE ox(t) = e 2% 723,

SEER: Cauchy OESEEETHWS, £,

. o 1 12 1,2 1 12
ox(t) = BEle'X] = / et e 2 dr=e 2" —— e 2@ gy (6.2)
oo V2T V21 o

KHEET 3, REOEFE itr — L2? = —L(z —it)? — 32 k2, HLOEDERD B0, R>0L LXK
DA ODHIH BB Cr 252 5, (RFEE, )

C —R—>R CRQ R— R— it, CR,glR—it—)—R—it, CRAZ—R—Z't—)—R.
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ZCT, e 3 FEHEFE C L CEHIZRBIESE D S Cauchy ORI EHIC KD e Az =0 ¥k,

Cr
ﬂﬁ\
4
_1,2 _ 1.2
/e2zdz=g/ e 2% dz
Cr n=1"CR.n

THoH0, METEHNVTHETS 2, R > 00 DL &,

R . oo
/ e~ 3% dy = / e 3% dg — / e~ 3% dy = V2.
CR,I —R — 00
Croldz=R+iy ¥ER dz =idy \TFEELT
1.2 —t 1 - 2 |t‘ 1 2 2 .
[ | [ entiaf [
CR,2 0 0
‘tl 1 2 2 1 2 2
:/ e 2 =) dy < |tle 2 ) 0.
0
EH‘«‘%L: CR’4 X z= —R‘l- iy Z%i’_’C
1.2 0 1 . 2 1 2 2
)/ e 2% dz’ = ‘/ e~ 3 (-H+w) idy’ < |tlem =2 =) 0.
CR,a —t

RRICCrs3z=0—it LEZX dz=1dx ITHEELT

-R R o]
/ e 2% dy = / e~z (@i go — 7/ em2 @i gy 7/ e~z (@=i? g
CR,g R —R —0o0

o0 1 21\ 2 < 142 1 142
o T, \/271'—/ e 2@ dp =0 ¥R BDT, (6.2) WRALT ¢x(t) =e 3 —V2r=e"2" %
Wz, O

fRE 6.3 LIT It > THI 6.6 ZAtHE &Ko (LRCORIEEATY, )

(1) B[ X]] < oo KIERLTHIE 6.5 ZHWVWB & ¢x(t) = E[e!X] & CLH]T ¢y (t) = E[iXeX] %, C
NxEHWT, ox(t) = /_OO \/:;?6_% cos(tz)dx & ¢y (t) = /_OO me_é(—x) sin(tz) dz 28,
(2) ¢y (1) = —tox (1) ZET, b b BORDE MV &

(3) (2) DMHHBRERE ¢x(0) = 1 ICHEBL TR 2212k D, dx(t) = e 2t BRH,

% 6.7 X BEBSH N(m,o2) IThES & & 2 ORPEREIE o x (1) = em =291 v i 3,
FEER: Z =2 e, ZBEEERSMICES. ko T, X =0Z+m IZAE 6.3 AL T

Ox(t) = bozm(t) = ¢z (ot) = eI = I D

11
T l4 a2

5l 6.8 X 2% Cauchy BHICHES . TRDOB., ZDEEREED f(z)
DRFMERERNE ox (t) = e I v 722,

(—o<z<o0) DEE, Z

SEER: BECEHEZ HW 5,
. X1 > ita:l 1
¢x(t) = Ele ]_/ € o *

— 00

(6.3)

WCHEET %,
Iststep t>08F %, R>1LRD2ODMIEI SR ZHMM Cr 22 5, (e &, )

Cri:F#h % — R — R, Cro:¥M|z|=R,Imz>0 k% R— —R.
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eztz

ZZT, g(z) = P ¥ 2 # —i TIEAI7Z 2 & Cauchy O R RNICELD

1 et 1 g(2) et
_ d —_ d = ) = _ 6.4
270 Jo, 1+ 22 “ T o Cp 2~ 2= 90) 21 (64)

/ 1+z2dz_z/c 1+22 (6.5)

THED, R—-o00oDEZE,

itz R itx o) itz
[ [ [
opa 1+2 _rl+x o L+

Croldz=Re? 0<0<m, EXdz= Rie? df ITHFEL T

7tRe ] T ’eitR(cose-i-isinO)‘
d‘—‘/ R'“’de(</ L
)/ 1+22 1+ R2e2i0 " W= 0 T R2e2i0 11

e—tRsmO ™ e—tRsmG R
= ————RdH < — RdH < 0.
/ |R2e20 4 1| =), R-1 TR _1

ZIT. 21THORHIDOARESIE |[R?e* +1| > |R?*| —1=R> -1 %, ZOHOAREZZ0<H< T DL
Esind>0rR20H. t>0&D e B0 <1 ¥Rz E2HVE, KoT, (64), (6.5) &b

1 o0 eit:c et
27t J_ oo 1+ a2 21
1 o it
TCHBIHE, W% 2 LT (6.3) KRALT ox () = / = £

2nd step t =00 & % ¢x(0) =11 6.2(iii) I & %,
t<0DrE, (63) Ty=—z eZEBEWIT L.

oo 1 1 oo 1 1
o= -l 1L i~y L I -
ox (1) /,Of A1t (e /,of Alrp e ¢

3OHDFEBIE —t > 0 IZHFEE LT 1st step DFERZ HWz, O

528 6.1 Cauchy HEORHEBIHE ¢ = 0 THMOTRETIE AV, EHE Cauchy HHEFHEHLLE (of. @
5 6.5),

FE 6.3 d JUTHERLZI X = (X1,..., Xg)T (HEx2 bL, AT 13 A OEBEBERT) 1L T, X0 R Lo
BIRK o x (£) % X ORFHEBIRY 5,
d
ox(t) = Elet X] = E[exp{izthj}], t=(t1,....ts)7 € R
j=1

B 6.9 d JUTHERZI X £ d KESITH A & dRTERZ PV b IS LT daxan(t) = et box(ATL).

SERR: duxib(t) = E[eitTAxeith] _ eithE[ei(ATt)TX] _ eith(bX(ATt). O
Bl 6.10 X = (X1,...,Xq)" & d RTEHSH Nm,X) ST 5, m = (my,...,mq) € R,
Y = (04;) BIEEMENFMTIICTH o720 ZDE X, ox(t ): eit M3t St pz
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SEBE: ERATH P = (py) & AR FTRCTEOHAITH D = (A\;) # PTSP =D %53 X5cL D,
Y = (Yi, .. .,Y;l)—r = PT(X—'ITL) b SN Yl, . .,Yd CiﬁﬁﬁT%Y] GIIE%E%FJ‘ N(O, )\jj) 0:?}{50 Ko T,

¢Y(t) — E[e’itlyl . 'eitde] — E[eitlyl} . 'E[eitdyd]

— e_%Alltf . -6_%>\ddt§ — e—%tTDt.

fEoT. X =PY +mIC@E69 ZHWHALT

LT T _1pTyT T T 1T T LT 1T
(bX(t):ezt m¢Y(PTt):eLt m, (P t) D(P't) :ezt m, st PDP t:ezt m—st Et. 0

el 6.5 & RRRICRDINIL S %, AERIERIRRIZ D TEIES 2,

R 6.11 d JUTHERZH X = (X1,..., X)) 2 E[|X[¥] < co Zifilz813. ZDRHMEBE ox (1) & CF-#)
2

Thd, Kz, k=2ThhI %qﬁx(t) = 2E[Xp Xet X], 1<k 1<d¥75,
kUL

6.2 4% & Dynkin [REIE

o-BEARICEE LT, Dynkin RO EEA T 3,

& 6.4 (1) £ESOWMAEAHEP M S LD nBTH 5 L3,
(a) SeP, (b)A,BeP= ANBecP
D2 &M xR T 2w,
(2) 5 S OEPEAKE D D S LD Dynkin iETH % 21,
(a) SeD
(b) ABeEeDTADB=— A\BeD
() A, €D, A, CApyr (VneN) = J,_, A, €D
D 3 F&ME T 2w,

BE S DESEEECITHLT, C 28TR/AD S £o Dynkin 1#% L£(C) £ #F, Dy (A € A) % Dynkin
BT HIUL o) Da b Dynkin ¥ 55 (of. HE6.4) 225, {Dy}ren ZFATD C & Dynkin i
2Ly L(C) = Nyen Dr EFAUT IV, FEBE FBAMEZ o, Dy C Dy (VA EA) &, ZOEINC 2GR
/D Dynkin ETH 25 5. 55 A € ABBoT Dy, =yep Dr LHRE LD BDH S,

ME 6.4 (1) DA S Lo o-HEABETHIUX S LD Dynkin X 4% Z & 2RE,
(2) BEXeATHLT Dy » S £D Dynkin fRD & &, (,cp Da & S LD Dynkin 2723 Z & 2Rt

T2 6.12 (Dynkin BREE) P2 1 iEOL & L(P) =0(P) 7255,

SERA: o-E AR Dynkin &2 7% (cf. @ 6.4) DT, ZOHRIMEICE D L(P) Co(P) &5,

L(P) D o(P) #RT, ZORDIE. L(P) A o BEBE S 2 L BRI,

Ist step A € P RZERICEZEL, Ga = {B;ANB € L(P)} £BL, TOLENRGAHPEEL S LD
Dynkin B2 722 Z ¥ 2R3,

T HRDERDP D BE P THIUXANB P C L(P). XoT. BeGa, HIB, PCGa. FiZ (a) SEP CGa
=155,

(b) B1,By €Ga, By DBy & 3%&, ANB,ANBy € LIP) TANB; DANDBy &Y. AN(B1\B2) =
(AN B1)\(ANBy) € L(P). &5 T, B1\B2 € Ga.

*o(P) 3P 2EURND o-£EHETH > T
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(¢) B €Ga, By CBpy1 (YneN) 358, ANB, € L(P), ANB, CANBy11 &Y AN (Us; By) =
UL, ANB, € L(P). £¥oT. Uy Bn €Ga.

FRZ. L(P) CGa 72D, YVAEeP,VB € L(P)ITXHLTANBEL(P) £ %,

2nd step A € L(P) Z2ERCEFEL. G4 ={B;ANB € L(P)} £¥ %,

Ist step DREDERICED PC Gy ek, Bz (a) Se P C g, 2155,

(b), (c) i 1st step & E o FRRITREZDT, ThiD G, EP&2&L S £ Dynkin L 725,

BT VA, B e L(P) BBIEANB e L(P) L&D, L(P) HEHN 1 I >TW3 2 Edbh s,

3rd step L(P) 23 o-BEHRL 2D L Z2RT,

(i) S € L(P) EHep, (i) Ae L(P) EoE. (1) £D S e L(P)THAMB, A°=S\A Xb A € L(P).
(iii) Ap € L(P) (nEN) £F 2, COLE, B, =l Ay B by (i) & LP) B n kL2 I Emb,
By = (Mhey Ak)° € L(P) 2135, LT, (¢) &b Upe, Ak = Upe, Bi € L(P) 2185,

MEEXD. GEIZSE T L, O

FIE 6.5 ‘&M 6.12 OFERHT 2nd step DEEHZ AR K, bbb, A € L(P) ZEREWCEEL ¢, =
{B;ANBe L(P)} £F2%, Gy P %2aL S LD Dynkin it 725 Z & ZiRnt,

EE 6.5 MEREZH X LT, ZhHED S R LOMERAEL nx £EHL:

ux(A) = P(X € 4), A€ B(R). (6.6)
ZZTBMR)IER D Borel EGHETH 2, ZD ux & X O (distribution) £ W5,
EE 6.2 ux X X »H—ENICEE %, i (R, B(R)) LOMERRE 1t LT, #241ciER2Em (Q, F, P)
ZEDIR. p 220 UTHDOMERZED (MRE) M TZ 2% (¢f. [F] p-47, p.83.).

X OB Fx (2) LT Fyx(z) = P(X <x) = pux((—oo,z]) KHEET 5, RXHBWKILT %,

T 6.13 X,V 2HEREME T3, XY ODHH—HT 5 puy = py, 5. ux(A) = py (A) (VA € B(R))
THBZ LY Fy(r) = Fy(z) (Ve € R) TH2Z & LIZFAM L TH 3.,

SERE: (=) A = (—o0,x] & AU L\,

(=) T = {(~oc,al;z € R} U {(=00,00)} £ L. 2 = {A € BR); ux(A) = py(A)} £ 55, cov
X IDPRLEDTBEIZRZZEEHSL D, AD R LD Dynkin B 722 Z 2 IZHEOHEE X Y ASIZEE
HTE% (M 6.6), x € (—00,00) DEZELD. px((—o0,z]) = Fx(z) = Fy(z) = py ((—o0,z]) T\
=00 DEE pux((—00,0)) = py((—00,00)) = 1. koT. JCALRDZ, XoT, EH6.1212&kD
o(J)=L(JT)cA £ZAT. R LD Borel 881 (a,b], a < b, ZEBCR/ND o-REHETH o7z, Lo T,
J 2ECRND o-F & o(T) EVa,be R : a <bIiZH LT (a,b] = (—00,b]N(—00,a]¢ € 0(T) £5D
T, o(J) & Borel £&61% B(R) 13— L. BR) CA &b ERkE[F5, O

8 6.6 M 6.13 OALATED 7 A A R ED Dynkin i 725 Z & ZRt,

iR 6.14 AIHIBIRL f(x) 23 f > 0B LI /R|f(x)|,ux(dz) < oo Zififz®iE. E[f(X)] = /Rf(x)ux(dz)

BEEE: (RTEHOIZZETRHAA L 72 §4.1 Lebesgue Fi7 DHEID% step It > TEE T %, )
Ist step: f(z) DFEERAEL f(2) = D aila, () DBEIRD XS RT I TE 5,

B(0) = S aP(¥ € 4) = Yax(4) = [ fwhux(an

26



2nd step @ f(x) > 0 DHFHEEFZE T TERS MBI X 28I { f(2)} 2& ZHFAEH (EH 5.9)
ZHWTHHT X %, 3rd step D f(x) BERMEDIHEEX f(x) = fH(z) — f~(z) £ LT, X5, HBEAE
& f(x) =Ref(z) +ilm f(z) & LTAHT = %, O

EE 6.15 (R,B(R)) LOERAE p,v 12OWT, Vf € Cy(R) &C?HLL’C/ f(x)pu(d) :/ f(x)v(dz) T
BAUL. =y ¥B. TIT. G(R) 1SR EOHRBMBHSRERT. N
FEEA: 22T, ae REMERE L. (/9 7%2EX)

fal@)=1 (z<a), =1-n(z—a) (a<w<a+%), =0 (a<u2)
L3558, fn € G(R) &b, /fn(x),u(dm):/ fo(@)v(dz) TH2H, Ve € RIZHMLT folz) —
l(—o0,a)(z) (n — 00) 22D 0 < l}n(x) <1 ZZK%?O)'C“ Lebesgue O IXHERH (EH 5.10) ZHW5 &,

/ L(—oo,q) () pu(d) :/ L(—oo,a)(x)v(dr), BB, p((—o00,a]) = v((—00,a]) &7 %, £-oT, EH6.13 D
Sy & ABIZLT ey 2185, O

RIRE 6.7 (X1, -, X,) PWHEHERUMERERE U, f(21,...,2,) ZZOEEHEBE TS L,

Fx(a1,... 2 /m/ / Flti to, .. tn) dirdty - dt,,

ERED, TDOEE,

P((X1,...,X,) € B) //)L/fthmwu, )dtidts---dt,, B eBR")

¥72% Z %, Dynkin EH (EH 6.12, EH 6.13 SO ) ZHWTRE, 272 L. R" LoD Borel %
Bl BR™) X (a1,b1] x -+ X (an, by, ap <bg, k=1,...,n ZEOLRND o-FLEBETH o7z, Fio. WL
U n =2 DHEITREIX I,

6.3 FFMHEREBE D

EE 6.16 2 SORMRND BT S, ZhLIRA—ONHOREMETH 2, HE, b L dx(t) = dy (1),
Vt € R, THIUL. pux = py (HBWE Fx(z) = Fy(2), Vo € R) £ 5.

CNZRHT 5720, WO BEL T2,

ﬁ%6J7/
0

HEB: t>om:g</ e~ dy _f;b F(M) = / Lntdt // Ul gintdudt 7%, K

sint

M
dzz%.?&b%\ﬂM):/mg—fﬁtﬁét Jim f(M) =
0 M—o00

> sinx

b0l 3

M
/ / “sint| dudt = / |s1nt| dt < oo (cf. [ 6.8) &b, Fubini ®EM (EH 5.11) 2 5,
0

M
// “eintdudt = / / “sintdtdu. EROEDTBILITED
o Jo

M e (u)
/ e “sintdt = e 72720 oum(u) =1—e MUcos M — ue ™% sin M (6.7)
0 u

285, EHIT. Jpm(u)] <3 (u>0) TH2EH2H Lebesgue DYHER (EH 5.10) & FAWT

. o pum(w) <1
| M) = 1 = =2 O
]y[i%of( ) /0 A[llgo 1+ u? du A 1+ u? du 2
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F92E 6.8 (1) MME 6.17 T M > 01K LT [f(M)] < oo & |om(u)] < 3 (u > 0) &mit, b b
|sinu| < |u| (Ju| < F) ZHWV&
(2) #8617 ZFWVT sup |f(M)] < oo BRt, i / ’Slnt‘dt:oo L% T BT,

M>0

FHRE 6.17 3T FETH AT Cauchy DN EHR T FAWVWTIHEATZ 20T, #dRNTEL,

7 6.17 DRFEEA: 0 <e < Rt L Imz > 0WX&EFEN2 4 DOl 62 2l C. r 2E 2 %, (KR
T )

Cern : Eii bZe — R, Cero:¥M|z|=R,Imz>0 k% R— —R,
Cops: Ei k% —R— —, C.opa:¥Mzl=,Im2>0FL% —c—¢

Cauchy O ER I D

:/CEYRdz_Z/andz (6.8)

Z Z°T,

et? et? R el —€ iz R eiT _ p—iT ) R sin
—dz + —dz = —dzr + —dzr = ——dx =21 dx
Ce,r1 # Ce,r3 # e T -R T € T € €T

* sinz

THBH. WE6I8(1) IZED £ = 40, R — o0 O ¥ &A1 ci2/
0
z=Re? 0<0<m EZ

‘/ —dz ’/ﬁ et Rzewdﬁ‘ /7r
Ce R,2

THBH, R—00DEE, e sinl 0 |e B0 <1 (0<f<7) 2/2Bh5, Lebesgue DUHEHIT &
DAL 0 NS 2, CE,R,4 b FEIREIC

iz 0 ice'? g
(& e . i .16
/ —dz z/ o cie? dp = —z/ e do
CE,R,4 z ™ ge 0

THBH, e > +0 DL &, e’ 1, \ei“w\ =e 0 <1 (0< < 7) £725D 5, Lebesgue DUHE
Iz X DA —i / 4 = —im \IGRF B0 koT. (6.8) ¥ HAEHET

0

dz \INH T B, Copo &

™
ezR(cos 0+isin 0) ’ do = / e—Rsm¢9 do
0

-
0:22'/ SI% dz — i
O :17

TH206. 5RX2l{5, 0

sin ot

T
fiRE 6.18 fr(a) = / dt, T>0,a e RIZDOWT, (1) sup|fr(a)| < oo,
0 T,o

3 a>0
™ [N
(2) Tlgléo fT( 5 {1(0,00) (a) — 1(700’0) (Oé)} = 0 a=0 75’}& b RYA®S
-5 a<0
ol sin u

FEFR: (1) u=at 2B, fr(a)= du 7%, XoT, M#E6.8 &b ERIINMNS,

0
(2)a=00&F fr(0) =0 XDHSH, a>0®t%0iﬁm6.17ibﬁi‘3‘éo a<0DrEX-s=t¥&
FThiZa >0 DHBECFETE 2, O
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EHE 6.19 (Lévy DREAR) MEREE X ONMHBI F 2 BHERR o (t) IS WTRDELT 5.

—1tb —ita
LiF®) + Fb—0) — F(a) - F(a— — lim / £ %  4)dt, abeR,a<b. (6.9)
2 27‘(’ T— o0
BT, a,b e %&:F@i@f%ﬁf%ﬁ&i‘\ (6. 9) DL = F(b) — Fla) ¥ %25, TITah Fy OEFATD

Yy—x

SEER: X Opfie ux &35, adE 6.141C KD

T _—ith _ _—ita T —itb _ ,—ita
/ %qs(t)dt: / / C T et y(dr)dt (6.10)
7T -

~TJR —it
THs, ZIT,

|efitb _ efita| —

b b
/(—z‘te*“")de‘ g/ | —ite™ 0 d = |it(b— a)|

7’Ltb efzta

—it

e—i tb_

LRBHMD, [
C Fubini OFE# (5. 11) VT,

(6.10) A = /R</i #em dt),ux(dz) _ /R(/TT sint(z — a):tsint(x —b) dt),ux(dz)

Y%, ZIZT. €€ =cosé+isiné ¥

/T cost(z —a) — cost(x — b)
r it

ztz

px (dx)dt < |b—al| 2T < co WHEEL

dt=0
B, SIS RIS t ORI TH 27D TH 3, LisoT, Wl 6.18 D frla) BHV3 L,

=2 /R (fr(a —a) — fr(z — b)) jx (de)

7%, ZZT. filid6.18(1), (2) ITHEE LT Lebesgue OYHERE (EH 5.10) ZAWVW2 2. T — o0 D & &,
Z/R g [1(0,00) (T — @) = L(—oo,0)(z = @) = L(0,00)(x — b) + 1(_oo,0)(x — b)] px(dz)

= Tr/R [1(0,,00) ('T) - 1(700,(1)('73) - 1(b,oo)(x) + 1(7oo,b)(x)] ,LLX(dl‘)

=7 [px((a,00)) = px ((—00,a)) — px ((b, 0)) + px ((—00,b))]
=7[l—F(a)— F(a—0)— (1—F(b))+ F(b—0)]

Y %% a,bB F OESEATHIUS, F(b—0) = F(b) 72 Fla—0) = F(a) TH205

(6.9) O£ %n - F(a)— Fla—0)— (1—F(b)+ F(b—0)] = F(b) — F(a)  (6.11)

2195, O

EIHE 6.16 DILRA: Fx t Fy oEmot@in%z R, £ 5%, R, OfEERIEAAIREDORD» 525D

T, RAIR THZELR S, EH6.191CKD, a,be R. THIX Fx, Fy O J7OHERRIZD T,
Fx(b)fo(a):Fy(b)ny(a).

koT{an,} C R, a, — —c0 2 2HUL, Fx(b) = Fy(b) 1%, 5. DB AERTH S5, Vo e R
WX LT, {bp} TR %&by > x+08ENZR, Fx(z)=Fy(z) 8%, £koT, EH6.13 &Y pux = py
TH 5, O
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Bl 6.20 Xq,...,X, 2T, % X; 3 Poisson 731 Po(\;) XI5 & T%, ZOE YV =X1+---+X,
1& Poisson 774 Po(Aq + -+ + \,) IZWES . FERX

¢Y(t) _ E[eitXl . .eitXn] _ E[eitXl] . “E[eitX”] _ e)\l(e“fl) . .e)\n(enfl) _ €(>\1+'“+>‘")(€”71)

ZZT2O0HDOEBIE Xy, , X, OHIMEE, ROFEEIIH] 6.4(2) Wz, Lo T, HUH6.4(2) Ik
D 4AM Poisson 731 Po(A + -+ + \y) OFHEREE DA 205, EH6.16 12k h FEEH 2,

B 6.9 (1)0<p<l¥&dd, Xy,...,X, ZHI T, & X, »EDOIHIM NB(oj,p), a; >0, IS &
.Y =X+ -+ X, BEDQTIAS NB(ag + -+ + ap, p) WD T 2R, (of. 6.2 (1).)
(2) X1,..., Xy WEHTT, & X5 FIEBDME N(my, vp) KRS HEREZBE L, a1,...,a, BEBE T 5,
DrE.Y = kgn: ap Xy £BL e, Y IZEHS N(ki akmk,kzn: ak2vk> IZHES Z & Bt

-1 =1 =1

(y

R DB EROMARIEZT vy e — LA DZHWTLEE W,

I 6.10 (1) X1, Xo, X3 13T, 22 nERSH N(1,1), N(2,2), N(3,3) iciE5> & L., Y =2X; —
3Xo+ X3 8L, ZOLE, YIIERDMICHS ZeZRL, R P(-102<Y <9.9) R X,
(2) X1, Xo, -+, Xy, BHNTZRZNIERSA N(2,4) K5 & X =137 X LT, P(1.5<

— . . 1 1
X <25)>09 k2 E5%mNDn2RD X, 721, — e 2" dt = 0.05 WV X,
1.645 V2T

ﬁ%GJlf@%:m@;fam”ﬁmmﬂmtb\ﬁ@ﬂzﬂ+ﬂﬂd%&g@ﬁ@%flga§L2?50
(1) falz) DEEBBE 25 L ERE,

(2) fo(z) ZEEEBYE T HRERE X, T2 %, Vne NIZHNLT, E[|X,|"] < 0 ZRL. E[X,"]
N-1<a<1iZESRVIEZMHEID X,

FE Coflkb, E[X"=E[Y"] (VneN) THoTh, ox(t) = dy(t) LIZRS2W (HIL, Dfd—3K
T2 LBV Z b b,

o0

EEGQl%%%ﬁX@%ﬁ%ﬁ¢@bi/ 6(8)] dt < oo BT, X ISHRBESTICE ORI
Fx(2) BRTEHZ B3, -

fx(z) ! /OO e~ T H(t) dt. (6.12)

:% -

—ith __ 67ita

ﬂ%:i@ﬁN@%%%ﬁmétﬁ——ﬁ——)gw—dféok#6‘m%®ﬁﬂ®W%%%ﬁm

(—00,00) THEITAIRERD T, (6.11) &b F(z) DEHREIER 5312 Va, b (a < b) X LT,

00 efitb _ efita —a 00
SFO+Pb-0)~ Fla) - Fla-0)) = o= [ S omar< 20 [ joto)ae

— 00 —0o0

Y%, TZT. by, ® F(z) OHifEm e LT, b=b, £ LTERMRAL, b, 2a+02TBL,
%{F(a)—F(a—O)}SO

rib. F(z) 3IERDEDS Fla) = Fla—0), BB, BHETHE L 0bh b, &5IC,

1 0 efit(mqth) _ it 1 0 z+h )
F@+M—F@%:—/i . ﬂﬂﬁ:i—/ /‘ et (1) dy dt
™ — 00 T

27 J_ oo —it
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o0

&S] z+h

TH50. h>0 &:ﬁb/ / le™ ™ p(t)| dy dt < 2h/ |p(t)]| dt < 0o TH2H 5. Fubini OFEH (&
—oo Jx—h —o0

H511)IC&D Vh e RITHL

z+h oo
Fzx+h)—F(z) = % / /_ e~ "W (t) dt dy

Y

z . / 6()|dt < 00 TH %26, @l 6.2(iv) ¥ FHIC Lebesgue OILHEM (2 5.10) 12 & D

o 1o
/ eMG(E) di 1 y 1T DT 2 By 0Ty Flo) RBOTTRET F'(z) = / =12 p(1) dt kD

T oom

(6.12) #183. O
5l 6.8 MFEBA: M 6.2(2) kb f(x) = e |*l BEERR L T 5 ¥ Z DRHIEBIRUZ ¢(1) = iz THo e T
2T, / lp(t)|dt =7 < oo XD, EH6.21 25

1 1

1+ ¢2

—lz| _ —itx

dt

1
2° -
21§%, ZIT. o % —t, t 2 v LatAE RS 2 8T Cauchy 771 ORHEBIEL o x (¢)

1 1 1 [

o X 1 1
) = ite dr=92. — —i(—t)x de=2-= ==t — It
¢x(t) /_ooe 1t a2 o) € 1+22 % 2¢ ¢

B 6.22 X1, Xo. ... ZANBHEREHFIC Cauchy HHIHED . Frbb. 2 DHEREA f(2) = %14—1#
(—oo < 2 < o00) KL F 5, fl68ICkD., ZDREMEIE ox,(t) = e 1l BB, COLE, Y, =
X1+ Xo+-+ Xp) B,

by, (t) = E[e'= X1 ... ¢nXn] = EletnX1] ... BleinXn] = e7Inl eIl = 1

&2, Y, R Cauchy 7MMICHES 2 b5, Cauchy HMIIFRFEEZF LW L ICHEET S L. Z
AU, IRHIE 2 R 72 T WS ZRERZ R TR DIERIDS R D L7272 Wil e 72 o T B,

R 6.12 Y OEEREL g(y) 7 g(0) = %, 9(y) = 217T2(1—y2cosy) (y#0) D=, Y OFRIHEBEBUERkD
o B b R G6.1(1) ZHWT, fil 6.8 OFERA & FIERICER 6.21 % AV X

EFE 6.21 DIGA & LT computer tomography (FHEBEMEIRE) ICOWTHNT %, ZDDEM 6.21 %2
RITIZHEER Li#E @ Fourier 210X TibR %,

FE 6.21' f(x,y) & “&WVW B L.

(s, t) = //R2 e 1) £ (g ) dady (6.13)

33, ZOLE, // |6(s,t)| dsdt < oo Ziifi7z I,
R?2

_ 1 i(ws+yt)
flz,y) = )2 //Rze T (s, t) dsdt. (6.14)

f(z,y) TH29k (BIZIENE) O X2 EBLLRWESVOSHERTET 5, Iz ylille oRTAMN
0 DESDOMETHE, c Wiz MO 2T RV -V b (Che ullll §53) IBRTE R > HEEERT
EHRTED, ThE (Rf)(u,0) TET . w il L EEHZ o i 32,

C)= (%0 o) () @15)
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DERICH B, Lo T\
(Rf)(u,Q):/ f(ucos® —vsin®, usin + v cos ) dv, -0 <u<o0, -

v 7%, HEZ (6.16) DF— X5 b f(z,y) #HIET 52 L TH S,
3. (Rf)(u,0) @ Fourier Z#1%175, bbb, e " re R, ZHITu OV THEAT S L,

(r,0) = / e~ (RY) (1, 0) du
= / / e f(ucos @ — vsin 0, usin 6 4 v cos 0) dvdu

_ /A2 e—ir(:ccose+ysin9)f(m,y> dxdy

b, REDEEIX (6.15) ZHWVWT (u,v) & (z,y) ICEBELZ, 20 3THOEDIX (6.13) D ¢(s,t)
T s =uxzcosh,t =ysinh LL7dbDTH2, TD7® (6.14) DHIAT s = rcosh,t = rsinf, r € R,
—m/2<0<7/2 LEIRTL (MEMFELEZD re RICER) &, (6.14) &b

_ 1 /2 OO i(xr cos O+yr sin ) .
f(@,y) @) e ¢(x cos,ysinb)|r| drdb.
u —7/2J—oc0
MEXD
1 /2 > i(zr cos O+yr sin 0)
se =g [ [ V(. O)lr| drds

—n/2J—oc0

1 w/2 E ) oo )

— (2 )2/ / 6z(xrcos0+yrsm9){/ eiwu(Rf)(qu) du}|7’|d7’d0
™ —m/2J—0c0 —c0

FEME Y LT oM O R 275 O KERIECT, e Fourier ZH0F R 3 Hiff (3% Fourier
L) DIGEA LT T B - T,
BEHE R F 7 — ) TR RS S A YT 4 T4 v

6.4 SEBINNSE ¥ UK
EFE 6.6 CGERIR) FED f e Cy(R) TR LT,
lim_B[f(X,)] = B[f(X)]

DALT 2 &, X, 25 X ITIEAINCK (convergence in law) % 72130 fAINH (covergence in distribution) 3
2200, X, - X inlaw ££3F, ZIZTCy(R) E R LoFFEGEBSEERT,

FHNGRIE, D OB O U TR RTREL 725, (of. PIZIE MRE—F I L iR pp.206-207.)

TIE 6.23 MERZHG (X} A5 X \CHERIGRFAUE, HAIHET 2,

SEPA: 1st step FF. {X,} 2 X CHHIOR S 2562525, ZOLE, fe GR)IXMLT, f(Xn) &
FOX) IR L f3ERENSH5 M 55T |f(z)] < M (Vo € R) L TEHDT. |f(Xn(w))| < M
(wWeN) &TES, L7d o> T, Lebesgue DULHIERL (EHE 5.10) 12X D

lim E[f(Xy)] = E[f(X)]

n—00

iR, X, 2 X ITIEANR T %,
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ond step {Xn} 7 X ICHERIVET 3 2 L. f e Cy(R) KLy an = E[f(X,)] 5. EF. |f@)] < M
(¢ € R) THIUL. |an| < M THBm . ZDIEEOWHTNIICRIATE o 2 L 1IEET B, 2T, b
U {an} 7% a = E[f(X)] QIGRLAWE T3 2. B5EAT {an} 55 5T a BONIGHET 5. —F7. {aw}
WS B HERZRA { X, P WS LT BB 5412k D, ZOEMAHN { X, } ZBAT X ITHINHET 2 k512
T&E2%, LdioT, Iststep 12X D {ap} E a QR T 2, ZHUZ {an} 25 a LINTICRT 2 Z L ITFE
T, koT. lim E[f(X,)] = B[f(X)] £% 5, SRUMEED [ € Cy(R) CHLTHRIT 525, {X,)
& X CHANRT B, O

Bl 6.24 FH 6.23 O, BT ULHBLLERW (of. ME6.13ICHTFRED I L), EIE MERER (X, } &
MY TEne NIHMLP(X,=1)=P(X,=-1)=1/2%2%2¥23%, 2O E, VfcCR)IZHLT

BIF(X0)] = 57(1) + 3 £(-1)

LBOT, ThE lim B[f(Xa)] = BIf(X1)] ERRTHUL {Xa)} & Xy CHEIIGRT 3 (LD X, 12
BIGRT 2L VWA %0 Jo — . 0<e<lEF2L. n>20 &,

P(X,—X1|>e)=P(X1=1,X,=-1)+P(X;=-1,X,=1) =

DO | =
N =
N | —
N[ =
N =

D, (X, X CHERIGEL AW ¥ 23bn b

f& 6.13 X,, — a in law (a I3EE) 251, X, — a in prob. Z/Rt,

Frc, BANGR TR, MERZERE L TMRIZ—EN TR L%, L, MR 22 0MIE—EL k2,
23, DHOEINKREEAT %,

E&E 6.7 pp,n=12.., & p%x (R IO L) EEEZEMRS Lot (MRHE) £ 350 u, 23 p 259
INHT 3 LU, VS € Oy(S )mm,f

Jim. f Jiin (dx) = /f
WIS 5 & ZIZW,

FERARIN { X, 23 X ATEAINR S 2 Z 2 id, SISS 2 0D {ux, } 2% px [CIGERT 2 2 & L FAfET
Hob, TOLE, MR p Z—HHNTH 2, FEBE 5 —20MR2 v T2 L,

/Rf( (dz) /f Wdz),  VfeCy(R)

LB, TN =y BEKRT S LIEEM 6.15 TR,
Z D72, HERZBOFERNRIFERNEDINR Y L THALZIESPERTH S, LhrL, ZORHET
FHE DT NZER TOWARNWZ L ZEE L TE 2T HBREROSETHENTN L,

EHE 6.25 MREH X, Xy,... &L X COWTRIBFEETH 2, 7720, MERZHY [THET 2 0 MmBaZE
Fy(z) =P <z) &£,

(1) X, — X in law.

(2) Fx OEE O x 120 LT Jim Fy, (x) = Fx(x) DROLT %,

FEER: (1) = (2) 2 % Fx OMFRE T 50 BB o, (y) & L T2 50T 285E £, f; € CL(R),
d>0%

1 y<ux 1 y<z—90
ffy) =% 1-3y—2) z<y<z+d , fiyy=4 1-3@y—(z-9) z-d<y<uz
0 y>z+0 0 y>x
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TEDS (T TEEL), TOLE,
Lcooa—o)®) < f5 (1) € N cooa)®) < f5 (1) < L coowta)(¥),  yER
YRBILICHEET 5, T
Fx,(2) = P(X, < 2) = B[l (—o0,0)(Xn)] < ELf5 (X))
T fi € C(R) &1 {X,} 1% X ICEANGRT 2205,

limsup Fy, (2) < lim B[fj (X,)] = Bl (X)] < B[00/ (X)] = P(X <24 6) = Fx(a +0)

n—oo

/%, £oT. § =40, LT,

limsup Fx, (z) < lim Fx(z+ ) = Fx(x) (6.17)
6—+0

n—oo

2155, [ARRIC,
Fx,(2) = Bll(—c0.0)(Xn)] 2 E[f5 (Xn)]

liminf Fx, (z) > lim E[f5 (Xy,)] = E[fs (X)] > E[l(—a0,z—5(X)] = P(X <2 —0) = Fx(xz —9)

n— oo n—oo

/{5, £oT. §—-4+0& LT,

liminf Fx, (z) > 6lim Fx(z —9) = Fx(z)

n— 00 —40

2182, BBEOBEE o Fx Q@GR THS 2L 2, iy, (6.17) 2HbET

lim Fy,(z) = Fx(x)

nyoo
LB IO oIz,

(2) = (1) £J. Fx OREFAIZE LB L2RWZ 2, Lo T, EliEs R ERSICHFEETZ 2
WKHERET 2, £9. e>0%2TRICL 5, Fx Oiifiiria,beR (a<b) %

Fx(a) <e¢, 1—e < Fx(b)
YEEND, B & (2) Ik, BB NHoT
n>N = Fx, (a)<2, 1-2 <Fx,(b)

ETES, KZo>0% feC(R)PERIZEZONLZE L THAla=ar<a1 < - <axg=b%

o %a; (1<j<K—1)1Fx O

o max |f(@) - flap) <8 (1<) <K)
BT ESICE B, 82 D&M, EGERIE f IR (0,0 LT HolEE D SR B, O
L=

K

hf(x) = Zj:l f(aj)l(aj_l,aj}(x)

EB Lo || flloo =super [f(@)] 2RT L y ¢ (a,0] DEE [f(y) —hp()| = [fW] < [ flloo DB n >N
THIUZX,

K
|E[f(X7b)} - E[hf(Xn)H < ZEHf(Xn) - hf(Xn)|1(aj71,aj](Xn)] + EHf(Xn) - h‘f(Xn)H(a,b]C(Xn)}

] =

SP (X € (aj-1,05]) + [|flloo P(Xn ¢ (a,b])

<.
Il
—_

34



— 5P(Xn € (a0, ax]) + [ Flloe (Fx, (a) + 1 = Fx, (b))
< 5+ e fll-

FIRRIC

|E[f(X)] = E[hy(X)]| < 0P(X € (ao,ax]) + || flleo(Fx(a) +1 = Fx (b))
<6+ 2| flloo-

—J5. % a; 1& Fx O@§EEDS (2) OREXD Fy, (a;) = Fx(aj) (n — 00) £55DT

K
Elhs(Xn)l(a, 1.0 (Xn)l = > fla;)(Fx,(a;) = Fx, (a;-1))

j=1

M=

E[hf (Xn)] -

<.
Il
—

1
]~

fla;)(Fx(aj) — Fx(aj-1)) = Elhy(X)]  (n— o0)

<.
Il
—_

koT, ZAFELHWT
|E[f(Xn)] = E[f(X)]] < |E[f(Xn)] = El[hs (X0)]| + |E[hg(Xn)] = Elhg (X)]| + [Elhy (X)] — E[f(X)]]
eLd»s, LofHfizHws e

lim sup |E[f(Xy)] = E[f(X)]| <26 + 6¢]| f[|oo

n—o0

Bond, FilllZe d ITEBIRVDT, €,0 > 0MPMEERL oI EIRFELT. § > +0,e > +0 T3¢k

limsup [E[f (X)) — E[f(X)]] < 0.

n—0o0

koT. lim E[f(X,)] = E[f(X)] ¥ 73, O

n—oo

AR 6.3 EHM 625 (2) THEEDOR z THLT% lim Fx,(z) = Fx(z) @d—fICIIMIZ L, FEEE
Xo = 1/n (FR0), n=1,2,.., 1ICHLT. BHIL LT X, =0 LBBMb, FHZ X, — 0 in law d7E 3,

— 7 FX,,L(:@:{ (1) z:;z THD. BAT X = 0 (%) wz)}:FX(x):{ 0 <0 <5z,

1 >0
INED. Fx, (0)=0,n=1,2,..., 27D, Fx(0)=1¥t7%%,

B 6.26 « >0r3 2, Xi,Xo,... D¥iid TZOHEERBBII f(z) = (e +1)"* M(g00)(2) THZ LTS
(Parate 7fi W9 )e DL E, Y, =n Yomax{X;, Xo,---, X, } B &, {V,} ERODHER Fy(2)
% ORI Z \HERINERT 2, 7272 Lo Fz(2) =0 (2<0), Fz(z) =e* " (2> 0) TH% (Fréchet 43
Hewns),

E: F, 13 R ECEFADT, V2 € RISHLT lim P(Y, < 2) = Fy(2) ZFBEEV. 2 <00OLE,
lim P(Y, <2z2)=0HAsD2, 2 >00r %, Y, O5EELX

n—oo

P(Y, <z)=P(X; <n'%%, -, X, <n'%%) = P(X; <n'%2) x --- x P(X, <n'%)

1/

= (/On Zoz(t-i— 1)_(’_1dt>n - (1 v 1)_a)n
- (1 ! (z + nl/a>_a>n IR .

n

25D T, {Y,} & Z WEAR T %, O
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MR8 6.14 X1, X, - ®iid 2322 E, KERY,

(1) a>082F %, Xy HBR=%57 BETA(L, Q) IZHES & X, Y, = nY/*(max{X1, Xo, -+, X,,} — 1) IZRD
DB Fz(2) % b OMERER Z WHEAINER S 2, 727 Le Fz(2) =e (797" (2 <0), Fz(2) =1 (2 > 0)
TH 2 (Weibull 534 &1 5),

(2) Xy DHEE Ex(1) 1I2iES & &, Y, = max{ Xy, Xo, -+, X} — logn (FRODMEE Fz(2) % b O
RIW Z \HERIR T %, 7272 L, Fz(z)=e ¢ (2€R) £F% (Gumbel iz \5),

AE 6.4 (MR(EIEH, Fisher-Tippet OFIE) X, Xo,... Ziid. & L. ZDKRKME M, = max{Xy, -+, X, }
REXD. COLE, as CEEHTHVIERERY LEM e, >0, d, e RSFELT, 22D Ly
law THIUL, Y D& Fréchet 27, Gumbel 4376, Weibull 2 DWW & FEITH %?:’_ s
TW3, ZZC. YR ZABETHEZLIEc>0,deRPIFELTY ~cZ+d BB EIZWVI,

RIS 6.15 X, #1576 Ge(1/n) 12, ¥ AHEEGE Ex(1) 12585 ¥ . %xn BY SRR 5 - b %
T

ROEHGEIR DA BT 2. 551 compact D7D DRBE+ DML 782,

EIHE 6.27 (Prohorov OFEIE) MERZMDME { X} 1M L TRDEMN (1), (2) FFRETH %,

(1) {Xo} FERNGRDE D 2 NI DWW T AF] compact, BB, { X} DIEEOT DY {X,, } 1IZDOWT, &
DA {Xa,, } CHERZR X BT, {X,, }EF X QEAIRT 2 L5 TE 3,

(2) FEDe>0INLTHE M >00H->T

inf P(X, € [-M,M])>1—¢
L TE2, $hbb, (X, ) BT 2 HRAE O tight &7 3,

CDOEMZAAT 2 7 DI ROME % HEF T 5,

2 6.28 (Helly OEBHTER) KDY {F,(2)} BE5x 60Tz &, ZOHRH {F,, (v)} &AEHz
HAFREINBEEL F(x) BEAEL T (F(z) 3mSR 2 IR 520, F OEEOMEK S 2 128V T

lim F,, (x) = F(z) (6.18)

k—o0

ETE D,

SERA: 1st step AEERAZ Q = {21, 20, -+ } EFESMIFNWNRD, F,(2) = Fyn(x) EFL . {Fon(z1)} C
0,1] T®H %7 5. Bolzano-Weierstrass OEHUZ & D EHF {Fy ,(21)} BB>Tn — 00 DL &E F(ry) i
WHRFT2ETES, R {Fn(x2)} C [0,1] TH S22 5. H U Bolzano-Weierstrass D& #HIZ & D #5751
{Fo ()} BBH>Tn =00 DEE Fap) IR T 2L TES, ZhEHEDEL, %5 =1,2,... 1L T

o {Fii1n(2)} & {Fjn(z)} OFERFITHD

o {Fjn(xj)} 13 F(x;) CPORT 2
ET&ES, ZDEE F,, (2)=Frp(z) LEDDE. K j=1,2,.. ITHUT {F,, () }e>; & {Fjn(z;)n>1

HAFNITHBH 0. {Fo(2)} 1k — 00 DL & F(x;) KIUHT 2 2 2 ibir 5, (ZHzn s s v

50 ) Tl i <a; DL E, F, () < F, (1) 255 F(x;) < F(x;) 7% %,
ond step 1st step THER L7z F(z) (z € Q) I LT, F(z) (r€R) %

F(z) = inf{F(y); y€Qn(x,00)} (6.19)

LB, COYE, FOHIEMIITH S LIdM bk, £ Flz) 3 55, GEZSARS L. )
x% F O#fmRe L.y (6.18) /"3, e >0& L. 21,20,23€ Q%
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021 <zp<xr<23
e F(z)—e < F(z1) < F(z2) < F(x) < F(z3) < F(z) +¢
il Lot %, TR o BEBRENSARETH 5, Lird, (6.19) D kE—>o0 Dl &

Fnk (2:2) — F(ZQ) > F(Zl), Fnk (23) — F(Zg) < F(Zg)
oo, kB TaREHE
F(z) —e < Fy, (22) < Fp, (z) < Fy, (23) < F(x) + ¢,

H5. |F, (z) — F(z)] < e BHOLT 506, (6.18) @it 5, O

EIE 6.27 DFEEA: (1) = (2) dL. (2) PFIZLARTHZE. D e > 0MFELT, VM > 01ZH LT,
ing(Xa eE[-M,M])<1—c¢
ETE 2, kbbb, {X,} DRI {X,, } DHo>T, & neNIMNLT,
P(X,, €[-n,n])<1l—¢ (6.20)
tTE2. . (1) Ickb, {Xo,} DA {X,, } CHERZH X HenT, {X,, } & X KA

WT 2, XoT, 2% Fx O#EfiiReT5L, klim Fx,, (@) = Fx(z) £ %%, L2 U, {zn}, {ym} %
— 00
lim z,, = —oo, li_r>n Ym = 00 WD Ty, Y D3 E DI Fy DRI D X IHENR, Em I L TE
m o0

m—ro0

EHoRESTUR —np < 2y Yo < np ETEL (6.20) 12K D

Fx(ym) = Fx(om) = lim (Fx., (4m) = Fx,, (tm)) = o Pz, < Xa,, < ym)
<liminf P(—ni < X,, <ng)<l-—c¢
k—o0 k
AN li_I>n {Fx(ym) — Fx(zm)} <1—e. TIUIDMELD Em Fx(y) =0, li_>m Fx(z) =1 %73
m—00 Yy——00 T—00

ZERFET %
(2) = (1) Fx, OEROEDH Fx, 25 Z oMzt &, Helly OFEHEM (Fi 6.28) 12X D, Fx, O#f
A Fx,, cAdfes BREMBEE F 2 EEL T, F OEREO™HN « IS LT

lim Fx_, ()= F(x)

k—o0 "k
ET&E%, 22T, e>0XNMLT. M>0%

iI]%fP(Xank E[-M,M])>1-¢

nAEoicese, Fr) odiR e,y o< —M, M <y il

e (@) = Jim P(Xo,, € (29])
€[-M,M])>1—¢

F(y) - F(a) = lim (Fx,, (y) - Fx

k—o0

> inf P(X

(2O

ERZDT, 0K F<1IKEETDI. ZhiF Em F(x) =0, li_}rn Fy) =1%2EK3T %, XoT. F(x)
T——00 y—00
FOMBERR DT, Fx(z) = F(x) 2R 2MEREE X BPEIET %, O

6.5 FFERIE L IERIINR

EIE 6.29 {X,} ZHELRZRF | L. X,, OFMHREEE ¢,(t) £ T 5, ZOL X,

(1) {X,} A X WCHEANE T 27 513, VE € RIS LT ¢, () 1& dx (¢) IR T 2,

(2) Vt e RITXHLT ¢y (t) — &(t) DD LB, ¢(t) 25t = 0 THEHKR HIX. o(t) 13D DHEREI X OFE
B TH - T, {X,} 1 X ICEAGRT %,
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SERR: (1) 1% f(x) = e DFEH cos z, BEHR sin z (FHIH FLEGRIETE 2 6 ERINCROEFR L DS 2, (2)
TN
1st step M 6.27 EHAWT {X,,} 23534 compact TH3 Z %2R To X, DOHE pp, 0L FF.

sina . sina
<sinl = 1-—

la] >1 = |sina| < |a|-sinl = >1-—sinl

Eb.c=1/(1-sinl)>0&F2&, M>0IHLTEe <] (VaeR) IKHEELT

. X 0 X
Slnﬁ Slnﬁ
P(|Xn|2M)§E{c<1—)Ii;)l{|)§$|>1}}§cE[<l— ¥ )}

c/R(l - Sh}f) i (dat) = c/R<1 - ;/_11 ot dt> i (d2)
c</Run(dx) - ;/R/l1 el dtun(dx)) - c<1 - ;/11 %(%) dt)

Y TE3, ZIZT, 21THDE 2 %S

1 ) 1 iz _ ,—ix :
1/ oite gy [iem’} _¢ .e _ smx’
2 /4 2ix t=—1 2ix T
3ATHDORBDEEZ | a1 | < 1127EE LT Fubini OEH (FH 5.11) 2V, RICREORE I,(M) &
L. s=1t/M 2 ZH#L .
1 UM e (UM
non=c(1-3 [ ouonras) =5 [ a- oo

2 —1/M —-1/M

¢ UM 1/M
5[ a-snmds ey [ (o0 - ou(s)ds

2 —1/M —-1/M
= 1D(M) + 1P (M)

EBL, e> 0PMERICEZONTZE T 5, ¢(s) & s=0TEHH»PD ¢0)=17200, 5 M>0%
1 . € €
7 p _ = < (1) =
|s| < i 261X |o(s) — 1] < 9% &ETE, ’I (M)’ < 5

E#b, ZDO MITHLT, Jim. On(8) = d(s) (Vs € R) 22D |d(s) — dn(5)| < [o(8)] + |pn(s)] < 2705,

Lebesgue OYHEM (EH 5.10) 12X D
lim I(M) =0

n—oo

b, TROB. HDngHdHoT,

n>ny = |[IP(M)|< %

ET&ES, LEXD, inf,>, P(|X,| < M)>1—¢c £7220DT, EH6.2712&D {X,} 25F compact T
HBZEBbhr o,

2nd step {X,} DEBOEDIN{ X, } BEZ oNT-& &, Ist step IZ X D ZDERDIN { X, } L HERZER X »3
FELT { X P X BRI T 2, 2O & (1) ICXD ¢ (t) 1F dx () WKHERT 2D T, ¢x(t) = ¢(t)
E7%%, H L. WaHDE DI D R ZMERZ Y WERIRT 2 £ $HUR ox(t) = ¢y (t) €785, T
DeE, EHO616ITED, pux =py &82. THE pux, BED ux KHICRT 528, 34bb5. {X,}
HE X WTHERAIORS 2 2 2R L TWa, O

& 6.16 X, 32 DBHEREA fx, (v) =1 - (-1 (0 <2 < 1), =0 (Zofh) THZX SN B HRE
Weds, 2o &, X, OFEERERD. X, 25 (0,1) LO—kAICEAGRT 2 2 & 2RE, i,
0<Ve<1iZHLT fx, () ZFICRLARWZ & 2Rt L, 22T [u] 13 uw OBEFED (u A Lof/ho%
B) ¥ 3,
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6.6 HIMERRER
Z DEITIFHOMEIRE P (central limit theorem) 2445,

T 6.30 (POMERTE) X1, Xo,... A iid T E[X,] =m, V(X,) =0 > 0 2T 52, 20
v,

n

1
U, = %;(xk —m)

LB AU, } BEHEER A N(0,1) 1985 MERZR Y \HEAIERT 2, K. ROWILT 5.
nli}H;OP(a<U <b) \/7/ **dy, —00 < a<b<oo. (6.21)

- X —
sEeg: 7, = 2

r¥o¥. ElZ]=0,V(Z) =1, Uy = &= Y1, Z T U, OFFHEBEE

B S A T gl 2 - (o )Y
S S )

THb, TITy o(t) F Z) OFMERTH 2, (Zp BRAUAHEDDODT, ¢(t) = ¢z, (1) ITHERE, ) 2
T, E[Z%]) < oo b 6.512& D, ¢(t) & C?*HTH B0 5 ¢(t) DEG. WHEDIT T, 0% ¢1(t), pa(s)
L. #hz2Uz Taylor DT EHW5S &,

t

() =0+ o A o k) (o)) e

ETE2, 2T, 9(0) =1, ¢(0) = E[Z1) = 0 THY. ¢{(01/z) = —E[Z} cos@ltzl] ¢5(02 /=) =

—E[Z? smegt\?] TH2D. |73 cos@tZ1| < 7% |73 s1n9tZ1| < Z2 TH3h 5. Lebesgue DUCREH (&

H5.10)12&D

, '
Jim ¢ (91\F> =-E[Z{]=-1,  lim ¢} (92

7

=0.

Lf:i)§o VC\

i (o() =t (14 E{er (0 ) v )} -

LB, TIT.Y B N0, RS HERERE T2 L. dy(t) = e 7 THBH 5. FHE6.292) 10E D,
{U,} 3 Y ICHERIRS %2, (6.21) 13 Y OO Fy (v) AVERIZH 6. EH 6.25 1K D RALT %, O

AR 6.5 KEDFHERIRREANT X, Xo, ... 2SA UAMICHERIIHZ L IS THAUIL LT (of . EHE
5.6, & 5.3, IEE 5.4)s Lo L. FOMEREEIFHE I 2 1Tz WS RED T TIIRHIL L BN Z EHI ST
W3 (¢f. Durrett, R.: Probablity Theory and Examples, 4th ed. p.127, Example3.4.5).

Xgn—’n,

RIS 6.17 X, 13— IﬁﬁﬂﬁB(n 7) S Y L. Z, Y5,

(1) Z, DR ¢z, (1) = Ele?] % RBEBE cosz AW TRE,
(2) BE v ZBYNTED. {Z, W EIERSA N0, v) 126 S MRER Z \ERICRT 5 2 & 2t
b b Taylor DAR cosz =1 — 1a?cosfz, 0 <0 <1, ZHV X

FIEE 6.18 Xy, Xo,... 13 Lid. C& Xy 3—BEM U(-1, 1) RS ¥ Ly Z, = %ZX'C r5<,
k=1
(1) Z, DR ¢z, (t) = E[e??] % 1E3BE sine AWK TERYE,
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(2) EB v ZHEUNTED. {Z,} FIERDT N0, v) IZHES MERAR 7 « RIS 5 2 & 2Rt
b > b: Taylor DA sine =z — %x?’ cosfr, 0 <0 <1, ZHWE,

1 n
PIRE 6.19 X, Xp,.. 3iid. T\ % Xy OWIEBIRE f(2) = (- [zl (2) THREL Y, =~ > X
k=1

5L,

(1) FE6.1(1) ZHWT, T, = /nY, 5232 %, T, ORI o7, (1) = Ele™] BXY lim ¢, (1) &
Kbk, Xbiz, HYNC v EED. {T,} BEBAT N(0,0) 105 > RERZHI AR 5 = ¥ % R,

b > b: Taylor DA cosz =1 — %xz + %x‘* cosfz (0 <6 <1) ZRHWVWE,

(3) (2) £D. nHTHREFFNS /aY, BECINC N(0,v) 165, ZhEAWT. P(|Y,] < 0.02) > 0.95
v BRND 0 ERD &, L, KHEERNE O LR 2.5% £iE u(0.025) = 1.960 TH 2.,

% 6.31 (de Moivre-Laplace OFIE) Y1 p ® Bernoulli 174 X1, Xa,... & 2 %: X1, Xo, ... 13
SRHEREREHIT P(X, =1) =p, P(X, =0)=1—p. TOLE, S, =>7_, X Bt

— 1 b 2
lim P agwgb z—/ eindy, —oco<a<b<oo. (6.22)
n—o0 np(l —p) V2o Ja

SEBR: E[X,] =p, V(X)) =p(l —p) THBH 5. FHE.30 KX DHES, O

EE 6.6 de Moivre-Laplace D EHIL S, 25 B(n,p) WS Z 06, FeMEBIEUE FV 2 BIEUENTIY 72 /7 1%
ZHWIRLTH, Stirling DARZHWTEZDMZFHET 28T (6.22) 2RI IENTE D, st LLE @
BIFRE f¥im B¥EE p.17- 22ROzt (of. M#E6.17, 6.21),

RS 6.20 XOFERE POMIRERZIGH L. EHAHREFVTRD X, 2721, BEEHIERTS L.
(1) RIEZRYA av%z 720 BT T, 6 DH O 2 [E¥s 130 [FILLE 140 FILUF & 72 2 R %2 K Ko

(2) »2ETHTDO—H B 7= H OEBHEENE Poisson 77 Po(225) IZHES £ \WoH, ZORHT—HIZ 242 L
DEHHIE T 5 R E OB EE R ISHT 5 2 L ICE DR X,
@)%5%$®4H%kD@%ﬁ#ﬁdﬁ@:@ﬁﬁNB@m%)K%itmﬁo:@ﬂﬁf*ﬁm4ﬂﬁx
LOHMATEE B HERE KD X,

P38 6.21 Stirling DA% AIWTROMIRE R k.
1
(1) X, B B(n, g) €5 ¥ &, lim /AP (X = 1),
(2) X, #AO G NB(30+1,2 ) 1265 L&, lim JAP(X, = n).

U7 27727y —ilBiE,» o OHETY, FRBEMEIANETY, KERICCTEAEZH > TRHRL
TLEE W,

I 6.22 X1, Xo,... 1% iid. T 4% X}, & Poisson 57 P(1) IZHES & Ly Sp = X1+ + Xy, Zp = S”\;”
n
n k
- . _ 1.,
v ¥ 3, P(S, <n)=P(Z, > 0) KHEELTHOEREREHV2 22T, o) :% = 3 B,
k=0

RIEE 6.23 /NKUHLUFSS 1 B2 PR AT 5 2 LT, BIEIEE ZUC R SRR D 5 L X BRI
PHAT A RO B X 1R U(—1, 1) 12685 HEREM L ST 2 L 5T & 5, WE, n MOMEEE
TR ECEHINAD 5 £ &, Tho0ROF X, (= %’é Xy ) MR 0.01 £ A%
B3 0.95 FLLEY 725 & 578 n % BRI A B TR &,
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M8 6.24 A BD2 AV A avzH0ERDE S5 —0%F 5,

e Ar BlE 1EODFY —ALTHIZHA an 2T 3,

e AlZ, 1HIDF —AT2oD% A an%&F, H-HoM2EEEKE T3,

e B I 1EIDF—AT120% A aazilf, HiHD 2 E2EERKLE T 5,
DR ER Z W358, A OBBRLREE. B OBEABOZED VG 0.4 LUT L2 2 EHRA, 0.95 Lk
78 % 72 DITERARMIE] 7 — 4 21T O R UL 570D,

%8 6.25 H27 — L% 1 [EiTo2 8 ZIZHOHERN 028 DT LA Y =003, ZOF =21 HI L IZH
NTHBET B, 2O E AR EF— 2% LBI2, 205 bDMBoEED 3 LY 7 2R 0.2 LU
Trnz 0 DEREREFHWTRD &, 72721 Z~N(0,1) Dr % P(Z > 0.8416) = 0.200 W &,

6.7 ZRTHMERERCEEEDRE
Z ORI d REOPLBIREHERN L, ZOBHY L TESEOREEZANT 5,

T 6.32 d RILHERZ I X1, X5,... 2iid. T, B ke NIZHL X, = (Xk71,"~ ,)(]C)d)—r rERL
E[| Xy’ <00, j=1,...,d b AET %, TDLE,

U, =Uni, - Ung)  Unj= \}ﬁkzn:_l(xk,j —mj), j=1,....,d, neN
Y BHE {U,} & d RITIERD N(0,X) IS MEREZER Y (RRIGR T %, 7272ZL. 0= (0,---,0)7,
m; = E[X1,] ThD. 8= (Cov(X1:, X1,)) 1& X1 ORI E KT,
SEEAODBLEG: §86.2-6.6 DEHZ ¥ D EIRIF—MED d ZITIILIRTE %, F72. EH 6.30 x HHIC
lim ¢y, (£) =e 2t =t teRY

n—oo

AAETE, B16.10 X DAL N(0,S) ORMMMCH 205, LROZLXDRITS. O
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1 0.0010  0.0039 | 3.8415  5.0239
2 0.0506  0.1026 | 5.9915  7.3778
3 0.2158  0.3518 | 7.8147  9.3484
4 0.4844  0.7107 | 9.4877 11.1433
5 0.8312  1.1455 | 11.0705 12.8325
6 1.2373  1.6354 | 12.5916 14.4494
7 1.6899  2.1673 | 14.0671 16.0128
8 21797 2.7326 | 15.5073 17.5345
9 2.7004  3.3251 | 16.9190 19.0228

10 3.2470  3.9403 | 18.3070 20.4832
11 3.8157  4.5748 | 19.6751 21.9200
12 4.4038  5.2260 | 21.0261 23.3367
13 5.0088  5.8919 | 22.3620 24.7356
14 5.6287  6.5706 | 23.6848 26.1189
15 6.2621  7.2609 | 24.9958 27.4884
16 6.9077  7.9616 | 26.2962 28.8454
17 7.5642  8.6718 | 27.5871 30.1910
18 8.2307  9.3905 | 28.8693 31.5264
19 8.9065 10.1170 | 30.1435 32.8523
20 9.5908  10.8508 | 31.4104 34.1696
21 10.2829  11.5913 | 32.6706 35.4789
22 10.9823 12.3380 | 33.9244 36.7807
23 11.6886  13.0905 | 35.1725 38.0756
24 12,4012 13.8484 | 36.4150 39.3641
25 13.1197 14.6114 | 37.6525 40.6465
26 13.8439 15.3792 | 38.8851 41.9232
27 14.5734 16.1514 | 40.1133 43.1945
28 15.3079 16.9279 | 41.3371 44.4608
29 16.0471 17.7084 | 42.5570 45.7223
30 16.7908 18.4927 | 43.7730 46.9792
31 17.5387 19.2806 | 44.9853 48.2319
32 18.2908  20.0719 | 46.1943 49.4804
33 19.0467  20.8665 | 47.3999 50.7251
34 19.8063 21.6643 | 48.6024 51.9660
35 20.5694  22.4650 | 49.8018 53.2033
36 21.3359 23.2686 | 50.9985 54.4373
37 22.1056 24.0749 | 52.1923 55.6680
38 22.8785 24.8839 | 53.3835 56.8955
39 23.6543 25.6954 | 54.5722 58.1201
40 24.4330  26.5093 | 55.7585 59.3417

ERE. Excel Tcell i T=CHIINV(a,n)] & LU TIERL 7z,

45



	大数の法則
	確率変数の極限
	大数の弱法則
	大数の強法則
	点推定

	特性関数と中心極限定理
	特性関数
	分布とDynkin族定理
	特性関数と分布
	法則収束と弱収束
	特性関数と法則収束
	中心極限定理
	多次元中心極限定理と適合度の検定


