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1 FERZOR
1.1 BXROESH
B 11 6 O£ D) OEAELT SR BEAE O LOEAEE WS, O EOEAHE F HROZH

(i) QeF
() AcF=— A€ F (AW ADWMELGEERT. )
(i) Ay, Ag,...,A,,...e F= 2, A, EF

T E ZOF &2 Q LD o BHEE VD, £72, (Q,F) 2afHlzEf L NS,

MR TIE, o BARF Oz HR LI, KT, Qz2e2HERL, 0 =Q° 22ERL VI,

EE 1.1 (), }') &ML {B, }c;r £ % LRAHD 1,
(0) 0eF, UBZG}', ﬂBze}', ﬂB €F, (4) Bi\By:=B NB§ecF

BEBA: (0) % 11 (1), (i) &0 Q€ F. koT, Q=0 &b EEEHE5,

M)A =B(1<i<n), Ai=0(G>n+1) 2B, HEL (0) D VillNL A, € FThENS, EH
L1 (i) &0 UL, Bi=UZ, A € F 2155,

(2) &# 1.1 (i) &0 Bf € FTHBM 5. (1) & de Morgan DIEANIZ &Y NI, B, = (UL, BS)® € F.

(3) &% 1.1 (ili) & de Morgan DIEANZ &V (2) L &< FEKIZGEHTE 5,

(4) Ay =By, A, =B§,n=2 LT (2) ZH XX\, O

TH 1.2 (O,F) 2 THIZEME T3, WOKMEEELT P:F = [0,1] % (Q,F) LOREHEL WS,

i) PQ)=1
i) A, eF,n=12,... %ﬁ@m;&n?&é%ﬂc WU A,NA, =0 2728 (DL E Ay, Ag, ...
BHWNHK TS S am)\ (U An)z S P(A,).
n=1

n=1

IorE, (QF,P)EMRERE VS, £, FOiikHf, Ac FIIHL P(A) 255 A ORERYL NS,

fl 1.1 (SEerpesiEay) Q={w,wy,...,wn} (HBRESH)
F=22 (QOREES; QORAEATRTH S R BELIK)
P(A) = iA A F (#AIZES A Do)
= D22 (Q F,P) & IRERERL 2\ 5, BUF, ZOBE W< SR 5,

a) Y1amz 1HELS: Q=/{1,23,4,56} P{w}) =1/6 (Vw € Q).
e e e g D #{1,35) 3 1
WZIE, P(ERHEDOED Hj%f))—P({1,3,5})_7#Q =5~ 3
b) a4 Y% 2EIFS: Q= {H T)2 = {HH, HT,TH,TT}, P({w}) = 1/4 (Yw € Q).

(H 135 (head), T 132 (tail) ZEIKkT 5, )
c) MDOHIZHEIR a e AR B A>T VWS, ZOH»SRE 1T OHD B Eehlitiz n 175, Z
DB Q= (By,..., B, Wi,..., Wyl £ 525, #Q = (a+b)" LT 5, A TERRAS £ 5 2 k [

k n—k
- (") =k S _ (" b
BUKLTE, COLE, A= (k)a bk Ch B, P(A) = (k> .



EHE 1.2 (Q F,P) ZifERZEM T 5,
1) P(0) =

n n

9) BieF,i=1,...,n, NEVICHRTHIIL, P(U Bi) =Y P(By).

4) Be F = P(B%)=1- P(B)

(1)
(2)
(3) A,B€eF,AcC B= P(A) < P(B)
(4)
(5) A,B € FizxfL P(AUB) = P(A) + P(B) — P(AN B).

EEBR: (1) B L1 1L T a=P0) &8, 0<a<1. 2IT A, =0 (Vn) &< U2, A4, =0
T A NA, =0 (m#n) THEHSEHK 1.2 (il) £ PO) =30, P() 282, L a>0 ThHhL,
Ihida=c0 ZEKL., 0<a<1IZFFETE, HoT. P0)=0&%5,

(2) Ai=B; (1<i<n), Ai=0(@G@>n+1) &b, U, A4=U", BT ANA=0(i+#j) Ths
PO, EH L2 (i) & (1) &9 PUL, Bi) = X0, P(Bi) + 202, P(0) = 0, P(By).
(3)Bi=A,By=B\A X 3$3% B=BUBy, BINBy =0 &9 (2) 5. P(B) = P(B,)+P(By) > P(A).
4)BUB*=Q,BNB =0 &b, £%1.2 () & (2)12&v. P(B)+ P(BS)=P(Q) =1 &%H04ES,

5) By = ANB,By = ANB* By =A°NB &£ELK &, By,By, By FHWIHKTHEH S, (2)12&D
A= BUBy %5 P(A) = P(By)+P(B,), B= B,UB3 %% P(B) = P(B,)+P(B3), AUB = B;UB,UB3
5 P(AUB) = P(B)) + P(By) + P(Bs). £->T. GR35, 0

o~ o~

EIB 1.3 Ay, Ag,... € FISHL P, 4,) < 320, P(A4,).

SEER: By = Ay, By = Ao\Ay, ..., B, = A\UpZ; Ax) 8L 2. By, By,... BEWZHRT 22, B, =
Url  An. £oTo EF 1.2 (11) 12k D,

g
(G
b
5,
C8

Z P(B Z P(A,).
n=1

n=1

1
ZZT, mEOARENT A, C B, &EH1 (3) ZHW-=, O
% 1.1 A A, € FIZNLT, TRTOReNIZHU P(A4,) =045 P(U,—, 4,) = 0.

T 1.4 (O, F, P) %k, {B,) c F £33,

(1) BicByC---CB,C-- = P(U,_,B,) = lim P(B,).

n—oo

(2) Bi>ByD>---2>B, D>+ = P(N,_,B,) = lim P(B,).

n—oo

SEER: (1) Ay = By, A, = B,\UjZ| Br (n >2) &8 2. A, Ay, BEWIZHER T UP_, Ay = B,
(neN),Ure, As = U By &2 T, 1.2 (ii), EH 1.2 (2) i2& b,

oo

P(L_J Bn):P(UAk z:: (Ap) —nh_)H;OZP (Ax) = lim P kulAk = lim P(B,).

(2)B§C---CBSC--- ThHodro, EH 1.2 (4), de Morgan OIEAI L HE & D

P(() Bn) =1-P(([ Bx)*) =1-P(|J B}) = 1- lim P(B;) = lim (1-P(B;)) = lim P(B,). O
EE 15 Q2HEAL L A2 ZTOHNEAHEL TS, AZET QLD o EEBERINDEH D, ZHIT index
A Py (VeA) &RT, ZorE KR,

(1) Naen Fr & o BEHETH 2,

(2) Myea Fr A ZEE o BAROFTRAD o BEKTH B,



FERA: (1) WEBMEE T3, 2) £T. A2E0Q LO o AL LT, QOREELENDH L Z LITERT
5 (o TARETIERWN), (1) £0, Fi=ea AN P AZEL o REKEOHTTRNTH D Z L 2R EEX
W, G0 F LI (ESEGLERD), A280 c BBIRFo MdoTe 5, Fpld A28 o &4
RIRDT, Fr DWITNINTH D, 5T Fo D aep Fa =F THEW, Ihid Fy o' F OEBHEATD
CFET B O

1.2 RO EHEEELFEROMIL

MREM (Q,F,P)I2BWTCeF, P(C)>0DLE, RODIIIZED D,

P(ANC)

PAIC) = =5

(AeF)

EHE 1.6 P(-|C) i&nrHllzef] (Q, F) FoMRHETH 5,

SEFR: EFL 1.2 (3) &0 0< P(ANC) < P(C) %0, 0< P(A|C) < 1. &% 1.2 (i) X# 54, (i) 1
{A,} C FBEWCHRKTHIIE, B, = A,NC £ $5E B, € FTBuNB, = AnNA,NC =0 (m#n)
SN

% 1.3 P(AIC) 2HK CHEALNZLED Ac F ORMEDEWRL WS, £/, P(-|C) & CB5 A
SN L FDRMD FHERPE L\ S,

EE 1.7 RHHKD LD,
(1) (FERR) P(ANAN---NA)>0, A4, €eF(i=1,2,...,n) D& E

P(A1N Ay N+ N Ap) = P(A1)P(As|Ay) - P(Ap]Ar 0+ N Ap_1)

2) (RREOAR) {A,} C F % QOHE. Wb, {A,} REWIHKT P(4,) > 0 (n € N) 2
O=U>, A, 2ilizFET5, 2oL,

ZP P(AlA;))  (AeF)

(3) (Bayes DE¥®) {A,} CFZ2QOnELTs, ZOLE, BeF TPB)>0%56EDITHL TR
DAVAC R
P(Ay)P(B|Ay)

P(Ai|B) = S P(A,)P(B|A,)’

SR 1.1 R 17 (2), (3) X QAERMED Ay,..., Ay € FIZE o THEINTVWBIBAIZHRIT . i
B, ©2% 1.2 (i) O»bHIcEE 1.2 (2) ZHVWS Z 2T, 2<HKIZTE 3,

SEEA: (1) P(ANC) = P(A|IC)P(C) IZiERT 5, ZhaE#HELAWT,

(EE): P(Al n---N An—l)P(An‘Al n- --An_g n An—l) == P(A1 n---N An_Q)P(An_1|A1 n---N
A ) (A, \Al N--NA,_1) = =(£10).

(2) ZP BmA)fP(U(BﬁAn)):P(BﬂUAR):P(BHQ):P(B).

n=1 n) n=1

n=1
ZIT. HB20FFEmAnTHNEX (BNAL,)N(BNA,) =BNA,NA,=0&0 {BnA,} FHWNC
R THEZLITHERLUAER 1.2 (i) Z#A L7,
P(A) TS5 PB4y

(3) (FHL)= PB) =B = P(Ag|B). 22T, #H1D%ETE (2) ZHW, O




BIE 1.1 »2IRKDOHEEDD D, WLKDONIH LT 98% DR THIERIE K TH B LHE) 2R U, i
FREIZH LT 2% DR THMERIGE RT, ZORKDOBRERIT 1% THELT 5, HBEANIDHTETE
MRIGR T &, ZOADRKRYIZZDHERITHE > TWAHEREZRD X,

B ARZORRHE->TVWBHE, B 2B RTHE L T5 L, WA A LT 98% ORERTH
VRIS % RS H 5 P(B|A) = 0.98. HEEH 2R LT 2% ORER TR ISH 5 P(BJA°) = 0.02. 7. 2D
FADRHRIE 1% & b P(A) = 0.01. Kb BHRIZ P(A|B) TH5B, ULORED,

P(AIB) = P(A)P(B|A) 0.01-0.98 49 49 0331
O

P(A)P(B|A) + P(A9)P(B|A°) ~ 0.01-0.98+0.99-0.02 49+99 148

& 14 (1) P(ANB)=P(A)P(B) D&, R AL BI3MIuTHL LW, AL B ERDT,
(2) FHDH {B,} C F (FRMETHMRETE J) 126U,

P(Bn, N Bp,N---NBy,) = P(Bp,)P(By,) - P(By,) foralln; <ng<---<my (1.1)

BT &, HEDH (B, BT THE LN,

T2 1.8 (1) ABEFLLPB)>00EE, AL B <« P(AB)=P(A).
(2) HLODF By, By, ..., B, WM THNE, EEDOk=1,... niZUT, BS,...,BS, Byy1,..., By
ST L 7B,

FEEA: (1) MONZOEHRDNSHS A, (2) By, Ba,...,B, NI SE, BY,Ba,...,B, b R5Z %
REIEE WV, EBE INED By, Bs,..., By, BS AL E B S, BS, B, ..., By, BS 3k, Zh
EROET I TEREZES,

ZOEDEED 1 <n; <ng <+ <n <niZHU (L) IZHYT D R2REE LB, ny >2D5EIE B
PG LWz (1.1) BB S 2K Y 2D, ny =1 DG4

P(BiNBy,N---NBy,)=P(B})P(By,) - P(By,) (1.2)
EREIELV, 27,
P(BiNBp,N---NBy,)+P(BiNB,,N---NBy,)=P(Bp,N---NDBy,)
IZHEET 5, 22T, B,By,- , B, DMIMEHNSE L
P(BiNB,,N---NBy,,)=P(B1)P(By,) - P(By,), P(Bn,N--NDBy,)=P(B,,):  P(By)
b, Io7T,

P(BIN Bn, 0---N By,) = {1 = P(B1)}P(Bn,) - P(Bn,) = P(BY)P(By,) - - P(Bp,). [0

FR 1.2 (1) FRAB,CIZHU, 2 200FHKOMIRTHMITH->TH, A, B,CHPHNTHS LIRS
W,

EEE Q={1,2,3,4)}, P{k}) =1/4 (k=1,2,3,4) ixBVT, A={1,2}, B={1,3},C={2,3} &&
<&, P(A)=P(B)=P(C)=1/2, PILANB) = P(ANC)=P(BNC) =1/4 £ 555, ¥D2DO0DH
REML LR B,

—Ji. ANBNC =0Th375,. 0=PANBNC)# P(A)P(B)P(C)=1/8 £7b, A, B,C 1331
AN AN AN O
(2) P(ANBNC)=P(A)PB)P(C) Th->TH, AL B, BILC,CI AFBTULEBLLAR,



£ Q = {1,2,3,4}, P({1}) = % ~ P =0 - % P{3}) = P({4}) = 1/4 £BL T,
A:{Lﬂ,Bz&ﬁLC:{ZQtB<K\PMHBHC%:H&D:%—;%:}mﬂmum)
Y75, P(ANB) = P({2)) = 2 - % P(A)P(B) = %( - %) Y 7%, P(BNC) # P(B)P(C),

P(ANC) # P(A)P(C) & k. 0

2 BT
21 WEREZBOES
ATHIZER] (Q, F) I2BWT, Q EOFEBUEEE X : Q > R AP Va e RIZHLT
{w; X(w) <alerF
EWETEE X & (O,F) LOMERERE VS,

Bl 21 1EOIAEITE Q={HT}, F=2%={0,{H},{T},{H,T}} ThHotz, ZDOLXE,

{ Q (1<a)

VT yse wix@ <= {1} 0<a<n) EuBOT

Xlw)= 0 (w=T)

0 (a <0)
Va e RIZHUT{w; X(w) <a} € F¥brd, ftoT. X IZMEREHMTH 5,
EE 2.1 X3 () F) LOWRLER <— Vace RIZNUT{w; X(w) <a} eF

Y E0gES,

S|

FERR: (=) {w; X (w) <a} = U{w;X(w) <a-—
n=1
(=) {w; X(w) <a} = ﬂ{w;X(w) <a+%} 1.2 (2) JORED, O
22T, o BAKOEENS

{w; X(w) <a} e F <= {w;X(w) >a}eF,
{w; X(w) <a} e F <= {w;X(w)>a}eF.

INEEM 21 &0, —BICKAEIIT B,
EHE 2.2 X & (0,F) LOWRES « LEOKM ITHLUT {w; X(w) € I} € F.

SEBR: (=) BB S D, (=) KKDOWT, I = (—00,b), (—00,b], (a,00), [a,00) DEEIETTIZREL I,
I=(a,b),[a,b],(a,b], a,b) DEAI {w: X(w) € I} € F 2mEIEE 0, BIZIE T=(a,b) D =3,

{w; X (w) € (a,b)} = {w; X (w) < b} N{w; X(w) > a}

LOHES, MIFEHEMEL I 5, O

22 TFRIRAEIE HEREH

EHL15 £ 0. R EOKHH (a,b] ®E»5a 252 a0RND o REWPIFIALET S, ZOEAHEZ RO
Borel &L W\, B(R) & %9, Borel EGEICET 2% 46% Borel £ 205,

R 2.1 E4WAEMEDILH» S5 BEE E X Borel E6TH B, £7-, HHES G H Borel EETH 5,



n=1

IZ&D ElidBorel 8645, (RICHES GOERz € GIZHLUT, a5,b, € QDH->T, x € (a,b] CG
LTED, COLE, U, olanb] = G THEH, HEMNEK Q XTHEARDT, ZOLELZTFALES,
LihSo>T, 5% L1 (ill) & D G 1& Borel A2 %5, O

SRR S BES (o) & {2} =N (xfl,x} L7375 Borel B4 TH B, £-T, &% 1.1 (iii)
n

WEE 2.2 WM (QF) CBVT. B X : Q 5> RICE->TEHEASNS R OHAEAE {A C
R X Y(A) € F} o HAETH B, 7L, X HA) ={we QX (w) € A} £¥ 5.,

BIBA: X U(R) = Q, X~1(A°) = (X~1(A))°, XL (U, An) = U, X~ Y(A,) L7552 L 2REE, 55
CHHTE A0 THEMEL TS5, O

TR 2.3 X 2 (U F) LOMWHERLY — LED Borel 84 B € B(R) 12U T {w; X (w) € B} € F.

fERA: (<) B = (—o0,a] & L NUXHI S D,

() X AHERZBE L. A= {ACR;X"(A) e F} L5<. EM22 kD (a,b] € ATHD. W22 &
D Ald o BABIBETH S, [>T, BR) XXM (a,b] REPSLI2EEGHEEZELRND o ERBETH 2056
ASBR) &h5, k>oTBeBR) RS> BeArib, X-\(B) e F%#@5, O

T 2.1 HIZEM (R,BR) KEVWT, B [ R RMEEDac RIZHNULT {z; f(z) <a} € BR) %
=3 & f13 (R,B(R)) LORHIBK. &5\ Borel AIHIBITH 2 L\ 5,

EE 2.1 f A (R,BR)) ECAaflichds ik, f25 (R, BR)) LOMREBTHS ZLIXFAMTH 5,

EE 2.4 &% AHEMEO 2RO CEG 2B f: R — R 1% Borel Al TH 5, Rz, #EI%EUIL Borel ATl
BEch 5,

SEFA: Dy 3@~ WBEDR» SR 58EA T, fI1E R\Dy THifiie 95, Vae RIZHUT {a; f(z) > a} B
Borel E6TH 5 Z L 2mEIX L\, Cup :={x € Dy; f(x) > a} FE 4 AHLDTINIE Borel 4., F7-,
Co2 :={z € R\Dy; f(z) > a} BFEE G 2HWT Oy = G\Dy EERED, EBE Vo € Cpp TN LT,
0.>0%ye(x—0,,x+0)\Df %51F |fly) — f(x)] < f(z) —a 72D X SITENX, ZOLE f(y) >a
BDT (x— 0,2+ 6,)\Dy C Cap. £2T G=U,ee,,(@—0,2+0;) &B<E, GIER OHEET,
Coo=G\Dj L EEZDTHIE21 L9 Cos € BR). £oCT. {a;f(z) <a) = Car UCus € BR). O

T 2.5 X 7 (Q, F) EOMRER. f: R — R » Borel KO L &, f(X(w)) & (Q,F) LOMEREL
T b,

BEB: Vac Re U, B={xf(z) <a} 2B, fIIAMHll7Z75 BeBR). £->T, EH2312&kD
{w; f(X(w)) < a} = {w; X (w) € B} € B %185, 0

Bl 2.2 ERL 2.4, FHL25 X0, X AMRERTHS L E aX +b (a,b I3ER), X, VX, log X, eX, cos X
R, TRTHERLEHTH 5,

23 DHEH

EFE 2.2 (1) HeRZEM (Q,F, P) LOWMREH X 1IZH LT, Fx(z) = P(X <z)=P({w; X(w) <z}) TE
HINDEE Fx R — [0,1] 2HELRLH X ORAREE WS,

(2) WEEAWX,Y LT, ZONHBBR—HT DL &, b Fx(r)=Fy(z) (VzeR) &b & X
EY BRUDMIZHREDS D,



{w; X(w) <a} Z2HIZ{X <a} EHELZEDPE WV, UTFTIOEIRELAEEZEEHEHWS,

EHE 2.6 Pla< X <b)=Fx(b) — Fx(a),a,be R (a <b)

S A={X<a},B={a<X<bl2¥5&, ANB=0, AUB={X <b} &b,
Fx(b) = P(AUB) = P(A) + P(B) = Fx(a) + Pla< X <b). O

EIE 2.7 Fx(z) ZMEREHR X ONHRAKETD, 20L&, IRBKLT 2,

(1) Fx FHHAEREASTH S, Ab, 2 <y 2ol Fx(z) < Fx(y).
(2) Lk THL, BB, Fx(a+0):= LEEEI}FOFX(J‘) = Fx(a) (Va € R).
(3) Fx(—o0):= EIEI Fx(z) =0, Fx(o0) := ILm Fx(z) =1.

FEEA: (1) z <y &0 {X <2} C{X <y} W-oT, €12 3) IT&V Fx(z)=P(X <2)<PX <y)=
Fx(y) #13%,

(2) {an} ZHHFPWD T 0 PRI ZEEOEF L U, C,, = {X < a,} B, 20L&, V), C, =
{X <a} &hd, EB D] @3VnTC, D {X <a} ZPSHSLH, we{X >a} £T5& X(w) >a
Tap, >a+0(n— o) &, BB NP H>Tn>N = a,—a< X(w)—a, TNED X(w) > ay,
BB w g Cn DN Cn &0 TCl 25, £oT, {C,} BEFARDH o760 6, EH 14 (2) &b
nh_)rgo Fx(ap) = nli_)rréoP(C’n) =P(X <a)=Fx(a) 75,

(3) {zn} Z BT —c0 IZHEMT HEREOLIN LT D, ZDEE B, ={X <x,} B &, {B,} F#
A2 HROHIT, £l X FEBMHEZROT, (T {X <z} =0. ftoT, EH 14 (2) &@F1.2 (1) 12
QLN Jim Fx(x,) = Jim P(B,) =P0) =0 &b, #rEOEREZMED, #EE {z,} ZHFEIMNT o
RIS DEEOEFE L, €14 (1) & P(Q) =1, 452 2 AV, FRICGEHTE 2 (HEMEE
5), O

EE 2.2 BBF R — RAWEH 2.7 DM (1), (2), (3) il E, F(r) 20688 UTH DMERELK
X A (MERE) FAET 2 2 EAHISNT WD, (of. AR W% HAESIE p.47, p.83.)

EH 2.3 HREM (O, F, P) LORRER X LT, P(X € E) =1 &7 584 TR 5 7% 554
ECRMHETZEE, X 2MBOUHRERE VS, (ME2.1 XD E i3 Borel A E4% 2 LITHR, )

PAF. WERAZH X 2205 20 W EEDME 21,20,... THEEUTHMWAT S, (AREOEGEERKTDH
%5, ) ZDEE, pla;))=PX=mz;) (eN) &TBL, IOt

plz) >0 (GeN), Y pla)=1
=1

PHALT B, 0 p MR X OWEERE >, Z0Ba, HHlEE
Fz)=P(X <a)= Y play)

kxp<x

THEASNB, ik, R TR BT, plz;) = F(z:) — Flai—0) £ 7%, BESOURERZK
DA B BRI AR B E W S

BERE 245 DB

(a) Bernoulli i#7%
BAREIAVETORITDO L ST, #HE S (success) DR Z DHERD p, #ER F (false) 23 Z B HERD
q:=1—p &% %17 (Bernoulli 17L& \V5) Z n {75, ZDLE, ( BEHIZSHWEIZF 4% A, £ T5

9



Yo Ap e Ay RENIARREONE RS, ZOLE, Xi(w) =14, (W) (A4 BEIoEEEF 1 R SEN
REEOLTB)ETHE, Xy, -, Xy RAUAMITRED n HOMRERE 55, FBE X, OHHERI

Fx,(#)=0(x<0) =q(0<z<1) =1(1<az)
D, HUSMIZHED Z e Bbhb,
(b) —H5 i B(n, p)
(a) LERDFER S O Z 5L p £ 725 Bernoulli iAf7%2 n MIXKET 2L &, R SHVPEZIZ0EHZ2 Y
Y45, ZOLE Y DL VESHEIZ0,1,...,n T
J%Yk)cgﬁwlk (k=0,1,...,n)
THO, TOHMEEIL

[x]
F(x)=0 (x<0), F(x)zZ(Z)pkq"_k (0 <z <mn), Fz)=1 (n<ux),
k=0

BEORNTZIHEAIZ L 5, ZO0Mi%E ZHAME B(n,p) £\0WD, 7z, HRERY BZD0 LS hnfiziEo
EZEY I B(n,p) IS 2V Y ~ B(n,p) &2 <,
(a) TEF L7 Bernoulli #F2 X, -+ , X, CHLT, Y =" X, £92&. Y ~B(n,p) £%5,

(c) Hf34m Ge(p)
(a) & FARRDHKER S DL Z 2EHFH p 705 Bernoulli idfTOREIZHEWTE, SAHOTHERTLETD F
OHBIEEE X L3258, X DL VEBHIZ0,1,2,... TH Y. ZOHMIEEMSH L D,

P(X=k)=q¢p (k=0,1,2,..))
Thd, BAZONEEICP(X>k) =2, P(X=1)=q¢" &%5%, ¥,
P(X=k+s|lX>k)=P(X=5) (5,k=0,1,2,...)
LB, FEE.

. PU{X=k+s}n{X>k}) PX=k+s) *p |
v = P(X > ) S ThXsR ¢ UrePEEY

LRENOTH D,

(d) BED =I5 NB(a, p), o > 0,
(a) LEFRDFER S DAL Z 2EEN p £72 5 Bernoulli i8{7%2., S o FHHT 2 ETKETI LS. F
WIsRHZ2Y &35, ZOLE, YDOLOFELMEIX0,1,...T. Y=k &%5LE a+k[FDRITTHE
S I3EBEERVC a— 10, FidkEHERETSDT,

PO“—M—<Q+Z_vak (k=0,1,...) (2.1)

L5, ZIT,

k!

_ (_1)k(—a)(—a -1) k| (ca-k+1) (_Dk(—ka)

(a+k—1>:(a+k—1xa+k—2y-(a+Da
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& ® Taylor B (1 +2)8 = ioj (i)xk (-l<z<l) % f=—aHT (¢f. HlAL())

k=0
tim P =3 (T ) o =71 g =1
Jim F(y §<k>p QF =p q

L%, ZONHEAD I NB(a,p) WD, (ZO0MIF a WHRBTHEVWESLERTE S, )
RPHDHELED p THAIMEZ n BT TEELEHZ Z & &, K ERVPHD ETIZEDS n—k BLIRUD
iAWz L XFEEARDT, X ~B(n,k), Y ~NB(k,p) £ T35 &

n

i(?)pl(lp)”lP(sz)P Z’“(kﬂ—l) ‘-

=0

Z DD AAE LW & 2 EEFEH T 2 D3R EETH 5,

(e) Poisson 737 Po(\)
A>0892, MERLH X PIFAEBIET., ZOMEERN
AP
T €
THALND L&, ZOMEREH X ZRE N D Poisson 734 Po(A\) 1265 LW, e =377 %}T (x €R)
SR U i P(X = k) = 1 2,5, Poisson G IKOGBTRS & 510, — &M HiKo
IR Y R RF LB A BB,

P(X =k) = (k=0,1,...) (2.2)

M 2.1 £neNIZHUT, MELE X, E-HIH B(n,p,) KD ETE, 2IT.p, 1H0<p, <1B&
¢ lim np, =X >0 Ziili7z3L 35, D& E, {X,} & Poisson 731 Po(\) ZiEMLTWa, BB, XA

n— oo

D RVAC I .
lim P(X, = k)= 21 A (k=0,1,...)
SIBE: P(X = k) = 1(1— %) (1 - k; 1) (”Z’;) {(1— ”nﬁ)n}lk = %Te Xn—ooo) O

T 2.4 Fy(r) %, WRZEW (Q,F, P) LOMEER X OHEKE T3, (R,B(R)) LIl
fz) BIFEL T

x):/j f()dt (Vo cR)

LRED L E, F el 0B, X & MoahsEi iR AR WS, £z, 0 f(x) 2 X OEEREK
(density function) &9,

S 2.3 (1) X AR 5 Py (x) HESTH 3,
(2) Fx(z) B a0 CHlfETH > Th, BEM f(x) PFET 2 L ER s v, (FEL ISBEEMRTYT
Cantor B# & U THIiRT 5, )

X AR R AR D L & T OBERK (o)
f@) >0, / fa
iz, £72, 2 f OEEETHIIE d—F( Y= f(z) THY, PX=a)=0 (VacR) THDY,

p<a<Xgb)zp(agxgb)z/bf(t)dt (a<b)

11



ks,

Mt EHE R 2 15 DB
(a) —Hkm4i U(a,b)
TERZE X OEERE fx &2V IID MR Fx

L a T z o
O R Fx(w)=/_oof(t)dt={i

THAGND L%, WREK X XXM (a,b) EO B Ula,b) 1265 205,

0 (x <a)

1 (b<ux)

(b) #8803 Ex(\) (A > 0)

ZWn
Ae ™ (x> 0) 1—e® (2>0)

fX(x):{ 0 (z<0) FX(x):{ 0 (z < 0)
R A X2 ¥ D Poisson HREMERL T 2RO 2L LTAESHVWS R TWVWS,

(c) IEMA A N(u,0?) (€ R, 0 >0)
IRDEERE % £ D04 % EHS A (normal distribution) &5,

1 (@—w)?
fX(x) = e 25‘;

- V2o
ZOERA %S N(u,0%) TRT, Z0L &, HAHEK
Fx(z) :/ L S g

a@aozzﬁ\/ ft)dt =113 EET 5, Tl

— 00

o0 m2
/ e 2 dr =V2m

Th 5 (ZNRIMHBDFTB o= & 510, BRI IRE UBIEE L NN TE5) 5, 2 =

Bk, dx:adz’C“{ 020 kb

— 00—

>~ 1 (z=p)? 1
e 22 dx = dz = V2 =1.
/_oo 2ro V2T / vV 27r

2 (a<xz<b)

HeRZH X DBEERE fx(z) H 5 WVIEHHEEE Fx(z) DIRTEZSNE & &, 200 % BN Ex())
5,

DA N, 0?) ITBWT, Rl p=0,0 =1 D& &, ZOERKMM N(0,1) ZEEERIHE NS, Z

DEFEEE D MAEBE T ZN ¢(x), O(x) & T D&,

o(x) = ! e‘ﬁ, d(x) = /_I \/1277T€_% dt

N(p, 02) KRS HERZI X ITHU T, Z= (X —p)fo &Ly 2= 28 LB &, ZHEH s =

ZeT
* 1 (zm2 52
PX<z)= —_— dt = T ds = ®(2),
(X <z) /;oo om0 / \ﬁ )

B, Z=(X —p)/o $HEHEERMGIES, cnED, Pla< X <b)AElE. WEP(X <z)=

CEHEERADMREMHALU TR TE 5, (I TGt ta] TEAK, )
IER AR IE OB RE B TER N S 2046 T, AR EHERAEHI TV,

12



(d) #v =454 T(a, B) (>0, 8> 0)
RIS X DEEREARD fx(x) DY =, X EH Y5 T(a, B) 15D 20, X ~T(a, f) L7,
fme e (>0) (2.4)

fk@f‘{ 0
e dy BH VBB ELRT, 2. o D1, 8) L EEO M Ex(B) 1&IF L

ZZ7T, I'(a) =
DETH 5,

(e) N—2&734% BETA(a,b) (a > 0,b > 0)
MR X OFEEBPRD L &, X FX— X34 BETA(a,b) (2D &\, X ~ BETA(a,b) &R,
(2.5)

1 _a-1 b—1
fx(z) { 0 (% D)
1
ZZ7T, Bla,b)= [ 27 Y1 —x)lde IR—2BEBEERT., /2. X=X 57 Bera(l,1) & —EOT6
U1, 1) AT 5,
Ay ~<B T (p) (BT 2ARDEHE) AR D LD,

e 2.3 (R—2HE B(p, q).

1) I(1) =1, I(3) = /=

(2 T(p+1) = }EF)(pg (p>0) Fiz, HRBn IZHLTT(n) = (n—1)! &5,
_ T(p)'(q

(3) B(p,q) T(p+ ) (p,g>0).

oo:1

SERR (1) T(1) = /OOO e dr = [~e )T =1,
et dt = \@/

[e%e) [e’e) 2, 1 o0
F(l) :/ x*%e*zdx:/ (t—) : e
2 0 0 2 0
o0 0o o0
[ ey de =)
0

(2) F(p—i—l)z/ a?(—e ") do = [—aP e "]
0
B)%¥9. D:x>0y>0t35L, F(p)F(q)z// e TPyt dpdy 7B, TIT, 0> 20CK
D

r<y<Mm-Dzrdd&, {K,}&DIRTHEKITHE, 2Dk
1 1 1
—<u<n—-<v<1l--—
n n

3 g ﬁL;” = Vi (2= 51)

1
LTK,:—<z+4+y<n,
n n—
E o rx=u,y=u(l—0o) K’E?ﬁ%'ﬂ“étu:ery,v:%J:D\ K, & F,:
rTy

catsL. vaeror 2@ s o
d(u,v)

// e TPyt dady = // eI ()P (1 — 0) }97 Y — uf dudw
K, P

n

n 1—%
= / uPta—leu du/ P71 — ) d
1 1

n n

5%, O

e . n—>00&LTIT(PI(q) =T(p+q9B(pq) %

24 ZRITHEELETH
& 2.5 X1(w),..., X, (w) 2HERZEM (Q,F, P) LOWRERL TS L &,
(2.6)

X(w> = (Xl(w)’ R 7Xn(w>)
I X = (Xb,. ., X)) EBEEHEND,

% n IRTCHERZE X 7213 n ROTERRZ b ewnws, Z2IT,
13



T 2.6 [TED (11,...,2,) € RVIZEAL, (2.6) DZIRTHEREH X = (X4,...,X,) ORI AREEUE IR
ARCTEHET 5,
Fx(z1,22,...,2y) = P(X1 <21,Xa <z, , X, < zp).

R 2.4 P(X1 <z,Xo < x9,---, X, < .I‘n) =8 P({Xl < $1}0{X2 < ,Tg}ﬂ-'-ﬂ{Xn < .’En}) ®RT,
SHBHEBZIDOLIIZ N B L-EEEEHWS,

n YRt Borel £&1%2 M 1.5 ZFHWTIRD XD IZEHET B,

& 2.7 R" 0T RTOAKM (a1,b1) X (az,b2) X -+ X (An,bn), a; < by, i = 1,2, n, ZAELRN
D o EHEE. n ikt Borel £ VW, BR™) £&7, B(R") D% Borel £E& & WS, £/, B
o :R" — R MEHED B e BR) IAHLT, o-1(B) € BR") =3¢ . o 1% (R", BR")) Lo
B, HD\0IE, HIZ Borel AIITH B L0,

BT 1. (£ B € BR) IZH LT P(Xy, ..., X,) € B) DI Fx (21,23, ...,00) P5EE %, #il
. . 00 1 1

Z)..li\ 2 {kmo)i%/ﬁ\\ B = (al,bl] X (ag,bg] 0)2[5%/5\\ B = n—=1 (al,bl + E) X (ag,bg + E) £ » Borel %/El\

ThDILIERT S, DL E,

P(ap < X1 <by,a2 < Xo <bg) = Plag < X1 < by, Xo <by) — Pla; < Xy <b1, X2 <a)
= P(X; <b1, X3 <bg) — P(X1 <ay, Xo <by) = {P(X; <b1, X3 <ag) — P(X; <ai, Xo <ag)}
= Fx(b1,b2) — Fx(a1,b2) — Fx(b1,a2) + Fx(a1,az)

2135,
RDOEBIIEH 2.5 DILRTH %, GEHHIZANET 5,

T 2.8 X1,..., X, 2% (O, F) LOMREH, f:R" - R 2 (R, BR")) LOARMBEHKD & %,
FX (W), Xp(w)) 1 (Q,F) EOMRERTH 5,

REBL 2.7 L FBRIZIRDE D 32D, FEHIZANSET 5,

Rl 2.1 (1) A& a; T TOMBEEK Fx (11, 22, .., ) ZIERD A ERBEKTH %,

(2) Fx(zq,...,—00,...,2,):= lim Fx(z1,...,2,...,2,) =0.
Zj—>—00
72, Fx(oo,...,00):= lim  Fx(x1,...,2,) = 1.
T, ,Lp—>00

BIRTEHERE X = (X17"~7Xn) IZBWT.
P(X; <zj)=Fx(c0, ++,00,24,00,++ ,00)

% X; O 1IRGTHER AL NS, FRRIZ, 1 <m <n 2L T mRGHAR M EREIND,

—IRTTDGE & FRKIZHER A, O ER D M2 AT D & S IZTERT 5,

(1) ExHEMEDKNS35%EE D C R BH->T, P(X1,...,X,) €D)=1,%2%E. ZOZKT
TR AR BRI 2 0 S
(2) R™ EORPIEE f(xq,...,2,) BIFAELT

Tp LTn—1 T
Fx(xl,...,xn) = /J / f(tl,tg,...,tn) dtldt2~'~dtn

LFREB L E, F MO ER OB, X = (X1,...,X,) 2SN HRERE WS, 7k,
D fxy,...,z,) & X ORFHERKE VS,

(
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AP A R R 2R (X, ..., X)) IS UL X, DDA IR s R & 2w D | 2 ORI O HERE %
TARTRTHALTLES 2 TROoND, KB j=10DC EFtHI 5L

1 oo )
P(XlSx):P(X§$1,X2ER,---;XnER):/J / f(tl,tg,...,tn)dtn"'dtzdtl
—oo) —o0 —00

0. X, ORFUEERE fx, &

fx,(z / /fxtg,..., n) dty, - - dts (2.7)

LB OND, £z, BCR" » Borel EA6D & &,

P((Xl,...,Xn)EB)://-~-/Bf(t1,t2,...,tn)dt1dt2---dtn (2.8)

£7:% Z &, (Lebesgue Biardf 2 FWT) GEHITE 2,

5l 2.3 ZIRTCHERERE ZONHEZHIRT 5,

(i) 23R
{A1,Ag, .. . AL} CF 2 QO Q= Uf=1 Aj, AinAj=0(i#35) &35, £7=. 1 BIORTTHER A;
BHBIT 2R E p; L L. COMITE n IRELTEHE A; ORBEEE X; (j=1,...,L) £3hiL,
(X1,..., X)) ORBEAFEIZTRATRENSD,

n! k1, ko kL
ey el - kL!pl Do Py,

727200 kit kot - +kp=nThb, :0);57263\%%%’71%3\15&\50
ZDLESMAIINL X, O 1 UGLEASHR_IHS A B(n,p1) THBI L ZRED,

DD L=42 L TxRY, —HOHEE i%%i"?ﬁ;&ba&ﬁ WWEWv, X1 =k, Xo=ko &322 X3+ X, =

ny:=n—ki —ky THBENO,

P(X1=k,Xo=ky, -, Xp=kr) =

ns
P(Xy =ky,Xa=ky) = Y P(X1 =k, Xa=ky, X3 = ks, X4 =ng — ks)
k3—0

!
. ns—ks __ ni k1 ko ns
- kllk2ln lpl Py Z sl (3 — k3 |p3 P = gt L P2 (p3 + pa)

BBEOENIT IHEHZ AWz, JI2 (X, X, X3 + Xy) BZHEMIL 15,

n—ky n—ki
n! b (n —k1)!
(X1 1) Z (X1 1, X2 2) kl!(n—kg)!pl Z Jeglns] P2 2(ps + pa)
k2=0 ka=0
— n' ’I’L*kl — n k)l nfkl
= Talin— k)i 1 (02 4 p3 +pa)" T = <k1> pi'(1—p1)
BOHDH SR ng =n —ky — ko, BEOFFE pr+p2+ps+pa=1%MVE O

(il) ZIRTCIER DA N(p, X)
o= (1, i) & nRIEEERFMTH E = (05;) ITH LT, n IRGTHEREH X = (X1,..., X,) DIROE
EREE DL &, ZONME n IRTGIERAA N(p, ) £\,

1
(27)"/2(det X)1/2

T2z, AR A DiRiEE R T, BIAIE p,x 3N ML e,

L (z—p)= " Ha— !
e 2@ H) (@=n) = (r1,...,%n)

flay,... x,) =

15



AR ETHATIIEL 8745 2 LIRD &5 ITRT Z EAHKS,

S RIEEEA T RO T, MIBARBON LI T 5 EM» S, MR P LR BT RTED
HAFTH D = (dij) BENT, PEP =D ¥ TEh, 22T y= (y1,...,un) = P@—p) LTBL,
D-'=(P'RP)"'=P'5-'P kb

_ _ _ "1
(@—p)S N (@—p) =y P2 'Py=yD'ly=> —y;
= di

T ¥ IET V& = det ((32),)) = det P = +1, det T = det D = [[}_, d;; O,

Yy

LIS 1 1Y
flz,. .. xn)dey - - day, = / ————e 2%idy; =1
/ R" JI;[I oo (2mdj;)'/? !

2
J

LB, O

25 FHEOEHENH

Z DHfi CIIMEREB TR T % U723 I2 DWW T, MR HERZ B D& & Ml AU R A DI & 1T E
#95, MOMERELIZOWTHRUAMITHERSFEZERT H720121F, Lebesgue F D Radon-Nikodym
DEHZBREL T EHDTIORETITED FKb\,

ZITIE, DD (X,Y) & 2IRCHERERE LT, M2 &E0Mi P(Y € A|X =12) 2EHT 5,

(1) X DA S O
X DY OERBMEMN {21,20,...} LTDE, P(X =x;) >0 (Vj) &2 I LICERT 5. Z0HA.
P(X =2,,Y € A)
P(X =x;)
LED, Izt X =2; DRHETTOY OERMEDEMHRDMHE NI, 7KL, P(X =2)=0&%% 2z Tk
EFRLBRVEDET B,

P(Y € A|X = ;) =

(i) X O JEM S A S E e A D 356
ZOHBEP(X =2)=0 (Vo) THENO TRPBEL RS,

X ORGAEERRE fx(r) &35, 22Tk, fGH02D z i fx(z) DEFAT fx(z) >0&hb LT
Ez25, PY <y|X =2) BIRD LD ITEET 5,

PYeAX=2)= lim PYc€Az<X <x+90)
§—+0

LiEHD, TDLE =a+Eb-a)2TEHILT,

b n &k
/ P(Y € AIX =) fx(z)dz = lim Y P(Y € Alg—1 < X < &) fx(z)dz
a n—oo =1 Ero1
=PY eAa<X<b) (2.9)

LB I EITERT 5, RIT, (X,Y) [HHEAHEGRI T f(x,y) 2 Z ORINEERKE T, 20L&,

PY <y <X<azto) [TV f(st)dtds

< = N
PY <ylz <X <z+90) Pz <X <xz+0) ff+6fx(3)d5

ZIZT, DEDFEITEHD S 5 +02TEH5I LT, WMHOBODFOREATHIZLD

Y flxt)dt

PY <yl X =2)= @)
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3%, I0E0, RMEX =2 OFTOY ORI ER T, £ OBEREE fyx(y|z) A

f(z,y)

= 2.1
BB IZENDIP T, fyix(ylz) BRIEX =2 DFTOY OFMAEDSHERBE NS, O
AR 2.5 (Bayes ®EH) (2.10) & f(z,y) = fxjv(@|y) fy(y) CHEBLT, MOEIITKE S,
f(z,y) f(z,y) Sxpy (z]y) fr (y)
_ S S . 2.11
W) =) = T fw T el () da 20
—fi. X D THNIE P(X =2) >0 &5 2 T/ LT
PY <y, X = 1 v
Py <y =a) = TSR ZD [ P —aly —
£0
d P(X =zlY =y)fy(y
FrixlX =a) = 4PV < gjX =) = TR =0 (212)

213%. 151 Bayes DEH D —RACTEMFEEODH 2 2B THW SN,

Bl 2.4 (X,Y) % 2 WEiEBD N((’“) o ("” ”12>) RS EF B, 2L, X BIEEMETH- 7

H2 012 022
Mo, det()\I — E) =\ - (0’11 —|—0’22))\ + 0110922 — 0'%2 =0DWRMN2ODLHELLBEZD, 011,092 > 0,

2
(e g102p0

0’110‘22—0‘%2 >0%1856, 2D, 01,09 > 0, |p| <1ZHVWT, X = ( ) RSB, ZDk

0102p o5

E . detE =0f03(1-p*) TE =

2 —
1 ( 1/0’1 p/(0102)> 135575“5\ (X, Y) @ﬁﬁﬁgﬁii

1= \~p/lor102)  1/03
_ 1 1 (. —m)®  2p(x —p)(y —p2) | (y—p2)?
f(x,y) o 271-0-10-2 1— p2 eXp[ 2(]. — p2){ 0'% 0109 + O’% } (213)
Lh 5,

INEBEX fyix(ylr) 2RO, X =2 DRMOB LY ORHEHNL S, 9. X OELH LK
fx(z) 2k 2, (2.13) DELD {---} O E y IZDOWTEH%ERT 5 &

1 po2 2 1—p? 5
= m) = TR+ )
7o N — 1 _ _ P2 (f 3
ALY RN 02\/@@ p2 — 2 (x )] £B<L L,
1 _Gomep? oo, 1 _(emnp)?
T) = z,y)dy = e 21 / e 2 dt = e %
fit@) = [ ey =T [ S

L%, (IN&Y X OFENE N(uy,03) THDZedbhrotz, ) o T,

Frix (0l) = flz,y) _ 1 o [_(y{M2+’fff(ﬂ:u1)})2
VXV = @) T Varea/ 1= Y 203(1 — p?)
4%, Zhid X =2 O TOY OB ERDE N(uz + 22 (x — 1), 05(1 — p?)) €785 2 L &mUL
W3, 0
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BIRE 2.1 (1) A T(a,8) KRV, A = X DEAEDDLE X B Po\) I2fES & &, k=0,1,... LT
P(X = k) B fax(\k) 2Rk &,
(2) ABET(,B) KAV, A=\ DRAEDS LY HN(0,1/X) 6D &2, fy(y) B fay (M) 2k &,

2 (1) (29) % A={k}, (a,b) = (—oc0,00) ELLTHWS &

Px=n= [T =ia =N = [T T

_ B [T ka1 - _ BT Tlatk)
k!r(a)/o Neta—1g (/3+1),\d>\7k!r(a) 1
_(a+k-1)(a+k—-2)---al'(a) B _(a+k—1 B \ey 1 \k
N kT () (ﬂ+1)a+k_< k )(5+1) <5+1)'

317 H O R 0SB 2.3(2) £z, & XNNB(a,Bf_l) LB, Wz (2.12) £ D
Fax k) = Ixa(kIA) fA(N) _ P(X = KA =Xfr(N)
T2 Fxpa(kIA) fa(X) dA P(X =k)
)\ie—xi)\a 1,-A
_ kT T(e) (B 1)tE \etk—1,—(B+1)A >0

B T(a+k)  T(a+k) ’
kIl (a) (B + 1)tk
ER AS0DEE fyx(M\k)=0Thd, IO, X =k DRHEDLL ABAYIHA T (a+k, 5+1)
IZHED Z e b oz,
(2) (Y, ) DFEREEREBEE f(y, \) 1 f(y, A) = fyiaWIA) fa(X) TH205,

/Oo fly, A)dA /Oo L2022 0% jom1-m gy s /Oo AoFE—1e= (A g
= ) = e - e = — e
Y 0 \/27/A I(e) V27T (a) Jo

a T 1 T 1 1/2 —a—13
__B (a+3) _ (a+2>(i) (1+527) "
V2rl(a) (B+ 392tz Val(a) 28
ZIZT. a=FThNIY FHHE 20 Ot HMHITHRD 2 LITHERT S (¢f. EEL3.6), KIT. A>00DEE,

BY  yati1,-(B+%

Iyl V2rD(«) R %y2)a+% atl-1_—(B+iy?)A
fAIY()\|y) = fy () B F(a+%)(i)1/2(1+i 2),a,% - F(a+%) A e .
V(@) 257

FRAS0DEE fuy(Ny) =0TH3, ZN&D. Y =yOREOEL AEH YR T (a+ 1, B+ 1y?)
D Z e B bh o T, O

BISE 2.2 (X,Y) DREHERSE f(z,y) = Y35,

Kry (0<2,0<y,a2+y?<1)
0 (Z Dfth)

B K %2R &,

(1)

(2) X ORENEERE fx(z) Z2RkD &,

3) 0<a<1DEE fyx(ylr) ZRD, P(Y > L|X = 1) 235t &,
(4) T=X+Y &35, T ORMGBIE Fr(t) & BEMB fr(t) 2RD &,

Vi—z? K
17/ fxyda:dyf/dz/ Kxydy = -- :—J:DK:&
R2

@) fy(a) /_ Foy)dy k0. 2¢ (0,1) DEEFHEMIE fx(z) =0. 0<z<1DLE,

8rydy = 4x(1 — z?).

fx(@) = /m

0
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(wf?ﬂmmfmw){1@2(0§y§¢iﬂﬁ).

fx (@) 0 (Z D fth)

> 1 VISGE gy 2
fnx(yb) dy:/l dy = .
0,V2<tDEE Fr(t)=11HSH, 0<t<1DL X,

Pl r=3)

|

A

[N

(4) t<0DrE Fr(t)

t x—t
FT(t):P(X—i-YSt):/dm/ 8xydy=~~~:%t4.
0 0
2 _
1<t<V20eE oty=1t22+9y> =1 DXED 2 EIE% o, B (a < B) £ TDL. a+f =t af = t 5 1.
EoT, (B-0)?=2-12 L R2ZILIHERT S, £oT.
B Vi—z?
1—FT(t):P(X+Y>t):// Sxydxdy:/ dx/ 8zy dy
t—z<y<vi-z? a t—=
B 3 g
= / {42(1 - 2%) — da(t — 2)*} doz = |:3t.’IJ3 ] (g l)xQ}
8

(3= ) {3t (@ + 87 - a8) = 2a + H)a® + )~ 2 = (a+ 5)}

=V2-12 {;lt (£ +1) —2t(t> =2 +1) — 2(t* — l)t} == %t(2 — 2)%/2,
UEZFEHT,

0 (t<0) 0 (t<0)

Ly 0<t<1) d 4 0<t<1)
Pr(t) = 9 3 y fr(t) =2 Fr(t) =4 4 3

1—§t(2—t2)3/2 (1<t<V?2) t 2 -1Dv2—1 (1 <t<V2)

1 (V2 <t) 0 (V2 <)
2.6 FERZHOMIIME
T 2.8 (1) WREHOI X1, Xo, ..., X, BT THS L3, FEED 11,20, ...,00 € RITH LT

P(Xy <w,Xo <29, , Xy, <) = P(X <) P(Xo < w2) - P(Xy, < 2) (2.14)

LB L EZITWVWD,
(2) MR DMERZE DR { X} BWHSITH B LiF. ZOLEOERIMAS Xy, , ... X, WS TH B & &
IZWa,
MBI DT X1, X, ..., X BT THDZ L L, (1750 Borel 4 By, ..., B, C RIZXH LT

P(X1 S Bl,XQ c BQ,"- ,Xn c Bn) = P(Xl S Bl)P(XQ S Bz) . P(Xn < Bn) (215)
LB ENEMETH D, REHICIZEIZF S Dynkin RS Z A5, ) Rz, #EdHEREHTH L
P(Xi =21, Xo =12, , Xp =2) = P(Xy1 = 21)P(Xo = 23) - - - P(X;, = zp,) Vry,®2,..., 00 ER
CEMEE 225, Mo EGEIERAE R OGS ITIROEH TR S & S IZERFEERBRERZFNET N0 —IRT A% E
BB OBEIZHRETENIE IV,
EE 2.9 fd MR AHON Xy,..., X, PN THZ Z b0 BBE+REMER. (X,...,X,) OH
R f(2,...,2,), X; OFUEERBZ fx (x) (j=1,...,n) T2 &

flrr, 22, ... xn) = fx, (x1) fx,(x2) -+ fx, (zn), Vri,T9,...,2, €R (2.16)

ML THIETHD,
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BERA: HuxtEf I TH B0 6 (2.14) 2 EEREKTRT L

/w/ Ftito, oo t)dby - dty, = (/w P (B)dt) x - x (/fon(t)dt) (2.17)

IN%E zq,- 2, TENTHN 1 ETOREMSTHIX (2.16) 2155, FiT. (2.16) 2% 2; ([ZBAL T (—o0, 2]
DOHIPFTERD T (2.17) 2155, O

Bl 2.5 X = (X1,...,X,) & n XGGIERSA N(pu, ) 125 T2, p=(u1,...,0n) B = (0i5) &<,
ZDEE, Xq,..., X, PN THB72DDOME+DEMEN, X BRNATIHITHEI L, b, i £ &H5E
,i%'f@@jw@(fij:o K&é:tf&)éo

FERA: () X AATTHOL & X7 EAITHITED jj BiiE 1o, THEMS, SN

1 1 r—1
—z(@—p)'E7 (z—p) _
(2m)/2(det 2)1/2° H

(1-—”)2

T (2.18)

27TO'H

DRI T B, EoT, 2.9 & VI THS T EARES
(F41E) SEHWMOFTHMT 5 (B 412 LZTOR), O

Bl 2.6 Xy,..., X, S CTHAMACHRD (1id &EFL) ERLEKE L, F(r) TX, O0HEKERT, Z0
EN ?7(75§EJZJ’§‘E>O

(2) F(l)(a:) %X(l) = min{X1,~- X }0) \jﬁggﬁtj_ét 1—F(1)(.13):(1—F(1‘))n &tﬁéo

BEER: (1) Fx,, (z) = P(Xi <x,..., X, <2) =[[j_, P(X; <z) = F(2)".
(2) 1= Fx, () = P(X(1y > 2) = P(Xy > ,..., X, >2) = [[]_, P(X; >2) = (1 - F(x))". a

WU 2.7 Xl,XQ ﬁ‘ZEj’C %‘ Xz 7J§ Poisson éj\zﬁ PO()\Z) ()\1 > 0) c:'fiéﬁ bl g’\ Yl = X] +X2 el er = XQ D
FRFD A ZRD K, 72, V) OFASHZRD K,

: (V1,Y2) DLV S 2MHIE. (y1,y2) €221y > 12 >0 THB, ZDO&E, R

)\%*742)\1}2 \ \
P(leyl,YQ:yQ):P(Xl:yl—y2,X2:y2)=17'2' T
(yl —y2)'y2-

L5, 7. Y, OFAMEE g € {0} UN IR LT

Y1 AY1TY2 \V2

P == 30 2 e LS

<y1>,\yl v2 AP =M Ar+22)" _(x4a0)
ya0 Y1 y2)lye! ya=0

Y2 1!
L7 ZHILY, B Poisson 734 Po(A1 + o) IS Z & ZRLTWS, O

BISE 2.3 (1) X,Y,Z HH3 T X 1 Poisson 446 Po(N), Y 18195 Ge(p), Z IZF58 i Bx(a) 125> ¥
*PRX=Y) & p(zx <Y) &R &,

8 P2X=Y) ZP —mxzy):iP(X:k,Yz%):iP(X:k)P(Y:%)



T 2.10 m KTHERER X = (X1,..., X)) & 1 IRGTHERER Y, ...,Y, PN Thd 2 T5: Mk,

P(Xl lea"' 7Xmgxma}/1 Sylv'" aYnSyn)
=P(X;<z1,- , Xpn <zpn)PY1 <y1) - P(Y, < yn), VZi,.o o Tm,Y1,---,Yn € R

Y55, ZorE, f:R™ - RA Borel THTHNE, f(X1, , Xm),V1,..., Y, BT TH B,

AEIEHE L VD CAKT B, (722 A1, B3R Dynkin HOEE A AV CAEITE 3, )

3 HEREHOE#HR
3.1 A EG R R DR

B e RS B D ZE W 3] 2.7 B MIEIZ D B & S ICHI BB I ER T E -, MO EE IR TR DG
GBIEIRDERD OEBEBRO NN EH NS,

(1<i<n)? fx(z, - ,2,) > 0 BBHKTROME (1)-(3) W7z R 225 R ~D 15 1 &L
T 5,

(1) 28y, =ui(z1, - ,2,) (1<i<n) BEOCZTOHEW 2, = v;(y1,-+ ,yn) (1 <i<n) ldEHiTH
icThd,

.. g ai .. N N e
(2) (LR 8; (1 <i,j <n) BIHELTHIETH 5.
j
N a(xly"' ’«rn) N -
3) Yavryy —2 " RO SR,
( ) a(ylv uy’n)

ZOEE Y, = ui( Xy, , X)) (1 <i<n) T(Xy, -, X)) & (Y1, ,Y,) KE#MTZLEE Y =
(Y1,---,Y,) OOEIEHOERT T2 OBEER fy (1, ,yn) RIRATEZ 5N 5,
8(1715"' 7'1;”)
a(yla"' 7yn) .
FEER: (a1, - ,an) ERMIZHUT E = {(z1, -, Zn);ur(z1, - y2n) < a1,y tn (@1, ,20) < ap} &
BLe, ZOZMTEIZE ={(y1,- ,yn);y1 < a1,...,Yp < ap} THIET 205, SEBEAROE S DL
BEBDOARNIZ LD
P(Y1§a17~-~,Yn§ n) — ulX17"'7X’n)§a1)”'7un(X17"'7Xn)§an)

S

an) = P(ua(
E)Z/"'/Efx(ﬂh,'",an)dml"'dxn:/"'ElfY(ylw",yn)dm"'dyn

fY(yla"' 7yn) = fX(Ul(ylv"' 7y7l)a"' 7U7l(y1a"' 7yn))

:P((Xla"' 7Xn)

N A Y
T 3.2 (X,Y) OBEREEE f(r,y) 295, ZOLE, Z=X+Y 2T§5% 7 OEEEK f2(2) 1k
fz(z):/ flt,z—t)dt

LB, BT, P(X >0,V >0) =175, fz(z):/ F(tz—t)dt (2> 0), =0 (2 < 0) 2% 5.
0

HEA: Z=X4+Y, T=X2 0O EWaEFEXZ, X=T,Y=Z-T&HO¥Yar7rik
o(z,y) _’ 1 1
o(t, z) 10
$oT, EH31 & (T,2) OBEBREZ fir.2)(t,2) = ft.z —t)| — 1| = f(t,z —t) LBRBDT, fz(z) &
Z DJAEEREBE 256, t THALTEHEATEZAoND LD 5, O

‘:_1.
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EIE 3.3 MERAM Xq,..., X, LT, & X; EEBDA N, 02) S22, ZTOLEY =
Xy A+ -+ X REBSE N, s, Y0, 02) 12655,

FEBA: n =2 OBEEICHIHT 5, ~MOBEITEH2.10 &0 X1+ -+ Xp & Xppg PHESLICR D Z 2123
i 1 7(%’*#;1')2
BUT, ShaDELAVIEE . X, OBEMEIE fx, (o) = ———e 1 THY. (X1, X5) OF
yxers
FRe 2 1 BRI le (I1)fx2(302) THhot, UEkDoT, Y =X, + X, OFEEBUIER 3.2 £,

fr(y) :/00 ! exp[f(til”)2 — (yiti’@)z} dt.

2 2
o 2T0102 207 205

ZIZT. u=t—p £BE, expDHFE u IZDOVWTELERT DL
W (y—u— g — )’ __U%Jrff%[ _of(y—m—uz)r_(y—ul—uz)2

202 203 20203 o2+ 03 2(0? + 03)

/ ~2 2 2 _ _ 00
EHD, s= 01+02[u_01(y Hi MQ)]KB%\/ e_%szdSZ\/QWXZ’;%)Z&%ﬁHb\E)&\

0102 O’% + O'%

S O B e e )
fr(y) = %(0%4_0%)(9 p[ 2(0? + 03) } .

T 3.4 WERER X1, , X, WM T, & X; BAH Y04 Ty, B) K> 2T 5, 20X Y =
X1+ + X, BAVYIBMHTON o, B) 128D,

FEEA: n=2 OBEITEIHT 5, —MOGEIF. X1+ -+ X & X PHSLICRZ ZEITERLTINE
BOBUHAVIIEE Y, X; OBREREE fx, L9258, V=X, + X, OFEEEBUITH 3.2 L0,

6a1+a2 max{y,0}
)/ oy — )2 te A= g (3.1)
0

fww/mhxmx@wmmmwm2

y<O0DELE fy(y) =01FHLN, y>0, &, t=ys LEMTLI LT,

Yy 1
/ talfl(y o t)agfl dt — ya1+a271/ Salfl(l o 3)01271 ds — ya1+a271B(OL17O[2)
0 0
L, Wi 2.3(3) ZHWT (3.1) ITRAL T,

pertoz o+ 2711"(0[1)1“(&2) By porte: 1tas—1_—By
=y TN e = TR O
fY(y) F(Oq)F(OQ)y F(Oél + 052) F(O(l + 052)

32 ERBEHICEIZEEFFEY - MEOME TOEBD2H

WOE AP E AT, A T(2, 1) & HHE n OB 1 ZF0ME 2 KRS 2103,

T 3.5 MERZH X AENEEBIAA N(0,1) 1S5 T3 &, X2 WHEE 1 OH 1 “FHA (2 1<
BES . BT, HERZEB X, X BRI, & X, REMETEHAG NO,1) K> 2§53, cor X,
Yo = X2 4+ X2 EEBE n O 1 RN (2 TR,

BEER: X AYN(0,1) 25 &L, Y = X2 295, (y=2? 31X 1 TERAVOTER 3.1 XL, )
y<0DEEPY <y)=0&D fy(y)=0. y>00D& &,

V¥ 1.2 /‘/771 1.2
0

PY <3) = P(X* <9) = P(-VG< X < Vi) = | =

-V \/27T
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a1 2 Ly 1, (/2)Y2 .,

<. _ L) r_ 1/2 ,—ty _ 1/2,-3y oo . (L) =
£-T, fr(y) e (Vy) Vi raa Y e ,y>0 T.I'(3)=vm
BV, LEXD, BHOFRIIES, BEOERIK. X, -, X, FHTHIE, X2, X2 0T
HBHDT, TEH3ADPSDRIEL D, O

FERZEHE X1, ..., X, DY T N(p, 02) 1SHED & %,

[\V]
i

5

— 1< . 1 —
e M/ i; : = — i ~ N : 2 = —_— i — 2
BAT: X = ;ZI:X B ;:1()( X)

DRI DNWTEZ D, £3. RIZODWTHZ 5,

TIE 3.6 (1) MREMY,Z WHIT. TRENY MRHBE n OF 1 TN \2 10, Z FEEEHEN G

-0 = . Z N = 4
N(0,1) 12665 £ &, T = L RROBENIE fr () £ 62,

ZOEETIZAHRE R Ot 046 t, IZRES WS,
(2) WERAH X, Y PHILT, ZNENDEME m,n D71 =T X2, X2 i L &, W = T2 3o
EHIEBI fw (w) 25D,

(w > 0), =0 (w<0).

ZoLE WIEHHEE (m,n) ® F 56 F 2/ L0,

ALE I E M § 5, O

TE 3.7 Xy,..., X, BHIT, TNENE—-OERNE N(u, 02) 15> £ T2 L &, WARTLT 5,
2
(1) X REBHA N(u, %) hE>,

™ (X — X)2 1,

=1

- 1
2) X & U?=——
(2) p—

-1 1 & - -
(3) ”02 Uzzﬁg(xi—x>2 ZEHE 0 — 1 DA D 2, 1S,

] Xi—n . JU
FEER: Z; = M,z:l,...,n B &, Zy, o, Zy BHSLT N0, 1) 12D, IRIT
ag
1 1 1 1 —k
S . - e 7 0---,0), k=1,---,n—1
po <x/ﬁ \/ﬁ> P (\/k2+k N = )

K 1@
Ty,... Ty BHSET N(0,1) 2065, KW (21 Zn) DEEBEE f(21, - ,20) ETHE.
L 1 1.2 1 N1 L2
= e 2% = [ —— —3 2ie1 %
f(zlv 7Zn) Z];[lme (\/ﬁ) e
THBN, (T1 - Ty) DEEBE g(tr, - tn) &t tn) = Plzr-20) &0 (21 20) = Pty 1)

prame |2E I G b 1T s (s ) b= () EETE
a(tlv"' 7tn)

n n
Y ot=2z=(Pt)Pt=t'PPt=tt=> t (3.2)
i=1 i=1
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kb, EH31 LD

(21, 2n) 1 L
tryo ) = f(P'(t1 - t,) LR - 30t 3t
g( ' ) f( (1 )) a(tlv : 7tn) ( 27'(') Hme
ERBMSTH S,
IIT. T = 7:2

g

X = > (0 Zi+p) Ty +
i vn

S|

1=1

S

2
%) CHES, £, (3.2) &0 222 S T2 CHEM, Z =~ ZZ r¥ae

i=1 i=1

THEMS, YciN(u

n n

ﬁé 1§:aZ+p—aZ u):E:ww4Z2—§]zhaZz+Zﬂ (3.3)

—QZE:Z+4M —E:Zﬁqwr_EjT?—nQ—qﬁ }:TQ (3.4)

LoT, &35 E0 (3) RS, /2. X BT OATRENZ I e 34) BECT, -, T, BHITH
BIE,MSER 210 £0 (2) 13

Ll =

[
MN

Il
-

REER D X [
X2 (o) THHE n © x? 5046 X2 ODJ:{EJaﬁ ED% X Xnd)}:%\ P(X >x2(a)=a k5T 5,
oL &, U? 2 RI#E | RDT,

n—1

;U7 < xi_m/z)) ~1-a

P(x2_i(1-a/2) <
b, INEERLT
(n—1)U? < < (n—1)U?
Xn-1(a/2) = T xh1(1—a/2)

LRBM, U ICEBUE u? 2RATEZ LT, 02 D 100(1 — )% EHEXE %155,

T 3.8 X1,..., X, PN T, ZTNENEA—DIEMRD M N(u,0?) IS LT B L &,

_ X
VU?/n
FHHBEn - 1Ot D fit, | XS, 22T, X IEAFEY, U2 IRRIRERT.
ﬂ%:i@&?&bz_xﬂﬁ Y = %ﬂtB<K\ZtYuﬂﬁTZMNmJML)WL@AK
g J

>, ZZT,
(c/Vm)Z %
V(©@Y/(n=1)/n  /Y/(n-1)

YRBH, EH6 (1) KD Tty KD ZEBbHE, O

RS R DG ORFEY O K [ &
to(o) THHE n Ot 26D (Fll)a s, BB T 25 t, RIS L& P(T > th(a) =a L2 EET 5,
ZDrE, EHM38 LD

X —p
VU?/n

24
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b, ThEZERLT

2 2
X a0/ - < u < X+ tui(a/2)y)

n

Y5 H, X b U2 ICERET & u? #RATSHZ T, 1 ® 100(1 — a)% (EHKE %55,
Bl 3.1 [TS p.96] XD IXD % B AN 6 BOTEREPE L 2 HTH 5.,
25.13, 25.32, 25.06, 24.98, 25.18, 25.17 (WAL kg)

DR ODEAIR O E I ESEEERN N(u, 02) 1260, ED 6 [HOBUE IR, T ORER D & O AR IEA
EHT, (a) o2 & (b) u D 95% [FHEAK % KD &

fR: T =25.14, AN % =22 — T2 = % &0 u?= gs?
(6 —1)u®  0.067 (6 —1u?  0.067 .
= = 0.005222 = = 0.080606 X
(2) x2(0.025) ~ 12.83 " x2(0.975)  0.8312 b
kb B EFEX I 0.0052 < o2 < 0.08061.
u? { 25.0185

b) T4+ £5(0.025)1) L =
() 5(0025)y/ 95.2615

L D RDBEFXMEIE 25.01 <p<2527. O

4 HifFE
4.1 Lebesgue F&ED

Lebesgue B3 IZ W T R™ £d Borel Al HIEAE o(x) & n IRTGHEREH X = (X1, -+, X,) L
<. /gp(X(w))dP(w) DB & BB,
Q
Ist step (@) BHEBBO L 2, Wb, ol@) = Son apla, (z) EEED L E, ZZTL ar,...,an € R,
Ai,..., Ay € BR") & L. 1A(£IZ) 13 A DEHEBBERT,

1 (€ A
1“”{0 o

IOrE, MDESITEHT D, (KKl well-defined 72 ¥ 5 DAL T NIEE S BRNHEKT S, )

N
/ P(X (w)dPw) =Y arP(X € Ay). (4.1)
Q k=1
ZIT. o, BEBITHEET p(x) < ¢(x), z € R", “C“B’M’lef/
LI BT LIRS B, (GEVIAKAT, ) *
2nd step p(x) > 0D &, £ qge NITHLT,

MXMMHWSLMXMMHM

. 1
Aqyi:{wGR”; ! §g0(:1:)<l+ } (i=0,1,...,¢27-1), Aqugq:{a:ER”;go(w)zq}

21 24
q21 i
UL py(@) = 3 o, (@) BB, ZOLE, pyfe) BT (41) kD /Q pu(X () dP(w) 1%
1=0

%%éMéo::ﬁ\%m»S%H@%wGR““@%bf/ngwnamnéf¢ﬁuanﬂww
Q Q

25, £oT, {/ ©0q(X (w)) dP(w) } IFHFRMFA DT, D q — oo & UzMRIZMB K2 L Lk
o)
WHEHRI NS, TNEHWT, £/ lim () = p(x), ITERLT, MO XS IZED D,
q— 00

| exX@)aPe = i [ oy(X@)aPe. (4.2)



(RKEZ ZTH, BOMEDNF {p,} DL D HIZESROPEARRITNIELR SRV ERT 5, )
3rd step —MED p(x) IZDWT,

¢"(x) = max{p(z),0}, ¢ (z) = max{—p(z),0} (4.3)

LB OEE. (@) 20, 9(2) > 0 BET, pla) = ¢H(a) - o (@), |o(@)] = ¢ () + o= (@)
B95, IhEMANT, /<p+(X(w))dP(w)<ooi?‘:ti/go_(X(w))dP(w)<oo@2::€(\
Q Q

/ (X () dP(w) = / o (X () dP(w) - / o (X(w)) dP(w) (4.4)
Q 9]

Q
LEDD,

SEE 4.1 LROERIL. u(B) = P(X € B) (B € BR") IC &> TEHSNBHERME 1 (X DO LW
5>Kﬁbf\/ o) dp(x) ZEHELAZZLICHY TS, B2, n=10¢ & ZOWMH EHELEH X 05
R'n.
ﬁ%ﬁﬁ@ﬂ%%mf\/ o(z) dF(z) LRTZ L hD 5,
BUR @ Lebesgue 2RO EM 4.1, 4.2 KNI T 5 Z L ICERT 5. GEVIIBISET# T Z &, )

FE 4.1 (1) B ERALEZ2ET 5, HRMEOTER 4.3 TERS, )
2) o) >0, /Q P(X(w)) dP(w) = 0 = P(p(X) = 0) = 1.

FE 42 Plp(X) =0) =1D& &, FLAEY VWS LA (almost everywhere) o(X) = 0 &\,
lp(X)=0ae.] £XT, (IZL AL (almost surely) £V, Tp(X)=0as.] EXRTZILHHD, )

EIE 4.2 (1) (RBINEEIR) (R, 0) 2 HEEN L 55, THEROT {f,(x)) AHEMATHBHINTS S
£92%,0< fi(x) < - < folz) <--- ae. TDEE, RDKILT B,
Jim [ ) dute) = [ (i 1,(@) duta).
(2) (Lebesgue DUNRERE) (R, A, p) ZMEZEM L T2, FMIBEKDH {f,(x)} 26U T. » 25w
M (z) T/ M(z)dp(x) < co Ziifi7zdHD (BB E WD) BIEFIEL T, |fy(z)] < M(z) ae. (¢=1,2,...)
BT LB LT B, cOLE, f(z) = lim f,(r) ae. BEELTTHMTHNE, f(z) bTRSTHY . K
q—00
DT B,
i [ (@) du(o) = [ F(@)duto).
R R

q—o0

42 HIFEOESE

§4.1 CEEfFEL 2R EZHVT. >0 a@éw;t/

Q<,0+(X(w))dP(w) < oo if:(i/ ¢ (X (w))dP(w) < oo
DEE, MFHE Elp(X)] 2

Q
Elp(X)] = /Qsa(Xw)) 0P (w)
TEHET D, IROEHMHANIT 5, FFHHIZEKET 5,

EE 4.3 o, : R" — R % Borel JHIFIE. a,b,c 2EHLT B, ZDLE, RIVKILT 5,
(1) p(X)=cae DEE, Elp(X)]=c

26



(2) ¢(X) <P(X) ae. DEZ, E[p(X)] < El(X)].
3) [Elp(X)]| < Eflp(X)]).
(4) Eflp(X)[] < oo, B[p(X)[] <oo D& Z. Elap(X) + bip(X)] = aElp(X)] + bE[(X))].

X HEERCEL, Ao ER LD & 2 OFMRGIEICET 2 EHE 5 X 5, ¢ R” — R % Borel AJHIE%E 5,

<
<

EH 4.4 X MPHEEIERLEBO L E, TDL D S BE% 1,2, ... LTI,

Elp(X)] =Y olxr) P(X = zy). (4.5)
k=1
q27
SEBA: >0 292, §4.1 0 2nd step D& ST g, (x) = Y. S la,,(X) LEHT B L,

1=0

q21 i q29 i

Elpg(X)] = z% @P(X € Ag) = Z% 50 ) Z:A P(X =xy)
= 1= R €A

q21

= Y wu@)P(X =m) =Y pg(@i) P(X =)
k=1

i=0 k:xp€Aqgq

22T (i} BHABBIAEDT, 1 py(e) = p(z) 1SR LT RBIUER (HEQUE L LT) %
g—o0
FIVHIE (4.5) 2185, —BOBEAR, (44) L LTEETZ0ENE, 0> 0 0BV EIT3, O

I 4.5 X AHGEGRRERERO L ¥ T OBEERNE f(o, ..., 1,) LT,

Elo(X)] = //Rp o(x1, .. xp) f(x1, ... mp) dey - - - dxy,. (4.6)

SEFR: GlSAMEIC S 5720 1 IROCHERZIE U CRLT, EB 4.4 OFREH L FERRIZ ¢ >0 & U, §4.1 D 2nd
step D pq(x) ZHWDS &,

q2? . q2?

Elipg(X)] :Z;TJP(XEA(JJ)ZZ%/ f(z)dz
=0 i=0 Ay
q21
= ; /Aq,i wq(x)f(x)dr = /R‘Pq(UU)f(x) do

22, {p () f(z)} BRIFEEREFBMNGZD T, BREIAERE VT (4.6) 285, —HD o (LT,
(i) LFBRIZ (44) L LCEHTBOENSHSR, O

FER 4.3 2 MOTHERZE (X,Y) 2 X FMBIL T B 5D 21, 20,... T, YV IFHEHRTH 5 IEA
Borel B# f(z,y) Z2HWT

P(X:xk,YSa):/ fzr,y)dy aeR, k=1,2,...

LRINBGE
wam=2/gmwm%w@
k=1Y

BN, T 4.4, 4.5 LEBRICEATE 3,

TR DN &M DBIFR T, IRIFEETH 5,
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EHE 4.6 HEREB X,..., X, IMZTHBL U, @1, , 0, EBorel Tl TH B LT3, 20L&, b L,
ERD j T El|p;(X;)]] < o0 'Ciﬁﬂ I E] ’@1 X1)p2(X3) - (Xn)|] < oo THY., IRMPWILT 5,

Elp1(X1)p2(X2) - on(Xn)] = Elp1(X)]|Elp2(X2)] - - Elon(Xn)]- (4.7)

SEER: fliHD7 n =2 DHAITIHNT 2, X1 =X, Xo =Y, 01 = 0,00 = ¢ LT

st step  @(z),¥(y) PHEE o(r) = Zij\il aila; (z), Y(y) = Z;V:l bilp,(y) D& &, 1a(z)lp(y)
TEAMDOYEBDLEDKRLITERBERMEED S, p(x)v(y) = S im, Yoy abjla, (v)1p,(y) & HEEK
T, MO EHRE 28 L ZDH L DIERIZLY,

M N M N

Elo(X)y(Y)] = ZZaleXeAl,YeB ZZaleXeA)(YEBj)

—Zaz (X € 4) Zb P(Y € By) = Elp(X)|E(Y)]

2nd step ¢ > 0,9 >0 D& &, §4.1 @ 2nd step LRI, & ¢ € NI U THEBEE ¢, ¢, ZEHRT 5.

DL E, lIststep IT&D
Elpg(X)g(Y)] = Elpg(X)|E[1bg(Y)]

L7B, TIT, WEIGRAERE (FH 4.2 (1)) 124D g — 00 8352 LT (47) 85, BT, Ellp(X)]] < o
e EW( )|l < oo THNE Ellp(X)p(Y)]] = [I (ONE[[Y(X)] <o &bl rbbhol,

3rd step —MD ¢, DHAE, (@1/))({1,‘731) = p@)Y(y) LEFELDIDET S, TDOLE, (43)D&LSI
et T T ()T (p)” BEDB, TDEE,

()T (z,y) =T (@)U W) + o (@)W (1), (o) (zy) = (@)Y~ () + ¢ ()¢ (y)

43 TE(E—AV ) HE

EE 4.1 X 2HEREH. r> 0235, TNZTLOMIFENERZSIND LT 5,

(1) EX"| &2 riROFE (E—AV D) WS, KT, r=10D¢ &, EX] %2 X OFHE WS,

(2 p=E[X]2T22E E[(X—p) |2 FHADELY D r ROFRE VS, . r=20¢ % E[(X—p)?
X ONBEVWV(X) 2R, £72. o(X) =/ V(X) & X OREHE(RE LW,

(3) Mx(t) = E[e¥X],t € R, % X ORRFEBE VS, Ax(t) =logE[e!X],tc R, 2 X DF 255>
ML VS,

TR 4.7 X O r IROB\EVFHET DL E, s (< 7r) ROBEREFHET 5,

SEBA: |X|° < max{L,|X|"} <1+ |X|" THBMS. B|XP] <1+ E|X[]<oo &0 FET S, O

COEMIZED, EX? <oco D&, VY EX|LHET S, £z, 2O E (X —¢)? = X? —2cX +¢2
LB, DV (X) BFET 5.
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R 4.8 B[X?| <00 &§5, ZDLERMBHEY LD,
= [ |- EXP. (2) V(aX +b) =a®V(X) (a,b 3EH).
(3) V( )= S5 X =pae., 72720 p= E[X].

SEBR: (1), (2) MBI E T3, (3) 1BEM AL (2), B 42 25HH, O
Bl 4.1 BEAHAH QWG L L. BEREEEE PIRT 5.

[A] BB RS E D H]
(1) “346 B(n, p)
P(X=k)= (Z)pkq”_k, k=0,1,...,n, (¢g=1—p) &P

— 1)1 .
k —k _ (n k=1, n—1—(k—1)
Z kl(n qu Z E—1ln—1- (k-1 1

= np(p +q)""" =np.

_ - n! k_n— N (n—2)! k—2 n—2—(k—2)
E[X(X—l)}—Zk(k—l)k!(nik)!pq n—lpkz Y n727(k72))!p q
=2

=n(n—1)p*(p+q)"? =n(n—1)p°

L5056, B[X?=EX(X-1)+X]=EX(X-1)]+E[X]=n(n-1)p*+np. oT, V(X) =
E[X?] - E[X]?=np(1—p). £72. Mx(t)= (e'p+1—p)". O

(2) Poisson 434 Po(\)
P(X =k)= A—.e—A k=0,1,... &b

k!
o A v A AN
—Zkﬁ@ —A@ ZW—/\e e —A
k=0 k=1
L7z, ZHHDAE EFERBRIZ LT
EX(X-1)]= ik(k — l)A—ke )\26_)\i A =\ et = 22
k! (k—2)! ’
k=0 k=2
L%, 5T, V(X)=E[X(X - 1)+ E[X] - E[X]2= N +A-X =\ 7z, Mx(t) =D 5

AT, E[(X N3 = A, E[(X — N4 = A+ 302 £ 5505, ZAUTIZFEREEESE L IdF 245y MR
ARV TEE (of. BIE 4.2) LARVE 200,

(3) &7 Ge(p)
PX =k =1-p)p, k=0,1,..., 23, HE Y 2% ONEHERIE 1 THo7205, 2| <1 DL EZ DMK

BIHTETHERMATE (of. R A2).

;kxkl(;;(zxk) :%(1ix) = (1_1;5)2

k=0
kzﬁki(k - 1)xk—2 _ di(kz_l ]{;xk—1> _ C;i((l _1x)2) _ (1 _Qx)g
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Lo T,

= kZ:lk(l —p)'p=(1-p) ;k(l -p) = 1 f((l _p)))z = L
V(X)=E[X(X -1)]+E[X ik p)*p + E[X] — B[X]?
k=2
_20-p?p  1-p 1-p\2_ 1-p
Ta-a-pP b ( 2

p p
) _ P | (1-pi4+1-p .
(4) BD IS4 NB(a,p) (> 0,0<p<1)
P(X = ):(Q+Z1>pa(1—p)",n=(),1,2,....
i_ds\<a+::—1)(Oz—I—n—1)(0;;#71—2)--&(1)n(—04)(—01—1);1-!~(—Oz—n+1)(1)n<—na)
Yo o= (_a>m"(|x|<l)i@‘ S P(X =n)—1 LR3I LICEET 5, DL X,
n=0 n n=0
_ .« - —a—1 n—1_ ,« —a—l_a(l—p)
~» <—a><p—1>;1(n_1)<p—1> = alp - )L +p- 1y = A
@%u\mn—n<?>=(ﬂmpa—u<ztj>;@zﬂﬂx-1ﬂﬁiio\vuj:a%;p)am
3. 7. Mx(t) = ﬁ,t<logé, TH Y B[(X — E[X])?] = O‘(q;j@ Y5 (g=1-prli).

oo}

BB (1 + 2) z;( %ﬁ®mﬁ¥%ﬁlﬁ%5@6 R 2 FIAT 5 2 LT, ST & A
=0
i BIX] % B[X(X — 1)) 235 T% 5 2 LIz 08T 5,

(5) PHIBFAEL 75l
BoE%E v, = (1) 1k k=1,2,..., TOHLE P(X = (-1)F1k) =

)
Z) o]
> re = =3 (- ) <

R0 X IHENITHERE R L 050 X IFIEQABE AOMBAMHIZE 52 Z LITIERL T,

8

1 =1
Blmax{X, 03] = Z TV IC Ty ;5 >

Blmax{ =X, 0}] = 2_: SToTE] 2l+1 Z

R DSEBIFIFEEL RN, Z0GE

k 1
D (=D ks DR B
P k+1) = k+1 —

VAP L, — REIREAEE L 7 5 20, 2 OB TEAEEL RN ET 5,
[B] e e sk 2 e oo i

—1—10g2
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(1) —#&53745 Ua,b)

b
E[X]:/x ! dx:a+b.
« b—a 2

00 (x-S - [ - S e [ S - Y A - S
(2) # < 3 T(a, B i
E[XC]Z/ xcﬁxa_le_ﬂxdx: s / zeto—le=hr gy — p* I(cta) c> —a.
0 0

&’fo% F%£FQ+ ) (a+1) rley g
BIX) = ps = = & B = e TS sy () = BIX?) - (BIX)? = o
M (t)—(/go ‘i - “/f =B g = éa)/go cta-1 <ﬂ6t>zd _ B Tl _( B )a tfﬁ
O O OV T B-ne T\t TP

%ﬁﬁﬁYaEﬂ)iﬁ/vﬁﬁTaflﬂ \DLEEDS.
1 A
E[Y] = 1. V(Y) = 5 My(t) = 75, t <\
(3) EMAG N(u, 0?)
THETERIAG Z ~ N(0,1) DBEEEZ S,

° 1 22
E[|Z]*] = o “%d v~ d
121 = [ e = [T e s
292 ra+1
(26)°F etdt = =T (—=—).
\/27r/ VT ( 2 )
EELa>-1/28 L, a< —1/20k&F E[|Z]*] =0 THhB, ZNED, $_TOne NIZHLT

E[Z") BAFEL. n REE0 & & BHERSHSBIIEE DT B[ZY) =0 £ %5, n=2m BEE0 L =

)\2’

M 9m4+1N 2 2m—12m—3 1,1
Eprrgr(m+):AfﬁLfﬁlﬁanC)zmm—M!
Nz 2 /T2 2 27 \2

X —
Yib, ROBE X ~N(po?) btsr z=2"F

~N(0,1) DT,
EX]=EloZ+u=pn  V(X)=B(X-n? =E[*2%] =0"

2135, 7=,

Mx(t tX / (12:) dr = - - /OO et(gz—’_#)@_% dz
27ra V2T

_ et/y&€7§{(z7t0)27(w’) }dZ _ etu+%t2a’ 1 (z— to)? dz = 6tﬂ+%t20‘2.
vV 2 /—oo \/

X DERID A N(p, 02) 126> & F,| Y:eX®ﬁﬁ%ﬂWEﬂﬁﬁtwoo:@t%@%%%47;m(Y
DEMUE)<(Y OHFHRAE)<(Y D) &b, FifEXPHEELIODMIHLEI EZEZSNTNDED, T O
AR RO T =2 sbbnrd

(4) HHE n @ t 7346 t,
T B 0 O 14 1, (S6ES £ E, EIB6 (1) £0 T =2/\/¥, Z~NO0,1), Y ~ 3, Z &Y 1
YEEDH, TIT, Wk E HEE 0 OH 1 RS (2 BA VYA DL, L) LAUAEICEET 5 2

o al, 2 —a 204/2 a+1 gr(n_a) F(LH)F(M)
B(T*] = B[ Z1"n% Bly 8] = Z-r(S = Jnd oo p = =2 2
vE V2 )2t T VAR
FoThkeNIZHLTn>k+1ThhE BT FEHRSI N, k BHRRS B[TF =028%%, n>30
L&

PN 2 5TEINCE?) n

V=PI ==y VR T VR o



2
LHB, n>EOLE BT = — S ynn, £, MRS LA,
(n—2)(n—1)
BISE 4.1 X,, i € N, N 387 2R E8T. X;, i€ N, RRA UGN, NDED S 5M130,1,2,... &
5, ZOL X,

0, N=0
o= { SN X, N>1 (4.8)

L95L, E[X?] <oomD E[N? <oo THIE, IKDBENLT B,
(1) E[S] = E[X1]E[N], (2) V(S) = V(X1)E[N] + E[X1]*V(N).
E7z. Ele1] < 0o 2 EletN] < 00, ¥t € R THNIE, (3) Ms(t) = My(log My, (t)) &35,

o] o) oo k
EER: (1) E[S] =) E[Sluy(N)] =Y E[(X1 4+ X))l (N)] = > Y E[Xilgy (V)]
k=0 k=1 k=11=1
oo k
= Z Z B[X;)E[1gy (N Z kE[X1]P(N = k) = E[X{]E[N].
=11

27 E@E‘?ﬂ@#vﬂ X &N WS THBZ zaﬁﬁm AW,
(2) X;, i € N, IXRADMHIHKES OTHISM L EH 46 &b

k

E[(X1 4+ X)Ly (N)] = > EX7P 150 (V)] + 2 E[X; X;13(N)]
i=1 i<j

V(S) = B[S?] - B[S]* = E[X}]E[N] + E[X\]?E[N(N - 1)] - (E[X.] B[N])?
= V(X1)E[N] + E[X;’V(N).

(3) Ms(t ZE [t F+ X P(N = k) = iE[etXl]kP(N = k) = E[Mx, (t)N] = My(log M, (t)).00
k=0 k=0

4.4 HoEREEBEREK
PR, L2(Q) T MEREH X T E[X?] < 0o 2ilizT b OLhkeRT LT 2,
FIH 4.9 (Cauchy-Schwarz DFRZR) X,Y € L2(Q) D& &, E[XY] EEHSh,
[B[XY]? < E[X?]E[Y?] (4.9)

MRS B, FBHELDIZODBEF3EMIE. (a,b) # (0,0) BB EH a,b BFHELT aX +bY =0 ae. &
BRHEIETH5,
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AERR: (XY < 3(X2+Y?) &b, E[|XY| < J(EX?)+E[Y?) < oo &Y EXY] ZE#HIN D,
EX? =00t &, EH 41, EFE42L0 X =0ae BDOT(49)130=02UTHSMIHELL, £/,
a=1,b=0%LTaX +bY =0ae HHK LTS, E[X?>0D&E,

+ E[Y?] (4.10)

E[XY]}Q_ (EXY])?
E[X?] E[X?]
PERD t IZHUTHLZTH5DT, (4.9) 3T 5, —F. (49) THESHRIZTH L E, (410) Tt =
—E[XY]/E[X? £ b E[(LX +Y)? =0 %%, £oT, tX+Y =0ae %35, Wiz, aX +bY =0
ae. L3552, P(X#0)>0&DbA02BBILITHERETD, ZOLE, YV =aX/bae £V

0 < E[(tX +Y)?] = £2E[X?] + 2E[XY] + E[Y?] = E[X?]{t +

ExyIP = (3) BxR, BxEY?) = Bx)(

YBBDT, (4.9) OHERKITE, O

a

) ervs

%41 XY eLXQ) DrE B[(X — )Y — uo)] REHE N,
[B(X — p)(Y — m2)]]? S V(X)V(Y) (4.11)

DT B, 727Uy EIX] = 1, E[Y] = po & Utew (411) THBHALO 700 BE AR, (a,b) £
(0,0) 2 E a, b FHELT a(X —p1) +0(Y —p2) =0ae. DI ELTHD,

SERR: EFLAS LD XY € L2(Q) DL E X — iy, Y —pg € L2(Q) IEET 5, £oT, EHAID XY %
|X*M1|,|Y*,u2‘ 6:%%@%5 t\

E[[(X — p1)(Y = p2)[]? < E[(X — m1)*]E[(Y — p2)?] < 00

E0. BI(X — )Y — po)] BEHES NG, Uz, FHAID XY % X — 1, Y — pp CESHEAALL,
O

BE 4.2 X,V € L2(Q) 5 5 MREH X, Y OHA8 Cov(X,Y). MK p(X,Y) 2RTEHT 5.

Cov(X,Y) = E[(X — p1)(Y — p2)] = E[XY] = jn E[X] = po E[Y] + papiz = E[XY] — pa iz,
p(X,Y) = Cov(X,Y)
V)V (Y)
F7U. = E[X], ps = E[Y] & L. MBI V(X)V(Y) >0 DL 20OAIEEINE LD LT3,

EHE 4.10 X,Y € L*(Q) D2 &, MHBRE p(X,Y) IO WTRAEALT 5,

(i) —1<p(X,Y)<1.

(i) X &Y I3ZeflThreE, Hb, [p(X,Y)| =10 SR LD,

X — Y — po X —m Y — o
VX = V) ae, pX,)Y)=-10&& V) = 7\/V(Y) a.e.
FERA: (1) EFE R 41 KOS R,

(i) IWE LR 4112&9 (a,b) # (0,0) BdH>T a(X — p1) +b(Y —p2) = 0 ae. &hd, foT,
a?(X — p1)? = B2(Y — p2)? OIfEZ £ 5T, a®?V(X) =PV (Y). 22T, V(X)V(Y) >0 &Y a,b X
LHIZOTIEZEDYDRE, (—APORONGEE 0882720, ) EoT. YV —pus = —a(X — py1)/b ae.
BN

pX,)Y)=1D, &

a\? E[7%(X — m1)?] &
viY)=(2) vix X,Y) = b =t
( ) (b> ( )7 p( ) ) V(X)1/2|%|V(X)1/2 |%|
Y Y
xoT pY) =15, Lcoed = -V vy ims, Ssoe o VYD) oy
b b V(X) b b V(X)

hEREED, O



< < <
PISE 4.2 W EIIEGH f(z, ) — { 2451’ (0= x,O(%oy),;;)—i—y <D epameRms XY 20w,

ZDHDE Cov(X,Y) EMHBIHRE p(X,Y) 23K B,
B fx@), fy(y) 2 X,)Y ORQHEBRKE TS, 0<z<1D&E,
11—z
fx(z) = / 24y dy = 122(1 — x)*
0
122(1-2)2 (0<z<1)

I =
Ix(@) { 0 (Z Ofth)
%, £oT. 23 2HWTEETE L,

12y(1-y)* (0<y<1)

& [ Rk, fY(y):{ 0 (o)

E[X] = /01 z122(1 — x)% dr = 12 /01 2*(1 —z)?de = 12B(3,3) = 12F(3)F(3) = 122 = % (= EY])

I(6) 5!
! ! r(4)1(3) 3! 1
E[XQ]:/O z212x(1—:1:)2dx:12/0 23(1 —z)?dr = 12B(4,3) = 12 NG 6‘ — kv
1 /232 1
V(X) = E[X* - E[XP = - () = 5 (= V().
(FE: fx(z) 2RDT| Elp // x) 24xydedy HH5ROTHI W, ) —~AD : 0<y<1—2,0<
r<1&35&,
1—x g
E[XY]= // xy24xydxdy—/ dx/ 24x2y2dy—/ [8x2y3E:(1) dz
:/Sx(lfx)gdx 8B(3,4) = :7;0
0
2 /2\2 2
Cov(X,Y) = E[XY] — E[X]E[Y] = B‘(S) --=
(X.7) = Cov(X,Y) _ =2/75 _ 2
A = v xOvYy) 125 3

W 4.1 XY, X, € L?(Q), k=1,2,...,n, LEB a,b,ar €R, k=1,2,...,n, T U TKDPELT 5,
(0) Cov(X,Y) = Cov(Y, X),
(1) COV(Z aka,Y> = Z Qg COV(X]wY),

k=1 k=1

(ii) V( Z aka) = Z CLkQV(Xk) +2 Z apa; COV(Xk, Xl),
k=1 k=1 1<k<Il<n
Rz V((J,X + bY) = a2V(X) + 2ab COV(X7Y) + bQV(Y).

SEER: (0) BASA, (1) kX, =X, — E[Xi], Y =Y —E[Y] 2352,
cov(zn: ar X, Y) = E[{zn:akxk - E[Zn: akxk] }(Y - E[Y])]
k=1 k=1 k=1

= E[; aka?} = ZakE[)?;?] = Zak COV(Xk,Y).

k=1 k=1

n - 2 n - ~ ~
(ii) % (k;akxk) :k;(aka)Qm S ap XX CEETE () CARCRES, O

1<k<i<n

TE 4.11 MREH XY 1220 T, D (I)-(iv) RAMETH 5,
(i) Cov(X,Y)=0. (i) X &Y I3EMBE. Hb, p(X,Y) =043,
(iii) E[XY]= E[X]E[Y]. (iv) V(X +Y) =V(X)+V(Y).
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SIER: (i) <= (ii): E#LDHIS D,
(i) <= (iii): Cov(X,Y) = E[(X — E[X))(Y — E[Y])] = E[XY] — E[X]E[Y] &£ 0 bH»3,
):

(i) <= (iv): V(X +Y) = V(X) + V(Y) +2Cov(X,Y) £ 045, O

EE 4.4 X,V WL THNE, BHBETH S, EE. XY M THNIE, EEL 46 &0 (i) BRTT B,
$oT, EH AL X0 MBS B,

W L, BlziE, 0<g<12Ll, P(X,Y)=(0,1) =q, P(X,Y) = (1,0)) = P(X,Y) =
(=1,0)) = (1 — q)/2 L R BHEREH XY 2Ex D L.

P(X=0)=P(Y =1)= P((X,Y) = (0,1)) =

Y0 P(X=0Y=1)=P(X,Y)=(0,1) #P(X =0)P(Y =1) 2 &b X & Y ZIITHAE,
— 4. P(XY =0) = P((X,Y) = (0,1))+P((X,Y) = (1,0)+P((X,Y) = (-1,0)) =1 &£ b E[XY] =0,
(

PX =1) = P((X,Y) = (1,0)) = (1 = ¢)/2, P(X = 1) P(X,Y) = (=1,0)) = (1 —¢)/2 £V
EX]=1-P(X=1)+(-1)-P(X = —1)+0-P(X =0) =0 &% b, E[XY] = E[X]|E[Y] BT 5D
T Cov(X,Y) =p(X,Y)=0.

72U, (X,Y) DOLEBAATHNE XY PN THBE I e e, MHETH D Z LAHEE 725 (cf.

2
Bl 2.5, L 4.12, % 4.2),
Bl 4.2 2 POTHERLZE (X,Y) RD & 5 BRLEDMFITH S & &, HL3H Cov(X,Y) 2Rk &:

— — = n! k ln—k—l )

727U, 0<pqgr<l,p+tq+r=1%1¢75,

i XY ORASHNENTN_IHAH4 B(n,p), B(n,q) 56, E[X] =np, E[Y] =nq. £7=.
_ N k1, n—k—I n! k (n —k)! gkl
—2_:; Kiltn —k— P 4" Z K(n — kn? Z N(n — —l)

n—k

n! k n—k—1 -1, n—k-—l
Qe 2. (n k)q( -1 )q "

=1

| n—1 _9

= Sl "qlg+ )" =n(n—1)pg» (Z_ 1)p’“1(q+7“)”’“
k=1
n(n Dpg(p+q+7)""2 =n(n—1)pq

o T, Cov(X,Y) = —npq. O

FBREIZDWVWT p(X,Y) > 002 & X &Y IZIEOMHENRH S, p(X,Y) <0 DL EADHENH D &\
Yo X &Y BIEDHERHZ2DL & X DRELBNITY B REL LS, ADHERH 2L E X BRELR
NRXY NS BB 0WHEHAERD, ZHE2UTOHITRE S,

Bl 4.3 nH¥ A a0 EBIFELE, i ODHOWAMANE X; £ U, SHOEHOHZEME Y, B0 HO 7%~
EEE Z L b5, HIEE p(X1,Y), p(X1, Z) ko X, £72. V(X) — Xo) 235K &,

fB: i £jedBE, X;,X; 13 (412) Zp=¢q=1/6 Thi’zd, &>T. Cov(X;,X;) = —n/36 &7
5, £72. X; 13 B(n, §) RS 55 E[X;] =n/6, V(X;) =5n/36 THB, 2T, Y = X1 + X3+ X,
Z=Xo+ X, + X THBEDS,

COV(Xl,Y) = COV(Xl,Xl) + COV(Xl,Xg) + COV(Xl,X5) = T T T == T
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COV(Xl,Z) = COV(Xl,XQ) + COV(X17X4) + COV(Xl,Xg) = ——— — —= — — = ——

$72. Y, Z B B1T Bn, 1) ThES B 5, V(Y):V(Z):% koT, p(X1,Y) =
Lied, —7.

V(Xl — XQ) = COV(Xl — XQ,Xl — X2) = COV(Xl — XQ,Xl) — COV(Xl — XQ,XQ)
= Cov (X1, X;) — Cov(X2, X;1) — Cov(Xy, Xs) + Cov(Xa, Xo)
5n n m n
~2(-5)

=2 0
36 36) ©

= V(Xl) -2 COV(Xl,Xg) + V(XQ) 36 3

EE 4.3 n YOTHEEZH X = (X1,...,X,) L2V T, _Z MV E[X] = (E[X4],...,E[X,]) & X OF
PR R L EWS, £, Cov(Xi, X;) 2 ZD (i,7) KA LT 5 n WHBTH %2, X OIHEATH L,
V(X) T,

EE 412 X = (X1,...,X,,) & n WOLIERD M N(p,Z) /S &35, p= (u1,...,00) € R", T =
(0ij) WIEEMEHFATHITH o7z, ZOLE, EX]=p, V(X)=3 k5,

EJ—.Eﬁﬂt E[X}C} = MUk, 1 S k S n, COV(Xk,Xl) = Okl, 1 S k‘,l S n ’EZT’\"t].'liJ:L\O WU 2.3 (ll) @%B%'%:ﬁﬁb\é:
X =(Xq,...,X,) OEEREHIE

1
(2m)/2(det ) 1/2
S IFIEEMAF A2 DT, SR ON AT 2 EHN S, ELATH P = (pi;) ENARRD AT N TIE
DOXNAITH D = (Aij) nentT, PEXP=D &T&%, Z0eE, Y=M,....Y,) =P (X —p) &L,
COBEBEB g(y1, .. yn) BRDE D, T, y=(y1,...,un) =P(x—p) £T5&,

—l@-—p)= " Ha— ’
e~ 2@ (@—p) = (T1,...,2,)".

flay,...,z,) =

(@-p)E (@-p) =y P2 'Py=y'D 'y = ZA y2.
j=1

¥fos x=Py+p kb §E =det P=+1,det T =det D =[[j_, Aj;. £-TC.

1 2
1 -3 2= %yg 9

(27T)n/2()\11...)\nn)1/2

g1, yn) =

THE Y, Y, ASET, &Y IRIERIAE N(0, Aj;) 125 2 2ERLTW5, FHT,
EY;]=0, ElY ] =Xis, 1<i<n, EY;Y;]=E[Y]EY;]=0,1<i<j<n.

G X =PY +p &0, X =" ppiYi + pup ROT,

n

BIXx] = pri B[] + e = ik,

i=1

COV(XkaXl) = E[(Xk - /JJk Zzpkzplj YY Zpkzplz it — Okl

=1 j=1
£H%. BEOEHE S = PDP' Th a1, DP' O (i,)-B4H Nipy THBD 5, PDP' O (k,1)-Hs b5
Yo Pridipn £7RB T RV, O

%42 X = (Xq,...,X,) 2 nRGIEBRSA N(p,2) > 235, Z0rE X,..., X, Wi ThH S
72 DOBEFNEMIE T BPHAFHITHE L TH S,
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SERA: EEMEIIH] 2.5 TRUZz, HHRPEIZOWT, B = (o) &<, i # j &6 X3, X; 3220 TRE
B 41112&Y Cov(X;, X;) =0. £-oT, EH41212&Y 0 = Cov(X;, X;) =0 &R 5, O

_ " N 1 1
Bl 4.4 2 RGTHERER (X,Y) ORRE LR f(2,y) = ;GXP{*§Q(I7y)}, (v,y) e R?, THBH LT 5,
7272 L.
Q(z,y) = 2% + 2zy + 5y — 20 + 2y + 2
E45, TokE, V(X), V(Y) & Cov(X,Y) kD &,

B Qz,y)=(z+y—1)2—(y—1)2+5y2+2y+2= (2 +y—1)? +4(y+ )2 KEML T, S=X +YV -1,
T:2( + L) B, ZorE, (S,T) DRMNEERR g(s,t) 2RkDDE, s=a+y—1,t=2(y+1) &
b (t—1),z=s—5t+ 2 ITERELT,

l\)\»—l

=l BB el - e

T, S, T I3MAIT e & ITEHEERINA N(0,1) K> 22 2RLTWS, &oT,
E[S] = E[T] =0, E[S?]=V(S) = E[T? =V(T) =1, E[ST] = Cov(S,T) =0

LB, IhED. Y =3T-1),X=8-3T+3 kv,

BY] =3 (BT -1)=-3,  B[X]=B[$] - B[T]+5 =2,

V(¥) = (Y ~ EV)?) = (B[] = 1.

V(X) = BIX - BIXIP) = B[(5 - 57+ 5 - 3)') = B[] — 2 3 BST) + 1277 = 2,
Cov(X,Y) = B[(X — E[X]) (Y — E[Y])] = E[(S - 1T) Y1 = Leps - iE[Tz] - —i. O

45 FMHDOEHRFE

P(Y <y|X =) BERTD y TEHENTOVIIL, K0 SHIFHE B[h(Y)|X = 2] BEHTES, #ilx
. & X =2 DFTOY OFREDEBEERE fy x(ylz) BbroTwiid

Ewmw:ﬂ:/mmmnmmmm

— 00

Y. X =2 DFTY DL EBBEDIMIINT Y1y, DL E ERY)X =a] = 3 hy) P(Y = yi|X = )
=1

YEBIND, TSI, REOEHEE V(YIX = 2) = B[(Y - E[Y|X = 2])?|X = 1] = E[Y?|X =

2] — (B[Y|X = 2])? T 5, 272, ER(Y)X =2] k2 OBETHBAZN%E ¢(a )@wa%w( ) 1%

HERZBTH B nE R E(Y)|X] L &£T, AR V(Y|X) BEBSh, SHIRHERERY 5,

BlRE 4.3 (1) (X,Y) OEEEED f(r,y) =4e 227V (0< 22 <y), f(z,y) =0 (ZDfth) T2, 2 >0D
LED fyix (ylz) RO E[Y|X], V(Y|X) 2k &,
(2) AMFT(a,B) IRV, A= XDOERMAEDOBHLE Y BN, 1/N) TS L& (of. HlE2.1). E[A]lY] BLT
V(A]Y) %3k X,

o0 de—2m-y
g (1) fx(z)= /21: de™ 2V dy =4e™ k0. fyx(ylz) = e it Y (y > 2x), fyx(ylz) =0
(ZDfh). koT. z2>00eSt=y—-20 BL

oo

B =a= [ ufxle)dy= [ ue vy = [ 20etde =14 2m,
—0o0 2. 0

x
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E[V?|X = 1] = / (t + 22)2e~t dt = [—{(t +20)2 4+ 2(t + 22) + 2}6%]:7 —42®  da 42,
0
VY| X =2)=EY? X =2] - (EY|X =2)*) =42® + 42 +2 — (1 +22)* =1

X0, EY|X]=2X+1, V(Y|X)=1.
@) HIE21 ED A>0DL &

1

(5"1' ) 2/\ atz—1,~(B+35y%)A

I‘(a—i—%) ’
TASO0DEE fyy(Ny) =0, WIB. Y =y DREDOLL ARHYYHM T(a+ 4,8+ 3y%) it
Lo T,

fay(My) =

. a+s .oty
) B a+3 _ ats
f;EOT\ E[A|Y}—ﬂ+%y27V(A|Y)—W D

EIE 4.13 5D EHIRHMEIZ D WTLAR DI T 5,

(1) E[E[Y|X]] = E[Y].

(2) E[aY 4+ bZ|X] = aE[Y|X] + bE[Z|X]. (a,b IX5EK. )

(3) Elg(X)h(Y)|X] = g(X)E[R(Y)[X], #iZ E[g(X)[X] = g(X).

(4) X,Y »ii s E[Y|X] = E[Y].

(5) E[E[Z]X,Y][X] = E[Z|X].

(6) E[(Y — g(X))?] 2B/ 2Dt g(X) = E[Y|X] TH B, ZHIIHERLED» S5~ hVZERIC
(X)Y)=FE[XY] TNEZEHTILE. Y 220 X NOEHFENE[Y|X]| THBILiE2RLTWVWS,

() V(Y) = E[V(Y]|X)] + V(E[Y|X]).
P Uy (3) Tg h i kW BIEE L, BEICIE (2)-(6) ILDWTIE “as” ¥ LTHALT 5.

FERR: —HOART . (1) 1220\ T (X,Y) ARl ch i (2.10) % FH\WT

BlEWIX] = [ BWVIX =alfs(@ds = [ ([ ufvixtle) ) () ds

/’/m e fx M@:7 ] yf (z,) dady = E[Y]

YAITE S, (2)-(5) XAWKT B, )mm “E BB T LT

mi(x - Bx ) 2 e - mpyhae) ) E BlEx - Bxyvie]

@ E[(EIX|Y] - E[E[X|Y][Y])h(Y)] &

E[(E[X]Y] - E[X[Y])h(Y)] = 0.
ZZT2HHDOOHDE R E[X|Y] 1R Y OBERS (3) &b E[E[X|Y]|Y] = E[X|Y] £ %5 Z k&M
Wi, ERTR(Y) = E[X|Y] — g(Y) £ BELT

E[(X —g(Y))*] = E[(X - BIX|Y] + E[X|Y] = g(Y))]

= B[(X — E[X|Y])’] + 2B[(X — E[X|[YD)(EIX|Y] - g(Y))] + E[(E[X[Y] - g(Y))?]

— B[(X - BIX|Y))?] + E[(E[X|Y] - g(Y))?).
E|(Y — g(X))?] #B/NMcF 201k g(X) = E[Y|X] TH 3, (7) KOWT:

EV(Y|X)] + V(E[Y|X]) = EIE[Y?|X] — (E[Y|X])’] + E(E[Y]X])?] - (E[E[Y|X]])?

@)

= BIE[Y?|X]| - (BIE[Y|X])?* = E[Y?] - (E[Y]? =V(Y). O
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A Appendix
SEEE: (0Y] W%, S5, #H, Kot BB EAM %
[SS] WRHH, Bt 2 B T RDMATN ¥ FHE
Al BEHEOBRBERICOWVT

BRIV S, BIBONEHRBERMIZOWTIRARS (¢f. [OY] pp.64—, pp.143—), XD Rolle D
FEHDFEHIZEI S S (¢f. [OY] p.50),

FIE A.1 (Rolle DEIE) B f(x) A [a,b] THiE, (a,b) THATREL T2, DL E. f(a) = f(b)
BSIE. f(c) = 0 BT ¢ LT B,

EIE A.2 (Taylor OFEE) B f(x) PHXEH [a,b] TnEIHOAIEETSEE, R, &
f'(a) f"(a) F"1(a)

ﬂm:fmy+—ﬁ4bf@+4§—®faf+~~+(n_U!@f@”4+Rn (A1)
TED D, :o(w)t%\ Ry I3RD & 5 I12RE 5,
(a) R, = ! n'(c) (b—a)" (a<c<b) 277 c HFIET 5, ZD R, % Lagrange DFEIRIAE NS,
(n)
(b) R, = (]; _(10))' (b—c)" ' (b—a) (a<c<b) ZiMir=7 c B¥WFHET 5, ZD R, % Cauchy DEIREBL
Wi,

SERR: p 2 HARELE L

n—1
_ O Ut PN Lt AV
P) = S@)+ 3 S =+ B (=)
B e pla) =) =f(b) £ Rolle DEHMN S, ¢(c) =0L,7%2% a<c<bhPFEEd s, ZI T,
n—1
o) — (b— )" k(b — )"~ p(b— )"
) = 1)+ S £ 0) CE — f Mg b P

_ g (b—az)"! p(b—z)P~*
f) (n—1)! (b—a)r

ZITY()=0%Fp=nt L TESHEEE () OEEE, p=12 LTHTEEE (b) OXELHFS, O

- R, -

ZZT, a>bDGE ERRARNTAZLIZERL, 51, bR 2 CEEHA, clkak 2 DEIZHBD
T.rz=a+0x—a) (0<0<1) REDZLIZFERLTRORERS,

FALBEf(r) Hr=a2B80CKHETn HHOTRE TS E, TOKRIZET S x 12 LT

/() :f<a>+f’f!“)(x_mJ”’z@(x_a)z+...+m(z_a)n1+Rn
rHLe,
R, — FM(a +n9!(x - a))(x g (0<8<1) a2)
R ANES
Rn:fw%;f%;aﬁu_ew*@—aw (0<6<1) (A.3)
r#E D,
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ZDOHRTHLU R, =0 (n— o00) THIIE

(n—1)
(x—a)2+~~+f(n_1()!)(x—a Zf("

f'la)
1l

f"(a)
2!

)n

f(@) = fla) + (x —a)+

LFREL, Iz f(r) Dz =allBF5 Taylor BRHE WV, FZ a =0 D& Z % Maclaurin B & WS,

Bl A1 EREED Maclaurln @E’ﬁ’%&’) F5,

(1) ¢ —1+x+§+ +—+ Z% (—00 < z < )

2 4 "

> 0 T
(2) cosz=1-— 2—3{+4—é—--~+(—1) (2?12)7;:1— (—o0 <z < 00)
(3) sinz =z — %—F%—u%—(—l)"h—l—u- (o0 < & < )

2 3 n
(4) log(1+x):x7%+%*~'+(71)”71%+~~ (-l<z<1)
B(B—1) BB—-1)---(B—n+1) , SNAN
(5) 1+2) =14 pz+ o 2?4+ _ T +:nz_%<n>a: (Jz| < 1)
REL. BIMEEDFHT, (g) :mﬂ*l)”ﬁw*”“),n=0,1,2,..., LED D,
n _ (_\n+1

FERR: (1), (5) DART . (2), (3) 1% (1) LHEBRIZ. (4) 1 Z(—m)k_ 1(;2 D % R 5 3 ULFER

k=0
TE5, (MA22F5,)
Oz

(1) Lagrange DFIRIH (A.2) £V R, = e—|m" TO0<O<1&b.|R,| < em‘ il =0 (n—o00) &mtd,
n! n!

QI
(5) floa)= A4z &dse fM(a)=BB-1)---(B-—n+1)A+z)™ &b ! n( ) (i) L350
T. R, =0 (n— c0) ZiHAT X LV, Cauchy DFEIARIE (A.3) kv

—_ —-n x,@—n
|Rn‘ _ ‘B(/B 1) (ﬁ(n —~ ]"3'1)(1 + 0 ) (1 _ (9)"_13?"
BB-1) - (B=n+1) ,|(1-6\"" =
' n—l) v (1+9x> (1+6z)”

ZIT, |z|<1ThdeE, 0<0<1&D1—|z|<1+0z<1+|z|THDH, &oT,

B—1>07%5 (1+02)P L <A +|z))’Y, B-1<0%5 (1+02) 1< (1—|z))~tTHY.

0< 220 c1xp. BBV BontD 0y g, G50 (0o 00) BREIEEN, C
1+ 0z (n— 1!
Z T,
lim ’CnH zlim’B_ =lz| <1
n—oo n n—oo n

LBOT, IROM AL XD C, =0 %255, O

FE A1 BIAL (5) 2 Newton O—fRIESNAZZIHEE L WS, FHZ B PHRBEOL En B KD KEW
BT B (ﬁ) _0 ey, EEO Y T 5,

DL — e AEEL c <1 THBET B, TOLE lim a, =0

n—roo

B A1 50 {a,} 122V T, MR lim
n— oo
55 kR,

n

P A.2 5 A2 T ¢/(c) = 0% R, ILOWTZDABI RS E, #1A1(2), (3), 4) bAt,

40



A.2 Stirling DA

Stirling ® A ([0OY] pp.103-) & Z D ¥ & LT Wallis AKX ([Y] p.94) iIZDO2WTikR2, Z T,
Stirling DA RIZ DWW TIEZE R [SS] pp.121- DOFEHEZHNT 5, [0Y] TEABANE ZOiE%E Hn
TAEHILTW5, FEZTOIEHBEML TH T &,

(n—1rm

/2 —_— =, n Li{l%&, —2)---4- 23 Lif%§&7
#8 A1 I, :/ sin"wde ={ 2 L FREUL mll = {"(n : !
0 n

— il
%, nﬂi?jﬁ (n_2)31, n‘i%‘ﬁ

-1 . ;
o2, N >2, LIRB I XORES, GEIIEEHE L

ﬂ%:%:grhzlt\ﬁﬁﬁﬁ ror ="
35, ) O
E A.3 (Wallis DAR) 7 — lim — (2n)! L 2 ()’
. il L@ttt 2% '
T n—oo y/n (2n — NI n—oo /0 (2n)!
SEER: M A1 D I, 122oWT, sin? Mz < sin®x <sin?lz, (0<x < 3) &V Inpyy < Iop < Iop1.
RN

(2n)!! - (2n—Dlm - (2n —2)!!
nr D S @l 2 @noni
. 1 (2n)!! . 1 (@2n)! (2n)!!
ZIT. (£8) = )= ———2" _ DT, — — #BIHLT,
() %+1@n—DWC&J on (2n — DI Qn_U”%@EL
12 2n-1)M?* 12 (2n)! now
AR —= <. — Z
2n+1ﬂ<:{ 2n)l! } Sonn 57 Vﬁ<:¢*@n—1) “Vanri1z
|
CRED. BHIOBREMS, B2 %R (20— 1) = g:))” L@l =20l 0D, O
EHE A.4 (Stirling DAK) lim ——— =V2
n—00 n"*ze n
|
S a, = — 0 B,
n*tze—n
an n! (n41)vtitzen-l 1 1
1 =1 = —)log(1+ =) —1.
Og an+1 Og n+%e*n (TL+ 1)' (n+ 2) Og( + TL)

ZIZT.y=1/z D [n,n+1] OHFLOHEEZ L FOEE (FOERIEZz=n+1/2 1287588 2HN5) D
R EEBIT £ D

1 1 ntlg 1 1/1 1
-2 < —dx| =1 (1 —) <—<— )
2 n+1/2 /n x x( ©8 +n) 2 n+n—|—1
a IN1/1 1 1 1/1 1
5ot 0<tog < (ma DI Ly e LT Ly e
° < Ogan+1< n—|—2 2 n+n+1 dn(n+1) 4\n n+1 >
2n—1 2n—1
1/1 1 1
0 < log 2 1 (7—7) ~.
< og Z Ogak+1 ;4 k k+1 <4n
&, lim ——1%?50 ZZ T, Wallis DARZ WS-,
TL—)OOCLQn
22n (n|)2 22n(annn+%e—n)2 CL%

Vi (20)! T n e ag, (2n)2 e V2as,
LERFNE, lm o, = lim \/Wf()) V31 F = IR LR D ¥EERE. O
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A3 NZFHRE
NERES T gan(z — o)™ c’ou\fom@ﬁréa%@lﬁﬂw&( YEIZDWTHEE TS (¢f. [OY] pp.136—,
pp-224—), fHHD7ZH, ¢ =0 D
Zanx" =ag+ a1z + asax® + -

IZDOWTHRRE, (REPHDZ L 2BFHEE NS, )

EE A.5 (Abel DHHRE) BHE Y 7 janas™ Bz = zo(#£ 0) THERT UL, |z| < |20 D FTARTD 212D
WTHEIPUR S 5,

FERA: IRE LD anx) — 0 (n — 00) &0 {anzf} WERBEI, |lazl] < M, n=0,1,..., &35 &,
lz| < |zo| R OIX

= (el M
a x| = Ap Xy = M<7> =1 al/lz =%
Zu | le = M) = T

n=0

R DHMINRT B Z AR I N, a
BIH S ana” DUGE, FHUZOWT Abel DR L D RATDH 5

(i) x=0PSDTRTD 2 IZDWTHKT 5,
(i) TARTOEH z OV THT 5,
(ili) PD0<R<o0oBBHo>T, |2| < R%BRBTRTOD z 1T U THNPER, 2| > RABS5TRTO z 124
LU CHET 5,

(iii) D R %858 S apa”™ QUHRER L WS, (1) DEBAICIE R =0, (i) DHAIIE R = 0o LRHT 5,

Bl A2 S a"e" DY X R—1/a, (a # 0 1255, ffo)ag}z 50, S nhan D E R=0.

n=0 n=0 T n=0

EHE A6 (1) lim [t =r 72 (2) hm Ylan| =7 (0 <r < oo) WEIETHELE, R=1/r Th

n—oo |ay|

%, 272U, 1/0 =00, 1/oo =0 &F 5,

n+1
BEBA: (1) ILm % = r|z|, (2) ILm Ylana™| = rlz| THEM 6. TNZNROME AL(1), (2) £

D, BRI S Jana™ 1 r|z] < 1RSIUR, rlz| > 1 RS FET 5, O

A A1 K i ap 1IZ2WT, (1) lim [@nia] _ c 2721 (2) lim {/]an] =¢ (0 < ¢ < o0) BFIET S
n=0 n—00

LELc<1BOHNNEL, ¢ > 1 726RHT 5,

FEFA: (1) OART, (2) HEHEMEL T2, c<1DEE, 0<e<1l—clZHLT, 5 Ne NI H->T,
n> N5 ||"+|1 —c‘ <e B, |ansi] < (c+&)lan]. B2, Jan| < (c+e)" Nan|, n > N 2135,

£oT. 0<c+e<IZTIERLT,

Z|an|< Z|an|+z (c+¢e)"~ N|aN|—Z|an\+ |aév_|’_€) 0.
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c>1DEE, ARIZ0O<e<c—1IZHLT, ®E5NeNH-T,. n>NAKo C|la+|1| <e, HIB,

lani1| > (¢ —€)|an|. FHZ. c—e > TIZERLUT, |ay| > (c—&)" Nay| — o0, n — co & BDT, MK
oo o an EFEHT B, O

—C

P A3 LAOMEALQ) Rit, £ BlA2 2HERD L, & 510, ROBIBOIGHLERE R 2K &,

kﬁb\p€Ra>0@Eﬁ&Téo%JURzlJ@RzlJ&Rzlk() =a /2
W Sweve, @ £ (M) @ 4 @ E e

B AT K i’f ana™ OWHERZ R (0< R<o00) L. f(&) = > ana™ L¥ 5.,
n=0 n=0

(1) ORI o] < RTHAMIEL, & 515, (=R, R) A EBEROMRIIT RT3, #i2,

f@)= > apa™ & (—R,R) TEALTH 5,
n= O

(2) (—R,R) KA NBEEOMKM [a,b] THURATE S, ThbbL,

b b oo b
/a f(x)dx:/a T;)anx”d:r—Z/ an dx— {n—i—nl ”“L.

(3) f(z) & (—R,R) THAmAIRET, HMMATE 5,
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