5 KREODZEH
5.1 FEERZHODIBR
(Q, B, P) %R+ 5,

O, (Q,B,P) LOWKENH (X, ) OREKZH X ~OIHIZOVWTHERS,

EE 5.1 (1) (BIXR) X, X (BN (almost surely convergence) 9% &1k, P-aa. w (ZxfL T
Xp(w) = X(w) (n—>o0) THEEE, DFD

i ) -1
HBHWVIE, FIZEMIZE X

P({weq; lim X, ()= X(@)}) =1
ThdEEIZVI, X, > X as. &£T, (X, > X ae EHEKT, )
(2) (FERINR) X, ' X IZHERIK (convergence in probability) 375 &%, L&D e > 02 L T,
Tim P(|X, — X|>¢) =0

DEEIZVWS, X, — X in prob. &KT,
(3) (L7-UR3K) r>1% LT, X, 5 X (2 L7-IUkT 3 214,

Tim E[|X, - X|"] =0
DEFIZWS, X, —» X in L" &KT, r IRFEIPCR (convergence in the mean of order r) & HW 5,
SER 5.1 fERABA R T2 LSRR, LT-WERAED B AMHIE, TN Z 0 e TH 5, (RiH 1k

WOEIE A1) 2 BWE L, BERr = 1 OBARAWETHS S, r = 2 DBARECEIE (cf. 1(4) OWAE)
LY, ) BUUHIZEEREA T T E A (of . BERTE 4(2)),

FIE 5.1 (1) X, 40 X CHIGRS AU, BeRIET 3.
(2) X, #% X 12 DR UE, RIS 5,

SIBA: (1) X, 45 X ICIURT 5 & 5 7% w AR

oo o X

{nllnéoX” - X} =N U N Any (5.1)

j=1ln=1m=n
eRIZENTESL, Z7ZL,
1
Ap i = {Xm—X < j}

THB, X, > X as. THEPS, ZOHGEOWRIX 1 THB, (REXD Vm,j K LT A, € BTH2
w5, {lim X, =X} €BEBBTLIHET B, ) ZTT, Ay D Apgir (Ym,j) THED S, (5.1) 12

n—oo

&9 G ﬁ A j D D ﬁ Apjr1 DD {nILH;OXn:X} LR BDT,

n=1m=n n=1m=n

P(G fj AmJ) =1 (VjeN)

n=1m=n

1



Thb, THIT, ij = n Am,j EgBHE, Bn,j C Bn—i—l,j (V’I’L,]) 7=h 6,

lim P (B,,) = P(L_J1 Buj) =1

YiB, 2T, By, C Ay, THENS, Bk VjeNIZHLT,

n— 00

. . 1
lim P (An;) :nlgr;OP<|Xn _X|< 3) —1
THBI LN DI, TIT Ve > 0MEXSNEEE, jEFARECE>T1/j<e L ThE
1
{\anX|§5}c{|anX\<s}

s
lim P(|X, - X|<¢e)=1

n— oo

AESN, RFREEINE. X, 50X CHREL TS Z L hibns, (2) OIBICIRREBEE T2,

8 5.2 (Fz > 7 (Chebyshev) DFREX) r > 0, A > 0 LHELRZH Y IZ DWW TIRDAE XD AL
T3, .

P(Y1= ) < ElY]]
BEER: 9. ITIERT 5,

Y]y Yy
1o (YD) < (57) Lo (VD) < 5

THDNS (14 FEHBFK, BB, la(z)=1(r € A), 1a(z) =0 (z ¢ A) 2 5HK). MLOHRHEE L > T

Y|
)\r

P(Y|> ) = Blip (VD) < B[] = S-BIVF). O

EHE 5.1(2) OFEEA: E L Chebyshev OARERIZ XD

1
TE[|Xn—X|T]—>O (n — o0)

P(|Xn - X[>¢) < <
3

ks, O

Bl 5.3 EE 5.1(1), (2) DFlE, BT UBEIZ LAV, £z, BICRE LT-PORO BRSO K2,
Q2 =10,1], B %+ L® Borel #4214k, P % Lebesgue HlE & L TZNEHIRT 5,

o LR % (f> THERIURT 5) 3, BUPER L 72\l
Xnpw) =1 ky(w),w €01, k=1,....,n,n=12,... &B&, Ihz

X1,1, Xoj1, Xopo, X31, X32, X33, X41, ...

DEDIZNWRZFNEEZEZD, ZOMRERKIT X = 012 L™-IUHOZER TR T 225, HHNERL 20,
(Z DI EHEME 3(1) £ T 5, )

o WHURT 2 (7 > THERINRT 5) A%, L7-UR L i
Xn(w) =nlgay(w), w€[0,1] #FEABE, TN X =0 ITHBGRT 545 LT-HURL AV, (ZOF
S HE R 3(2) 95, )



EIE 5.4 X, S X IZHERINET 272513, #2412 80F 258 A CHIURT 2 £ 512 Tc& %, Bz, LT-IUR$
E (R T 25 5), YL IZEH51 2 EA TR 2 £ 5 12T 5,

¥ 5.5 (Borel-Cantelli DE®) {B,} C BizxfL. Y o7, P(B,) <o %51 P(N,~; Use,, Bx) = 0.

SERR: mn IUk anCUk n (VT‘L)
O<P ~ G <P(GBR)S§:P(BI¢)
n=1k= k=n k=n
ZIT Yoty P(Br) <00 &0 35 P(By) = 0 (n— 00). k2T P(N,2, Ui, Be) = 0. O

EH 5.4 OFEB: & ke NITHLT, X, 13 X ICHRIGRT 205, e =55 & LT, 2 N, BH> T

1

2k

LTED, IZ, HE2BFEFDFIng <ng < - <mgp < - BH>T (ng = Ny, np, = max{Ny,np_1 + 1},
k22 etx) P(1X, - X| > 2%) < zik LTES,

1
n>N, — P<|Xn—X\22—k>§

N o 1 .
IO X, A X IHIURY 5 2 ¥ 2R, Ck:{|Xnk ~X|> 2?} rBLl
oo 001

T B 5, Borel-Cantelli 0= £ b, P(M7Z, UL C) = 0. 22,

oo o0 c oo o0 1
e(NUG) =UNCeed e €N such that Vi > 1AL X, (@) — X (w)] < =
1=1k=l 1=1k=Il
FHEDB lim X, (@) = X(w)
Y755, Zhid, X, & X ICBIGRT 5 2 L KL T WS, 0

52 KEDFTHEA

ResZef] (O, B, P) LORERZEH] {X,) (A LT, 2O S, /n = 3 Xi/n OIHIEDWCHHAT 5.
=1

filt

1
2

Sp/n—cp 0 ICHERINK T 2 & &, KEOFHIEA (weak law of large numbers) 2SI 5 &

£ 5.2 H585 {c, } 1T L,
)
) Sp/n—cp DSOTHENRT 2 & &, REOEIEH] (strong law of large numbers) AT 5 &\ 5,

o~ o~

EIE 5.6 X1, Xo,... MM, D0 C0Mi,j (i #£j) 2L oTH Cov(X,, X,) =0T (& X, X; A

JRATZ 75 & SEAHEE)
sup V(X,) <0

551, B {cn} PIEAEL So/n — ¢y 13 012 L2IRT 5, K1, KEOBENZMAZT, V(X) =
E[(X — E[X))?] l& X ® 8%, Cov(X,Y) = E[(X — EX])(Y — E[Y])] & X ¥ Y Oz &RT,

BERR: L2-WURT 2 2 & AVRE NAUE KBOSIKAIEEI 5.1 2505, my, = E[X,] £ Uic, = 237 m;
r¥5e,



Z%{iV(XjH? > Cov(Xz-,Xj)} S%Su_pV(Xj) -0 (n— o)
j=1

1<i<j<n J

L, L2PURS 5 Z &b d, O

Bl 5.7 (MRIRE) HOEMOH T L DEREEPHERLHT X1, Xs,... (n 7 HHIZ n—1 7 HHIZHART
X f5127%%) LREDB LT B, ZOROUKE n 2 ABICETMEDO Y, = [T/, X, 512755, Y, BREMIK
WZESRBMFRUEZV, 22T, D72 X, Xo, ... KM (a,0) (0 <a<1<b) Dfiz L3 iid.
&35, (iid. (FHNLTRSAAIZHE D independently, identically distributed O, ) Y, DX EINS &,

logV,, = Z log X;
j=1

Tlog X1,log Xa, ... iZiid THR (> THWMMPHEHLET D) DT, EH5.6 LD Ve > 0T T
1 .
P(‘ﬁlogYn—l‘ ge) 1, =#£UIl=ElogXy], Thbb,

P (eU*f)” <Y, < e<l+5>") =1 (5.2)

L5, &> 0IMERITNES L ENE NS, ZhE AT DO FENRRERT ! &5,
—H., BT Y, DFEHE LB ML D

E[Y,] = E[X1]-- E[X,] =m", 727U m= E[X)]
L, ZIs THZ OV REERIE ml LB TUEWZ M, o DIFSMWEL VI &k (5.2)

MOHONTH B,
Bz iE, P(X;=1.3)=3/5, P(X; =0.6)=2/5 DEE42EZ5 L,

3 2 2
I =Bllog X)] = - log L3+ -log0.6 = —0.0469--,  m=E[X)] = 21.3 + 0.6 = 1.02

el <l<m WoTIDHA M > 1 2 FHNLREEREEENUTHET S L, (5.2) Ik EER
FREFNZIEELTL £ 5, (Jensen DARER “p(z) B FITHDE E, p(E[X]) < Elp(X)]? 2k b, —f#ic
e <miiBIIGIHTES, )

WiE, EEOHGEBENEFHES LTRZERAZ LD —RIELMINAZ 2B KL TWS, EH 54 &
ERIZEEIHTE 2D T, 22 THES,

EIE 5.8 (Bernstein O ZIRELIERE) f(z) % [0,1] LOEKEK L T2 L &, RAKLT 5,
d k
,ﬂp%—E:f(n)(Z>pW1—pY“k
k=0

MHEDOTDE 2T p D n IREER L > TWBED, T % Bernstein DZIHEAR L WS Z 223D 5,

=0 (5.3)

lim max
n—o00 0<p<1

S 0<p<1AEEICEVEET S, X, Xy,... 2iid T &R TP(X, =1)=p, P(X, =0)=1-p
EirzTeds, 2o, S, =7, X &8 L, S, BTHEN B(n,p) RS DT,
EU(§£N::§if<E)P“':k>:§if(ﬁ)7lpW1—pW’V (5.4)
! = " ' A\

k=0



—7Ji. V6 > 01iZx LT, Chebyshev D ARz & D

P

—p| 2 8) = P(ISw —npl > o) < (nz)gE[\Sn gl = L (s

A by o
ZZT, V(S,) B S, DHBTHY np(l —p) £%BZLEMAVE, £2T, [fllee = sup,coq |f(2)]
ug(6) = supp,_y<5|f(z) — fy)| &BL L
10 - £11(32)1| = |l - £(32)) < Bl - £(22)]
=00 1(%) |1z o] +E[‘f@> 1) |1
< 2||f||OOP( Sn )l > ) +uf(5)P( ‘ < 5) < ”;'LC;O Fup(0).

ZZT. f(z) 30,1 TEKLTH S0 5 —kRdfifimD T, llmuf(5)=O FoT, EED Ve > 012 LTH
56> 00H5T. up(d)<e/2 Wan#n> | flu/(?) £FHIE

)

’f(p)—E[f(b;:)]‘ <%+§=5

ZZTniEpllFLTOWRVWDT (5.4) &dhbET, (5.3) FnIhiz, O

HEI3DUH U KEDOBIEM Z TR D720, AN D Lebesgue Fi7r DiEE (EH 5.9-5.11) 2 E A9 5, AL
EBIBRNT Y I T E T 52 0L LTSS, (BIBURNTY: LI OZOBRIF 2 TR T LI, )

T2 5.9 (BHGREE) HEMEORRERF] {X,) PHFMO < X, < Xp < - < X, < - THAUL
WAL B
lim E[X,] = E[(lim X,)].

£ 5.10 (Lebesgue OINRER) i RALHH {X,} »° X THINERL., »OAMEER Y Ty
(E[Y] < o) 8% OBIHE LETED n € N ISH LT | Xo| < Y 277 53R AHAT 5,
lim B[X,] = B[X].

£ 5.11 (Fubini D) (R;, A, i), i = 1,2, 2 DD o-ARARHPEEE L T2, B f(z,y) B2

B2 M OB E UCailr? T, f(z,y) >0 £7/21& / If (z, )| d(p1 ® po)(z,y) < oo ZH7-EIE, X
R1><RQ

MRENLT B,

[ i em = [ ( Fz.y) dm(w)>duz(y) -/ ( I(,y) dm(y))dul(x).
R1><R2 Rz Rl Rl RZ
EE 5.12 X1, X,,.. W3 isi e L, 50, >0,b, 200 (n—00) BdD>T,. n—>00DEE,

) D P(IXk| > ba) =0, (b) —5 ZEXk L{ix,1<bny) = 0
k=1 bn k=1

9%, ZOLE, S, = Z Xi, an = Y E[Xplqx,)<b,y] £T 2L, @ 130 IZHERIUR T 5.
k=1 k=1

“L [ % Lebesgue BAROM 4T, E[X] :/ X (W) dP(w) 275 2 2 CEEE &,

Q
*2 flz1E. Ry =R T Ay 2% D Borel £EHEETHEE, f(r,y) B Vy ZEETH L 2 12DWT Ap-"HIT Ve 2EETE L y
ROWTAHESRTHNIE, f(z,y) FERMEEETTNY 25 (of. PHERN=: L _—2F5 AM (1963), pp.68-69),



EAA: Sn = ZZ:l Xkl{\Xk\gbn} EdBL, Ve> 01T LT,

P( - >e).

2T {S,=8.} D ﬂ:=1{Xk1{|Xk\§bn} = Xi} = Memr {1 Xkl b} &0

Sy — an

(S

> s) < P(S, #8,)+P

P(Sn # 5n) < P(|LIX S 00)°) £ DO PUXK > b2) 20, ((a) 2 £3).
k=1 k=1
—H. a, = E[Sn} TH 555, Chebyshev DAERIZLD
S'n —an 1
P(‘ > a) SE

bn
1 n
ﬁZE[X,fl{‘XHSbn}]—)Q (b)iz&?). O
n k=1

1 ~ 1 <&
I= £2b2 V(Sn) = £2p2 Z V(Xklgx,)<b,})

n k=1

S, — ay |2
bn

IN

IN

FI 5.13 X1, Xo,... 1Fiid T.

zP(|X1] > x) =0 (z — o0) (5.5)

n Sn
kB, ZDEE, S, = Xkacn:E[Xll{\XlKn}] ETBE, L —c, T 0ITHERIKRT 5,
k=1 - n
S = == = S’ﬂ R > N N
AR 5.2 € 513 DIREIX., — — ¢, DO ITHERIK KL 57 ¢, WEET DD DBERETEDH S (of.
n
Feller, W.: An Introduction to Probability Theory and Its Applications, vol.IT, (1971) pp.234-6),

FEFA: X, Xo,...ldiid. ROT, EH512D a, HLUT ay, =nc, DI LITHERT S, £oT, &M
5.12 DA (a), (b) % b, = n KL TREIE LV, (a) 1

> P(|Xk| > n) = nP(|X1| > n)
k=1

EHS (5.5) & DB SR, (b) DT IROME L UM T 3,

B 514Y >0,p>0&92&, E[Y?] :/ pyPTIP(Y > y)dy.
0

B ) = /O - o /Q Loy (Y (@) dP(w) ) dy = /Q ( /0 TN ey ) dy)dP(w)

— /Q ( /0 e pypfldy)dp(w): /Q Y(w)PdP(w) = (£34),

TIT B2DEFIIBEVT, pyP M (y00) Y (W) = pyP M (oo, (w)) (¥) = 0 1ZIER L T Fubini O&EH %
Wiz, O

32 5.13 QHROHE: ¥, = [X1[1(x, 1<) ETHL. Y, >0 L0514 25
E[Y;?] = / 2yP(Y, > y)dy =/ 2yP(Y, > y)dy.
0 0

ZIZT EB20%FFEPY,>n)=0&0 P(Y,>y)=0(y>n) 83 xHni, £oT,

1 & 1 1
2 D EXRx<m] = —EX{1x,1<my] = — B[]
k=1

n n

6



1 [ 1/
= 7/ 2yP(Y,, >y)dy < 7/ 2yP(|X1] > y)dy
nJo nJo

Y7 B, A @ﬁﬁﬁ%@ﬁ%%&ﬁ?ﬁﬁﬂ%?lmlﬂmzoéﬁtﬁﬁ\gn%/)ﬂ@dxzo
xr—r00 n o 0

Y% (cf. WERIE6(3) 25, (5.5) & DIEM 5.12 DRM: (b) ALY O L dibinsg, O

FIE 5.15 X1, X,,... Aiid T E[|X1]] <o THIE, S, = > Xp, m=E[Xq] 2 T5&, % m iz
k=1

HERPURS %,
FEBA: E[|X1]] < oo &V X <ooas THENSL., 2 =00 DEE [Xi|lx 50y — 0as. &RKD, &
T |1 X1y x, 50| < [ X1 222 E[|X1]] < 0o & Lebesgue OUURER A &
eP(1X1] > 2) = 2Bl x,|5>0] < E[[Xa[l{x,523) = E[0] =0,  z — o0
S7L . N
ckof\ if% 513 &b ? — Cp — 0 in pI‘Ob. 7272 [J\ Cp = E[Xll{\Xﬂgn}]- 47‘3\ ’X11{\X1|§n}| < ‘X1|
72 E[|X1]] < oo & b Lebesgue OIUREH D 5
Cn:E[Xl]-{\Xl\Sn}] —)E[Xl] =1m, n — oo

&7 0 FEERE 1(3) 25 FERIEAES . O
EHPFELZWGEEE b, 25 FBEIZ L TEM 5120325, ROHIZRTHALS,

Bl 5.16 (Y9 MRFILRTIVIDIRZ Ky I R) X1, Xs,... 2iid TP(X; =2)=1/2"i=1,2,...,
LdrdB, ZOLE EX1]=00THY., Sp=> 1 Xp &BLE, Ve> 01T U TIRAHILT 5,
Sh 1<

u
nlogy n

IO X . AERIA VERIH S ETRIPET . | FHEHCRSIDTHZ L ¥ 2 [IZTMB R Uk
THEREB L EZ5ND, ZOHE LWL SOMiEAD B2 THEH, E[Xi] =00 LWL SHLTH
AT BMENRDHD Z>THB, LAL, Z0OE UT 2 HUMEHEHAT 572010 1%, 228 = 268,435,456 & b
28 [0 H B\ 2 HIsb TERAH 2 B BN D 5, ZOMRIE L3HHD LT TH %, LEA>T, ZhiE EofiifE
BB LEEAARN. ZHIZHLT (5.6) i n BHHKREFNIE nADEY b T nlog,n AOMENH 5 =
YEHELTWS, PIAIE2B KEs0THNE, —Abrb 8MLAE5,

5) — 1, n — oo. (5.6)

SERA: b, =nlogon & U ¢, = [logy by | &35 (la] & a DBEH D ZEKT), TDLE,

en <logy by < cp+1 &b 200 <p, <2001

IZHEETS, £oT.n—oooDE &,

(a) zn:P(|X|>b)— P(X; > 260+ = il— et o n 2,
L PRI o) A = " +12%“”1—1/2‘2% 2=1b, logyn
n 2(20n — 1)
(b) N ZEXk L xy)<bat] = )2 E[X1 Lix,<b,}] = b, T2 Z 9i biﬁ
2n2¢n 2nb,, 2
bn bn 10g2n
n S — .
oT, 512 X0 ay = 3 E[Xplgx <py] 83580 20 30 ICHERIURT 5, 2 2T,
k=1 n
an N n~_;1 ne, |logy(nlog, n)J [log, n + log, log, nJ
In — L Ex1 = ==
b, bn Xl <o) bnz 21 bn, log, 1 logy n

i=1



B DR R 3o B B A oD M

log, logy

lim log,n = o0 »no lim =0

n— 00 n—o00 10g2 n

ICEETNXEDIRES, UELD (5.6) 2155, O

FER 5.3 (1) EHL5.12, 5.13, 1 5.16 &, X1, Xo,... DEUAMICHEZIE, ML ITHNLTHNIEKLT 5,

(2) EH 513 DIRED T (X1, Xo, ... Eiid 2F35). m ¢ [a,b] %5 Pla< L350 X <b) 1% 0 12hUR

T3, b, Ele'®] < o (Vt € R) THNIE, ZONFITIEHNCESHMET 5, TOPKROEX 2ET

200 Cramér DEMLTH 5, TNz KRFERE (large deviation principle) & W\, Varadhan (Z & 0 B {f
N, JSHHIEZ KBAIIRIN T WS (of. BEFETE 241 L CEHEME 10),

53 KREDE]

EH 5.17 (Kolmogorov DARER) X1, X,,... 2 AMEREZRIT, Y IZX LT EX,] =022
V(X,)<oo kT2, ZOLE LEDa>01Z6LT

a) S%ZV(X)

<max
1<k<n
N AVAC I
BEBE: S, =0 X; &L, FHliL 2V HgE

A" = {w eN; lrgn}?%cn|5k(w)| > a}

EBL, Sy Dk ERLDESITHEZ, S| BIELOTah k2722 KIZEHLT, A* 2 EWICHERK R EHRIZ
MIB, Thbb, E=1,2,...,niZxdLT

A ={weQ;j=1,2,...,k—11ZHL T |S;(w)] <a T, 22 [Sk(w)| > a} (5.7)

rule, A =0 AL (BEWIHER) &5, LEaisT,

S Py = Bl | <3 L FISE L)
k=1 k=1 k=1
Llpd, BRBEOAREFEFFwe A oI Sp(w)? >a? LB EMHWEZ, ZIT,
Sp = (Sk+ (Sn — Sk))* = Si + 25%(Sn — Sk) + (S — Sk)? > Sp + 25,(Sn — Sk)

AR =N AN

ZIZT (5.7 XVHR AL E Xy, Xy DAL TRESTED, /18, — Sp =214 X; BOT,
{X0} BINEZ DS S Lar & S, — Sp BHNLE 85, L7dts T,

E[Sk(Sn — Sk) - Laz] = E[Sk - 1a:|E[Sp — Sk] = E[Sk - 1a;:] Y E[X,] =0.

UEXD,



1 1 1 &
REOESTIIHEEY Xq,..., X, W THEZ L 2HW-, O

EE 5.18 (Kolmogorov OF 1 E]) X1, Xo,... WML HERLLF T,
> 1
z:: =V (5.8)

BT, KROMBERS R, Thbb, %Z(X _ BIX,)) 1 0 i BBURT 5,
j=1
SERH: Wn e N IS LT E[X,] = 0 8RELTE WV, B X, — E[X,] % X, £AREEEWN, Y, =
P X =8, eEL LT D,
1st step Ve > 02X LT,

Ay = |J Nl <e)
N=1n=N
EBE,
P(A(e) = 1 (5.9)

MRS NIE, EROFEARI NG, HBE A= (T2, A(/)) EBYRE. (5.9) kD& = 1,2, KO0
PA(L/J) = 1 55, P(A)=1. 22T, we ALT oY, [EHD j e NIEHLTwe A(1/)) 255

N = N(w,j) PFEELTn> N 526X |V, (w)| <1/j THD, Lh>T, we A @Blinli_)n;oﬁl(w) =0

&, G T T 5,

2nd step (5.9) ZRY., TDLDHIZ

= QUl {|Yn|>5}:{ max ’Yn|>s}

1 2m—1<p<am
n=2m-

B, ToeE, VMIeNIZHULT

ﬂ U{\Y|>5}CUB (5.10)

N=1n=N

Emb. (5.9), Thbb P(A(E)) =0 2Rl

f: P(By(e)) < 00 (5.11)

m=1

BRI R\, FBE Borel-Cantelli DI & b P(ﬂl U, Bu(e )) =0 THBM, (5.10) &b A(e)° C
ﬂliJJm l () ttkéﬁ)bﬁEOO
3rd step (5.11) 2R 972, S, =37 X;(=nY,) £ LT,

1
P(Bn(e)) = P( max  —|Sg| > 5) < P( max  |Sk| > 52m_1>
2m,—1§k<2m, k 2m—1Sk<2‘nl

IN

2777/
1
m—1
P(Kn]%ax |Sk| > €2 ) < Cogam2 ,;,1 V(Xk)



272U LATHOARFEESTE 2™ < k %, REDOAEFFIE Kolmogorov D AR (EHE 5.6) % 7z, L7
Mo T,

00 00 2m 00 0
4 1 4 1
D PBaE) < 5D 2 V) =5 D o > lnam(WV(Xe)
m=1 m=1 k=1 m=1 k=1
4 & > o 1 4 & | 16 1
= 2D VR D ko) @) gz = 3 2 VKR D g S 552 V(R 13
k=1 m=1 k=1 m=my k=1

2L my = [logy k] £ 5% ([a] 1d a U EOBNDBEEERT), Z0LE, 2l < k<2 THEMS
2 fTHD RS B

j?i Loy 4 1 4
22m 1 —1/4  3(2mk)2 ~ 3

m=my,

LB EHAVE, £oT, UE (5.8) &0 (5.11) ARENE, O
(X} OHAHE LA SIE, EH 5,18 O (5.8), HHZ B[X2] < oo IAEIZH B,

£ 5.19 (Kolmogorov (D% 2 EH) Xi, Xo,... Wiid T, E[Xy]] <oco 95, ZOLE, KEDM
IR AV B R }:X i E[X)] (BT 2.

] 1
SEB: Wn € N8 LT E[X,] = 0 HEL TV, X % X, L IEONTEE & ks L 5,
1st step (%% k ZHMAF U 72 cut-off o)i%)\) Zy = Xkl(O,k](|XkD — My, Mi = [Xkl(O,k](|Xk|)] b S KN
(Z0} 1R 5,18 DAGE A=, SBE. {Ze) JITHD .

1 =1 =1
Z/? Zﬁ(E[(Xklok]ﬂXH Z}? (X710, (| Xk])]
k=1 k=1 k=1
%) k o
1
ZE:ﬁEZMX G-1.4(1XD)] ZEX?HJ|X|Zk2
k=1 j=1

S 1
E[X?10,(|X])] ZI? Z [(X*1(-1 |X\)] 7
k=1 j=2

IN

IA

NE
|-
Pﬂg

=1
+Y 2E[|X 11,5, X])] §:z? 2E[|X|] <

ES
I
—
<.
U
N

b, ZITITHOARESE
She[ s
k2 cx2 =1
AITHOBHIOAES X j>208E j -1 < |z| <jThHHE

1
]—1

aaa:a%mwtoutﬁof\Ewﬂ:oﬁﬁei@awﬁ%

< 2
L <ol <2l

MRE NI,
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2nd step [ X1 (X)] <|X| (Vk € N) T E[|X][] < 00 DT, Lebesgue ODULUHEELIZ &L
g = E[X1(0(|X])] = E[X] =0 (k— o0)

Bbohd, UkhoT, lim L1370 mp=02740 (of EHEME6(1)). 1st step IZ& D

TL*)OO

Ly
lim *ZXkl(O,k]OXkl):o a.s.
=1

n—oo N

3rd step P(#{k € N;|X}| >k} < o0) =1 25T, THAHFVAINIE, aa w U TEREO E Z2kR\T
Xk = Xkl(O,k](leD 72755 2nd step 73)6%; ﬁ%ﬂ’béo I T, iT

o0 o0 (e ] o0 ]
SOP(X > k) =) Y PG<IX[<i+1) =) ) PG<|X[<j+1)
k=1

k=1 j=k j=1k=1

=Y PG <X <+ ) [Zﬂmﬂ]u{)} < B[IX]] < oo
j=1 j=1

CHERT 2, 2L, 2HHO—DHOFHEE Y0 j1G, 4 (lel) < X5 [2l1g 40 (2]) < J2] £%3 2
¥ %7z, & 5T, Borel-Cantelli DEH N5 PN, US, {|Xk| > k}) =0 TH B, {we Q;#{k e
N [Xu(w)| > B} < 00} D Uy i, (1%l < k) = (N2, URS {1X] > k) 20 BRIz e iz, O

AR 5.4 (1) X1, Xo,... lEiid T E[X]] < oo 2723 & E1Tid, KEOMBER O IF A S T H
% (cf . BEME11),

(2) HE 5191k X1, Xo,... PRI LM THNIER LT 2 Z VR SNT WD, (¢f. [D] pp.73-75.) Z
Z Tk, Kolmogorov DARERRE T IVF V75— VHERZ DRV EZZ D H 57-H Z OFtHEZE AWz,

T 5.20 X1, X,,... Biid TE[|X||=cc &3 L X,

(hmsup‘ ZX”“‘ ) =1. (5.12)

n—oo k=1

I 5.21 (Borel-Cantelli D% 2 £#) {B,} 2T Y P(B,) =00 25X P(() U By) =1.

n=1 n=1k=n
SEEE: (N0, U, Be)e = U2 N2, BE T {52, BSY & n io oW THFRMM, £72. {NN_, B¢ XN 2
DWTHIRAT N, BS = NN, N, BS ROT,

oo o0 N
P((O1 kg By,)%) = lim P( kﬂ Bf) = lim lim_ P(]D BY). (5.13)

iz, EEEHE 1T (2) 12k BS, ..., B BHNITHBE I, P(Bf)=1-P(By) <e PB 1232

R HAWT,
N N

N
0< P(() B) =[] P(Bg) < [ e ") = e 2 P50,
k=n k=n k=n

22T Y, P(By) =00 2005, (Fi)— 0 (N —00). MEXD. (5.13) &b P((N)_, Ui, Br)) =0
LB NSFIEERD, O

EIE 5.20 DFEER: X & X, LA UMMz OMWLRLEH L T 5,

B O0<zr<1DrE0<l—z<e® %MW\,
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Ist step M >0& U, BM ={|X,| > Mn} &35,

iP(B%):i P(|X| > Mn) :iip ME < |X| < M(k+1))
n= n=0 n=0k=n

(]2
HM?T

P(Mk < |X| <M(k+1)) =) (k+1)P (k§%<k+1) ZE[kH (<Xl oy
k=0

k=0n=0 k=0

B s o] = P[5 = hp =

I
=

>

|M8

(o]

=

22T 2THDO S DHOE S P(ME < |X| < M(k+1)) A n itk 5m\2 & & v,

2nd step {BM} 3L HL D725 S Borel-Cantelli D5 2 EHiz kb P (N, Ui, BY) =1 T
D, o TP(Nyei Mo U, BM) =1 we Nyei Moo U, B £ 328 VMne NIZHLTH 2
k>nhi®oTwe BM, e, 2> ar enzps,

X
lim sup [Xn(w)]

n—00 n

S, VM e N IZHUTHD DD T, limsup,,_, . Ze@l = o,
iz B {a,} IT/HLT

o0
hmsup‘ Zak‘ < 00 == limsupM < 00

n
n—00 =1 n—00

LRBILIIEET S, Zhik
lan] = (a1 4+ -+ an—14+an) — (a1 + - Fan_1)| <|ar+ -+ an_1+an|+ a1+ + an_1|

YRBEIEDSTICOND, ZOMEE ay = X, (w) KHLTHNS &,

ﬁ ﬁ [j B,ICVIC {lirlgi}sotipp;—nl:oo} {hmsup‘ ZX’“‘ }

M=1n=1k=n nTreo

Y0, (5.12) D IO Edbirot, O

SR 5.5 HOBRTE (1) OHIIE KB DSIEA & 7254, E[|X)[] = co &7 %M 5.20 X » AOMIL
& 72 & 70,

6 FFMERIE & OB IR E IR
6.1 HERI%K

6.1 (1) BEMMAME Z RN TH S (EHEEEHELETHS) L1k, TOEHE X = ReZ, 1B
Y=ImZ»PeHiZAfllThdd (MREHTHD) LEIZWVWD, ZIT, Z=X+iY,i=+/-1Tdhs, UF.
PR Y W AU, SRR R BT DL T 5,

(2) HHIARERZI Z 13 LT, E[|Re Z|] < 0o 00 E[|ImZ|] < 0o D& &, Z ORI %

E[Z] = E[Re Z] + i E[Im Z]

LEDD,

12



R 6.1 HEHEBUEMRER Z (ot LT, |E[Z]| < E[|Z]) BT %,
SR E|Z] <o DEE, |ReZ| <|Z|, [ImZ| < |Z| &V E[Z] BEHINB I LIZEET S, o = E[Z],

A
7 = |Z|1{Z¢O} t4s5, TOLE,

|E[Z]|:|a|:%a:E[%Z} [|Z|| ‘ } E[|Z|R <|O‘|Z> +iE |ZIm( )

THHH, FLEFAEOT, (FLORHE)=0 255, ZIT, Re(57) <
DEE< Bl|Z]] ¥, EEEFE, O

EZ‘ THBEMS, (Fl

F 6.2 MERZH X 126U T, RO ox (t) & X ORFEBIEL (characteristic function) W5,

ox (t) = E[e"X] = Elcos(tX)] +i E[sin(tX)], tcR.

E 6.2 (1) TEOMEEE X ORMEEEIE O RIZFET 5,
(i) TRTOEHLIZHLT, |opx(t)] <1 THh5,

(iii) ¢x(0) =172 ox(t) = ox (1) TH .

(iv) t DR E LT, ox(t) I3 —kEliTH 5,

SEBR: (i), (ii) [e®X|? = |costX +isintX|> = cos?tX +sin®tX =1 L@ 6.1 K VEIS A,

(ii) ¢x(0) = E[e’] = E[1] = 1, ¢x(—t) = E[e™"X] = Ele~X] = E[e"] = ¢x(t)

(iv) 0 IZUR S BAER DS {h,} 1T U sup,eg [ox (s + hn) — ¢x(s)] = 0 2 REFX LW, 22T, (H
)< sup, Ef|e*X (eX —1)|] = E[leX —1]]. &>T |e?X —1| < | X|+1=2TE[2]=2< T
HB0 5. Lebesgue DINAEHIZ X D Eflet»X —1|]] = E[le® —1]] =0 &% b XiK%2H 5, 0

DF'TEE 6.3 Eﬁ 'E*‘&X KKE%&CL bz j(j-bf ¢aX+b( ) = e”bgbx(at).

EEEE: ¢aX+b(t) — E[eiatXeitb] — eith[eiatX] — eitb(ﬁx (at). 0

Bl 6.4 (1) X W_IHNAG B(n,p) KRS & &, q=1—p ,dT5L&,

ox(t) = B = 30 (M)t = 3 (1) et =

k=0 k=0

S oo i
i ; )\k _ 6”)\ _ ety — eit _
(;SX(t):E[e”X]:Ze”k—'e A:Z( ) e )‘26 )\e )\:eA( t 1).

Bl 6.5 X HEHEEI DG N(0,1) 12665 & &, ZOREMERBIEIL ox(t) = e~ 31 2725,
SFBA: Cauchy O EHZ WS, 7.
6x(t) = B[e"™X] = / Vit L gm4a gy -t L / R (6.1)
o 2T \/ﬂ — 0

CERET 5, REOFS T ity — Lo = —J(x —it)? — 12 12X B, HUOBAERDD72HD, R>0 L LR
D 4 DO H SR BHHER Cr 2% 2%, (HREE, )

Cri:—R—=R, Cr2:R—R—-it, Cgz:R—it——-R—-it, Cra:—R—-it— —R.
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ZZT, e 3P FEHETE C ETERARBEEA DS Cauchy DR EHIZ & e dr=02%5,

Cr

1,2
/ e 3% dy = E / e 2% dz
CR CRw

THEN, ML EZHVTHETSEE, R— 00 D& &,

R oo
_ 1,2 _ 1.2 1.2
/ e 2% dz:/ e 27 dm%/ e 2% dr =V2r.
CR,I —R —0o0

Croldz=R+iy &EX dz=1idy ITHERELT
—t I¢]
CRr,2 0 0
Itl 1 2 2 1 2 2
:/ e 2 (=) gy < |t|e*§(R —) 0.
0
[ERRIZ Cra dz=-R+iy &ERT
2 0 2 2 2
‘/ e 22 dz’ = ’/ e~z (~Rtiy) idy’ < |1f|e*%(1"2 ~) 0.
CRr.a —t

BERIZCrsldz=0—it LFERX dz=idx ITHERLT

-R ,
/ e 2% dz:/ e~z (@=it)’ dxz—/ e~z @it gy / e~ 2@t gy
CR,3 R —

- 4 1
k5T, Vor— / e 2@ Gy =0 2 BDT, (6.1) ILRALT ¢x(t) =e 2" ——2r=e" 2" %18

. NeT:
B, (WERME 1T CHEBHY, ) O

R 6.6 X BEBSA N(m,o2) 1265 & & Z ORHEBEBUL ¢y (1) = e™ =270 25,

SEBR: Z = &%’" ETBE, ZIIEETERDGEIIRKDS, £oT. X =0Z+mIZmEG3 ZEALT

Ox (1) = Gozam(t) = €™ pz(ot) = emte BN = gimi=dt

Bl 6.7 X 7% Cauchy H1GE>. Thbb, 2 OBEMMA f(r) = %1—1—17%

DORMEREIRUL ox (1) = et 2725,

FERR: HEUEE E W5

; el 1
Y= E X ite ~ d
ox(t) = Ble™) = [l da

— 00

IZHEET 5,
Ist step t >0&925, R>1&ULIRD 2 DO SR 2HH# Cr 2F A5, (BIRE &,

CRJZ%EEJ:%—R%R, CR721¥F|3 |Z|:R, Imz>0E% R— —R.

itz
22T g(z) = ;H I 2 # —i TEAIZ DS Cauchy ORAERIZE D

1 eitz 1 g(2) L et
— ——dz= — .
i Jo, T4+ 22 0 2mi Jo, 2 — i 2

14
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[

TH5MP. R—o0DEE,

itz R itx 00 itx
/ eigdzz/ %dH/ S
Copa 1+ 2 _rl+x o L+

Croldz=Re? 0<0<n £EXdz= Rie" d) IZIEFEL T

ztRe ] m ’eitR(cose-i-isinO)‘
d‘—‘/ R'19d9(</ L
)/ 1+22 1+ R2ezio € =)y |R2e2i0 11

e—tRsmO ™ e—tRsinG R
———RdO < —— RdI<m1——- — 0.
/0 R2e20 11| Y= ), RE -1 =TRe 1

ZIZT, 21THDOBHDOARETX |R2? +1] > |R?2e*| -1 =R -1 %, Z2HOA%EZF0<0< T DL
Esind>02R50N0, t>0&0 e sl <1232 EMHWE, KoT, (6.3), (64) &b
1 oo eit:c eft

omi ) 1+a22 2

oo it
THBENS, Wiz 2 5L T (6.2) ITRALT ¢x(t) = 1/ ﬁdz:eﬂf%%éo
™ — 00
2nd step t =0D & & ¢x(0) =1 13 6.2(iii) 12 & 5,
t<0DLE, (62) Ty=—a LEREHRT S L,

oo 1 1 oo 1 1
o -l 1 i(—tw L I -
ox (1) /,Of A1t (e /,of Al e ¢

3OHDESIE —t > 0I1ZFER L T 1st step DAERZ W72, O

HE 6.8 MERLW X » E[|X|F] < oo ZilitE, 7 DRHERE o x (t) 1k CP-#T ¢ (1) = iFE[XPFeitX]
LB,

FEER: HEME 16 &35, (I
FE Cauchy 246 ORFEREIL t = 0 THO ATEETIE AW, EBE. Cauchy 246 IFE¥ %2 K272\,

TE 6.3 d WTHEREH X = (X1,.... Xq) (<2 MV, A/ 13 A DEEEERT) LT, WO RE Lo
B ox(t) & X ORI E S,

d
ox(t) = E[e"X] = Blexp{i Z il t=(t ) €RY

B 6.9 d WOLHERER X & d RIESFH A & dRTERZ MV bIZH LT gax p(t) = etPpx (A'L).
SEBR: daxan(t) = E[eit'AXeit’b] _ eit'bE[ei(A’t)’X] — eit’b(bX(A/t)' 0
Bl 6.10 X = (Xy,...,Xq) & dRGIEKRD A N(m,2) XS LT3, m = (my,...,my) € RL, =

(i) RIERMEHRFATITH o7, ZDLE, ¢x(t) =™ 3Tt p iz,
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SEER: AT P = (pij) NIRRT RTIEDONAITH D = (\;)  PXP=D %% &5I12k %, TD
LE Y =,....Yy) =P (X-—m) ds&, BOEM413DXSITLTY,... Y M THY]
FIERD A N(0, ;) TS Zeibnrd, koT, BIOEMR 4.6 &b

Oy (t) = BVt . ¢a¥s] = BleiYi). . pletata]

— e sMut | g—dAaati _ ,—3t'Dt

foT, X =PY +m IZMmEG6.9 Z2@HLT
¢X(t) _ eit’m(by(Plt) _ eit’me—%(P’t)’D(P/t) _ eit/me—%t’PDP’t _ eit’m—%t’Et_ m
i 6.8 & [AFRIZIRDB KN T 5, FEBHIZFERZR D TEIKYT 5,

W 6.11 d IRTTHERER X = (X1,...,Xg) 7 E[|X|F] < co Zii7-81F, ORI ox (t) 1& CF-#k
Thp, [T, k=2 TonE 52 ox(t) = PB[Xp X X], 1< k1< d £ %5,

6.2 9% & Dynkin REE
EH 6.4 MREH X 1ITHLT, ZAMEDS R EOWRIEE py LB
px(A)=P(X € A), AcB(R). (6.5)

ZZTBR)IER D Borel EA41HETH S, ZD ux % X D44 (distribution) &\ 5,

S 6.1 pux X A5 IS E B I (R, B(R)) EORERBIE 1 120k LT, 3% 12 s 22 ]
(O, F, P) b IIE, 1% ZOME LTHOMEREHA (ERIE) M T = 5,

X OHFEBI Fx (2) 120 LT Fx(z) = P(X < 2) = px((—oo,2]) LT 5. WAHLT .

TR 6.12 X,V 2WRLME T 5, X,Y ORH 8T 3: ux = py, W5, pux(A) = py (A) (VA € BR))
THBILY Fx(z)=Fy(z) Vo €R) TH5HZ L L EAMEL TH 5,

Z DD 72012, IRD o-HEAHIZEE L T, Dynkin BEOBERZEAT 5,

EE 6.5 (1) O S OWNERBEP M rETH D LI,
(a) SeP, (b)A,BeP=ANBeP
D2 &MENZTEEITWVWD,
(2) £4 S OEMHELHE D ¥ Dynkin ETH 5 & 13,
(a) SeD
(b) A BEDTADB=A\BeD
(c) Ay €D, A, CAps1 (MneN)= U2 A, €D
D3 &MERZTEEITWVWD,
£EH S OWAEESHEC 1T LT, C 2ETm/ND Dynkin E% L(C) & T, Dy (A € A) # Dynkin JETH
ME Nyea Dy B Dynkin e %5 GEHIREEMEL 95) 225, {Difrea 2T ATD C #AT Dynkin
BEE Uy L(C) = MNyen Dr ETHUEE VG, EBE B/MER Ny, Dy C Dy (VAEA) &0 ZOKLHC 26T
B/ND Dynkin JRCH 205, H5 A € A BB >T Dy, = Nyep D LBB LD EDDE,
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T 6.13 (Dynkin BEE) P21 DL & L(P) = o(P) £725*4,

SEBF: o-fEA R Dynkin e 25 (of. SEIMIE 19(2)) T, ZORNMEC LY L(P) C o(P) L5,
L(P) 5 o(P) 5%, ZORBIIE. L(P) 4 o EAIKE RS T L &R LV,

Ist step A€ P ZLREICEEL, Ga ={B;ANBe€ L(P)} £BL, ZDLENGa D P %ET Dynkin H
ERBILERT,

T IEDEHEDS BEP THIE ANBEP C L(P). £>T. BEGa, HiH. P C Gu. FHZ (a) S€P C Gu
2155,

(b) B1,By €Ga, By DBy & 95&, ANB,ANBy € LIP) TANB; DANDBy &0, AN(B1\B2) =
(ANBIO\(AN By) € L(P). £>T. Bi\Bs € Ga.

(¢) By €Ga, By CBpy1 (YneN) &322, ANB, € L(P), ANB, CANBy11 &0 AN (Use; By) =
U, ANB, € L(P). £>T. U2, B, €Ga.

BHZ. L(P) C Ga £7Y. YAEP, VB e L(P) KX LTANB € L(P) £ 745,

2nd step A € L(P) ZERIZEEL, ¢y ={B;ANBe L(P)} ¥ 5,

Ist step DEBRBEDFERIZLD PC G, &b, Kz (a) SePC g, 2155,

(b), (c) I 1st step & £ o7z FARIZREDDT, Thkb G, IXP %2&L Dynkin fRE 45,

BHI VA, B € L(P) oI ANB € L(P) £7:0. L(P) AN n HRITHE>T\Wo Z L hibhd,

3rd step L(P) W o-HEHEHD I L 2mRT,

(i) Se L(P) ZWHSH, (i) Ae L(P) ol (i) &K SeL(P)Thdrb, A°=S\A kb A° e L(P).
(iii) Ay € L(P) (neN) £F 3, ZDE&, By =U'_ A, B &, (i) & LP) B aREBDZ LD,
By = (Mhoy AkS)° € L(P) 135, LIdio T, (¢) &9 Upe, Ak = Upe, Br € L(P) 2185,

EXD, FEBHIESET U7, O

T 6.12 DIA: (=) A= (—o0,z] L NIX X\,

(=) T ={(—0,z];z e R}U{(—00,0)} L. A={A e BR);ux(A) =py(A)} £33, ZDL &, J
Mo HRIZ 7B 2 L IXB 5 4, 20 A8 Dynkin fE X 723 2 & IXHIE O & D 45 T T = 5 (WOERE 19(3)
£93), € (—00,00) DEERELD., ux((—00,z]) = Fx(z) = Fy(z) = py ((—00,z]) T.oz =00 D& &
ux((—00,00)) = py((—o0,0)) =1. &oT,. JCALBRB, £oT, EHG6.1312LD o(T) = L(T) C 2.
LIAT, J 2EG0RND o-HElH o(T) 1 Borel £&KE B(R) £ =83 5D T, BR) CA LA iRz
75, O

tRE 6.14 "HIBEE f(x) A f >0 LK Li/ |f(2)|px (dz) < oo ZHE7-EIE, E[f(X)] = / f(@)px(dz).
R R
BREE: f(x) HAREBBAEL f(2) = D aila, (z) DEHAIX
BU(0) = S aP(¥ € 4) = Yaunx(4) = [ fwhux(d

YRTIENTES, —ROBAREINC §4.2 FEH 4.4, 45 L AT, fz) > 075 BEES {f,(x)) %
Fot f £725 &5 KB L MERIGIGER (R 5.9) & VT, EEIEOBAE f(z) = fH(z) — f~(z) &L
T, E5i, WEBMEOBAE f(z) = Re f(z) +iIm f(z) ¥ LCAMTES, O

£ 6.15 (R,B(R)) LOMERME v I2OWT, Vf e Cp(R) ITHLT / f(z)p(d) :/ f(x)v(dx) T
I, p—v 27, 22T, Cp(R) B R EOHFEEIEA ke 2T, "

*o(P) P E2ETCEND o-REHETH o 72,
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SEBA: 22 T. aceREZMEEEL, (F77%2ES)
fol)=1 (z<a), =1-n(z—a) (a<x<a—|—l), =0 (a<ux)
n

&Téc‘:\fner(R)J:@\/ Jn(z)p(dx) /fn v(dz) THBW, fr(r) = 1(Loo,q(®) (n — 00) £ 0 <
R

fa(z) <1 (z € R) IZHEFEL T Lebesgue DR EMR % 2 <‘:\/ 1(—oo,a) (z)pu(dx) = / l(—oo,q)(2)v(dT),
R R
BIS. pu((—o0,a]) =v((—00,a]) £7%%, o T, #H 6.12 DFEHE 2<FEKIZLT p=v 2135, 0

6.3 FMEHKESH

EE 6.16 2 DDORHERBD —BT X, TN o I3FA— 0 HORMEEETH D, Mb, U ox(t) = oy (1),
Vte R, THNX. ux =py (H25WVWIF Fx(x) = Fy(z), Ve € R) & 72 5,

#%8 6.17 Dirichlet f&%

T .

t

Fr(a) :/ Smto‘ dt, T>0 acR (6.6)
0

IZOWT, (1) S%lp|fT(a)| < 0, (2) Thlgo fT(a) = g {I(O,oo)(a) - 1(—00,0)(0[)} S RVASH

sinu

aT
BERR: (1) w = ot B &, fT(a):/ du &7 %, |sinul < |ul (Ju < §) &0,
0

sin u

M
Supjari<z [fr(@)] < 5. —H. M — co D& EE, MAMPITED / du 13 (M) INKR$ %

CrRmEsoT, SBU

T5,
(2) a=0DLEFWESH, a>0DLFE, RICHECIS EORIT S, a<0DEEE, —s=t LT
a>00BaCRETES, O

WEEBTH S Z LITERTNEEHRES TH 5, U WVIEHIZEEME 20 &

o .
sinx
der =

8 6.18 /

0 x

l\/ 1\3\:1

MEBH: 0<e<RYEULImz>0ZBEND 4 DO S5 C. p 2525, (KRt X, )

Ce g1 Flli ze —» R, Cepra:¥H|z|=R,Imz>0 1% R— —R,
Cepgs: Fli bz — R — —e, Cepa:tH|zl=e,Imz>0 k% —c —¢

Cauchy DD EH & b

”’C“
— — N

et? et? R eiT € iz R eiT _ p—iT ) R Sin
—dz + —dz = —dx + —dx = —dx =21 dx
Ce,r1 * Ce,r3 # e X -R T € € € Y

@%5ﬁ\ﬁ%@nuw:;og%4azz%oo@a%5mum/‘$?thW%¢5oaﬁgu
0
z=Re? 0<0<m %X

‘/ —dz ’/ﬁ et Rzewdﬁ‘ /7r
Ce Rr,2
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ezR(cos 0+isin 6) ’ do = / e—RsmG do
0




THBHHMN, R—ooDe &, e Bsinl L e Bsinf| <1 (0<0<nm) &2%h 5, Lebesgue DYNFEHIC &
DALDIE 0 IZINERT B, CE,RA b [AkRIZ

iz 0 ice™ ™ )
/ R :/ = fi/ ¢=e’ df
CE,R,4 z s Eel 0
THBEMW, ¢ > 10D, eee” 1, \ei“w\ =e =0 <1 (0< O <7) &5 h 5, Lebesgue DULHE

AT & 0 A1 —z’/ 40 = —in T B, X oT. (6.7) LHAADET
0

xT

0:22'/ SI% gz — i
0
ThHhanro, 5X%2E5, (HEME 2L IZHEEHADD., ) O

EIE 6.19 (Lévy DREAR) MEREH X ORMREEF SRR o(t) 12D\ TIRDILALT B,

T .
e ztb_e ita

%{F(b) FF(b—0)—Fla)— Fla-0)} = — &im [ “——“""4#)dt, abecR,a<b (6.8)

2T T | g —it
KRz, a,b e HIT F OEfRThE, (6.8) DAL = F(b) — F(a) £7%5%, ZIZTuxh Fxy OEfERTH
Yy—x

FEBA: X Ok uxy L9358, wmE6.1412&0

T _—ith _ _—ita T —itb _ ,—ita
[t = [ e sy

ThHb, ZIT,

|67itb o efita| —

b b
/(fite’”a)dﬁ‘ g/ | — ite="0| df = |it(b — a)|

T
LRBMS, §|b—a|J:V)\/ /

-TJR
T Fubini O &M (28 5.11) & FWT,

T _—itb _ ,—ita T —_a) — si —
. :/ (/ e e it dt)ux(dx) :/ (/ sint(x —a) —sint(z — b) dt)uX(dx)
rR\/J-T —ut rR\J-T —t

) ) —itb __ —ita
e ith_—ita (& € eim
i —it

px(dx)dt < |b—al-2T < oo IZIEREL

L%, ZIZT, € =cosé+isiné &

T p— p— —
/ cost(x — a) ' cost(x —b) gt — 0
—-T —1t

ARV, ZHWEHEBESEED t 0GB THE7-20THD, Lizh>T, fiE6.17 D fr(a) ZHVD &,

4 =2 /R (fr(z —a) — fr(z — b)) jx(de)

b, T, Ml 6.17(1), (2) IZHHEFE L T Lebesgue OIGREHE ZH WS 2, T — 00 D& &,

™

2 /R M0 (&~ @) ~ Loy (& — @) ~ L& = B) + 1oy (& — B)] i ()

= 7T/R [1(0,,00) (Jf) - 1(700,(1)(33) - 1(b,oo)(x) + 1(7oo,b)(x)] /.LX(dJ?)

=7 [nx((a,00)) = px (=00, a)) = px((b; 00)) + px (=00, 0))]
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=n[1— F(a)— F(a—0) — (1 — F(b)) + F(b— 0)]

Y5, a,bh F OEGETHUE. F(b—0) = F(b) #D F(a—0) = F(a) THBH5

1
(6.8) OFil = o7 [L = F(a) = F(a—0) = (1= F(0)) + F(b—0)] = F(b) - F(a) (6.9)
135, O
EHE 6.16 DIEA: Fy & Fy OHEROLERL %2 R, £ $5, R, DEES TR~ JHBEDEZ» 550

T. R R THEE RS, TH6.1912LD., a,bc R, THNWE Fx, Fy Oi /5D D T,
Fx(b)—Fx(a):Fy(b)—Fy(a).

oT{an} C R, ap, — —c0 & ENIX, Fx(b) = Fy(b) £75%, 5. ARSI AERTH D5, Vz e R
‘:;@bf\ {bn} C Rc %f bn — l‘+0 tfﬂi’\Li\ Fx(I) = Fy(l‘) t‘_’_@:%}o J:OT\ %IE 612 J: O HXx = Ky
THb, O

Bl 6.20 X,,..., X, 2T, & X, 7 Poisson 27 Po(\;) IZfH> & 45, ZOLE, YV =X1+---+ X,
1% Poisson 7345 Po(A1 + -+ + \p) TS, EEE,

¢Y(t) _ E[eitX1 ”.eitXn] _ E[eitxl] o E[eitX"] _ e/\l(e“q) . '_e,\"(eitl) _ e(,\1+---+/\,,L)(eiL1)

ZIT2OHDEFE Xy, , X, DMIME, IROESIIH 6.4(2) ZHW =, &oT. HUOH 6.4(2) 12 &

D 43875 Poisson 94 Po(A + -+ + \,,) OB E D205, EHL6.16 12k 0 EiR2155,

Bl 6.21 Xy, Xo,... £ BHERESFIT Cauchy DS, bbb, ZOEEBED f(z) = lﬁlﬁ
Y

(—o0 < x < 00) BT B, Hl67TICk0., TORMEEEE ox,(t) = el 2z, ZorZ Y, =

LXi+Xo+- -+ Xp) 8Lk,

by, (t) = E[e'n X1 ... ¢tnXn] = Ele?aX1]. .. BletnXn] = e7Inl e lnl = 1

0. Y, BEIU Cauchy A#4IZHES Z & bh b, Cauchy A ITARMEZ R WZ ICFERET L, 2
Nk, HIRHE % F7 72 72 OO RERZ B T KB DIERIDS R O SE 7z 7 Wil & 7> TW B,

o0

EIB 6.22 MERZM X OFHEBE 6(t) 7 / G()] dt < o0 BT, X I3HUERT T 2 0 B
Fx(z) RIRTER 55, -

fx(z) = % /_ e (t) dt. (6.10)
—itb _ _—ita

e

SERR: 6,19 DRBEMVD L [T ) <|b—a THoEMS, (6.8) DA DO LI
(—00,00) TR AIREZRD T, (6.9) & b F(x) O#Efim & TR S 312 Va, b (a < b) IZXL T,

00 e—itb _ e—ita —a e8]
HE®+Fb-0) = Fla) - Fla—0)) = 5= [ S < 222 [ joto)ae

— 00 —0o0

L%, ZIZT. b, & F(z) D LT, b=b, L LTLERIZMRAL, b, 2a+0LT 2L,

S{F(@) = Fla—0)} <0
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Y0, F(z) BIERSEDS Fla) = Fla—0), Bib, MEETHEZENbNRE, X510,

1 o e—it(w+h) _ e—itw
F(zx+h)—F(x) = —/ - / / e~ (t) dy dt

2 J_ —1t

THBEH. h >0 ﬂb/ / ”yq&()|dydt<2h/ |6(t)| dt < 0o TH %M S, Fubini DI
x—h

XD Vhe RIZHL .
z+
F(z+h)— / / e (t) dt dy
~or

ZZT, / |p(t)| dt < oo THED5, i 6.2(iv) & [FABRIZ Lebesgue DU HEHIZ L D / e "o (t) dt
i/ e Ht)dt £ (6.10) 2E S, O

By LOVTHEL 85, T, Fl) BEATHET F/(2) = 5
i — 00

Bl 6.7 DBIFERR: MM 15(2) kD f(o) = Le 17l 2 HEBEL 5 & 2 ORHEBISIE o(t) = Lz THo
2o TIZT, / |p(t)|dt =7 < oo &b, EH6.22 55
L -1al :i/ eitr_ L
2 21 J_ oo 1+ ¢t2
3%, ZIZT, v & —t, t & x LHAEA S T & T Cauchy D1H DFFERE o x (1)
Y T | 7/ (= t)a: B
¢X(t)—/_006 7r1+a;2 gdr=2-3e =e

2135, O

6.4 JERINER & FHUNR
EFE 6.6 (ERINR) £ED f e Cp(R) IZH LT,

lim E[f(X,)] = E[f(X)]

n— 00

DALY B & &, X, Y X IR (convergence in law) F 72 1& /0 AFICR (covergence in distribution) 3
500, X, » X inlaw &£9, ZZTG(R) IZR EOFFREGRBKaKE LT,

VAR, DA O OB X U CIREEA 1 TR Y 25, (of. BERIEOSTEE [D] p.105 % 721E A
BE— W X fE% pp.206-207.)

EHE 6.23 MERZHSI {X,} 2 X (THERPURT U, IERIGRT 5.

SERA: 1st step 9. {X,} P X BRI 2562525, 20L&, feCR) ICHLT, f(X,) I1E
FX) IZHERL fREREZ»SHE M HBHo>T |f(z)] < M (Ve e R) L TEZDT, |f(X, ()| <M
(wWeQ)&TEB, L7d> T, Lebesgue DINFEH (FEH 5.10) 12k D

lim E[f(X,)] = E[f(X)]

n—oo

Ry, X, A X IZTEHIGRT 5,

2nd step {X,} 28 X ICHERPCRT 22 L. fe G (R) T UL a, = E[f(X,)] £BL. £7. |f(z)| <M
(x € R) THNE, |an| <M TH2H015., TOLEZDOTHDFNFINKILDF 2F>Z L icEE T s, 22T, b
U {an} A1 a = BIf(X)) CAGRLAWET B &, b BWAT {an )} 55T a BSMAGRT B, —H. {aw)}
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RIS T BHERAES] { X, ) 2 UT, BEE 541280, ZOEWHH { X} 2#AT X (TR T 2 & 512
TE5, Lo T, st step (2K D {apr} 13 a lZPORT B, THUE {a,} 2% a BIMTINERT 2 Z & I2F)E
T3, £5T. lim B[f(X,)] = E[f(X)] £%5. ZHKIED f € Co(R) LML THUT 325, {X,}
X AT S, O

Bl 6.24 EH 623 OWE, BT UL L ARV, EE HRELELS {X,} 2MITEn € NIZHLU
PX,=1)=P(X,=-1)=1/2%3¢55%, ZOL%, VfecC(R)IZHLT

BIf(X)] = 5/(1) + 3 f(-1)

LBBOT, IhE lim E[f(Xn)] = B[f(X1)] IR AR, { X, 1 X ICEERIURT B (EIRED X, 1
BINHT DL VWZ D, ). —H. 0<e<1leddE n>20LE,

P(X,—X1|>e)=P(X1=1,X,=-1)+P(X;=-1,X,=1) =

N =
N |
|
| —
[\

L0, {X,} B Xy ICHERPR LW &b 5,

Rz, RRIPUR TR, MERZHE U TIBBRIZ—EN TR 45, UL, R LD 0ME—REeu5,
9. DHEOHPREZEAT 2,

BE 6.7 o n=1.2..., & pk (RED ML) BMZER S EOM (HERME) 25, w50 105
INRTBHEIL Vfe Cb(S) LT
tim [ fa)na () = /S f(@)u(dz)

n—00
DT B L EITWVWD,

RS RH { X, ) 38 X ICHRRIURS 5 2 213, SIS 22005 {ux, } B8 px CHIORT 5 2 & L FAfET
BB, OLE, MR TENTHE, EB 55 OOMIRE v T 5L,

/ f() ulde) = / f@)u(dz), V€ CyR)
R R

BV, TNV p=v 2EKRTSZIIEH6.15 TR U,
IO, WEREROFENIRIZMHERNEDOFINKE UCHIALZIES> DREHARATH S, L, ZOFET
WFHIEORNZENTWARWI L 2EEB L TE 5K ITHREROEETRRT WL,

EHE 6.25 MEREWM X1, Xy, ... & X IZOVWTRIIFAMETH 5. 72720, MERLEMY ITHIST 50 mBEkz
Fy(z) =P(Y <z) &RT,

(1) X, —» X in law.

(2) Fx ODEROERR 1T LT nlgl;o Fx, (z) = Fx(z) %23 5,

SEER: (1) = (2) =% Fx OE#iRE T2, B o (y) & E T2 SEET 2EKRIES £, f; € Cu(R),
0>0%

1 y<zx 1 y<z—90
ffly)=4 1—ty-=z) z<y<z+d , fiy=X 1-3y—(2-90) z-0<y<uz
0 y>z+9 0 y>ux

TEDD (77 7%2EL), ZOL &,
Lcoo—a)W) < 5 (1) € Lcoo) (W) < fi () € Lcoowrg(¥), yER
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EIBIYIIERET S, 9.
Fx,(z) = P(X, <) = E[1(_w0)(Xn)] < E[f; (X0)]
Tf € Gy(R) &0 { X} 13 X ICHEAIURT 2% 5,

limsup Fy, (2) < lim E[f{ (X,)] = Bl (X)] < B[~/ (X)] = P(X < 24 8) = Fx(a +0)

n—oo

28%, £oT, § 402U T,

limsup Fx, () < lim Fx(z+6) = Fx(x) (6.11)
6—+0

n—oo

@5, AR,
Fx,(2) = Bll(—00q1(Xn)] = Elf5 (X)]

liminf Fy, (z) > lim E[f5 (X,)] = E[f5 (X)] 2 E[l(-s.z-5(X)] = P(X <z —§) = Fx(x - 9)

n—0o0

235, £oT, §-40&LT,

liminf Fx, (z) > 6lim Fx(z —9) = Fx(z)

n— 00 —40

2195, mBEOEFS L h Fx OGN THE I 2V, Zhe, (6.11) ZHHET

lim Fy,(z) = Fx(x)

n—oo
LB EhbhoTz,
2) = (1) £7. Fx OFEGAEE 2 TEALPRN D E, LihisT, Mlis R LRSI HEETS 28
WCHEET S, £9. e>0%2TREICL S, Fx Ofisia,be R (a<b) %

Fx(a) <e¢, 1—e < Fx(b)
EEND, BT, R (2)ITED. DB NPH-T
n>N = Fx, (a) <2, 1-2<Fx,(b)

ETED, MZi>0& feCG(R)PEREICERZONEZELUTHIla=ag<a; < - <ag=b%

o Fa; (1<j<K-—1)lkFy O

o max () - f(a) <0 (1< <K)
iz LT D, B2 OFRMIE, ERAK [ IZERBXME [o,b) ET—MEREZ»SAREE RS, ZD
L&

K

hy(z) = Zj:l fla)la;_y,a,0()

B [[flloo =sup,er [f(2)| &ET & y ¢ (a, 0] DEE [f(y) —hp() = 1fW)]| < fllw ZRD. n >N
THE,

K
|E[f(Xn)} - E[hf(Xn)H < ZEHf(Xn) - hf(Xn)“-(ajfl,aj](Xn)] + EHf(Xn) - hf(Xn)U-(a,b]c(Xn)}

M=

5P(Xn € (aj—l’aj}) + Hf”ooP(Xn ¢ (aab])

<.
Il
—

Il
(«9)

P(Xy € (a0, ak]) + || flloo (Fx, (@) + 1 = Fx, (b))
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< 64 4e|| flloo-
[FIRRIZ
|E[f(X)] = Elhs (X)]] < 0P(X € (a0, ak]) + [[flloc (£x (a) + 1 = Fx (b))
<6+ 2 floo-
—Ji. % a; & Fx OMEgESRED»S (2) OREEL Y Fx, (a;) = Fx(a;) (n — 00) 723D T

K

K
Elhg(Xn)] = Y Elhg(Xn) e,y ,a,)(Xn)] = Y fla;)(Fx, (a;) — Fx, (a;-1))

Jj=1 j=1

Z (a;)(Fx(a;) = Fx(a;-1)) = E[hs(X)]  (n — o0)

<.

£o T, ZARERNZHWT
|E[f(Xn)] = E[f(X)]] < [E[f(Xn)] = Elhs(Xn)]| + |E[hs (Xn)] — E[hg (X)]] + [Elhs (X)] — E[f(X)]]
Lo, LOFHEiZHAWS L
lim sup | E[f(Xy)] = E[f(X)]| < 26 + 6e]/ |

n—o0

Bohd, FilllZe, dIZLORVDT, €,0 >0MEEE > LIZERLT, § 5 +0,e > +0 2T 5L
limsup |E[f(Xn)] — E[f(X)]| < 0.

n—0o0

£- T, lim E[f(X,)] = E[f(X)] £ %5, O

noo
51 6.26 « >0 292, X1,X,,... Hiid TTOEERBIE f(2) = oz + 1) g o) (z) THB LTS
(Parate AfEE D), 2O E, Y, =n Y max{X;, Xy, -, X,} 28L&, {V,} 13ROI Fz(2)
&b DR Z 12 AT B, 772Uy Fu(z) = 0 (2 < 0), Fy(z) = e=* ° (> 0) TH5 (Fréchet 4
HEVD),

FEAR: Fy Z R ECTEfHARDT, V2 € RIZHLULT lim P(Y, <2) = Fz(z) ZREIEE0, 2 <00 &,
lim P(Y, < 2) =0 BBISH, 2> 002 5. Y, OAHEEIE

n—oo

P(Y, <z)=P(X; <n'%%, ... X, <n'%) = P(X; <n'%) x --- x P(X,, <n'/%)

1/a

= (/ aft+1)7e71 dt> = (1 — (n'/2z + 1)70‘)”
0
— (1 — % (z + n_l/a> a) —e " (n — 00)
LD T, {Y,} & Z ITEHIRT 5, (of . WEME 27.) O
PREEZ2f S L OMERBE DI p, 12D WTITIRAEL D 22, FEHRDAZRRTH L,

EI 6.27 S I3SEfHrI MM E 5, TDeE, MERMEDH {u,} LHERHE 4 20U TRD 4 544

(1)-(4) BED 2 2L FETH 5,

(1) {pn} B 1 BURT 5.

(2) S DERDOHES GIZHLT hmlnfun(G) w(G) BIKALT 5,

(3) S DIEFDEHES F Izl T hmsup pn (F) < (F) ALY B,

(4) S DEAMES A€ B(S) 7 p(04) = 0 £WAIE, lim p,(A) = p(A) BHIT 5, =L, 9ATE A

DESRZ KT,
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RO EBNTEIPROAARIZ BT 5. 5iF compact D7D DMBE+ &ML 5,

EIE 6.28 (Prohorov DER) MERZHMDNE { X} 13X U TRDSEM (1), (2) ZFAMETDH 5,

(1) {Xo} 1FEHIPERDE D 5 AiMHIZ DWW T 551 compact, BIB. {X,} DEREOHDF] {X,, } IZOWT, &
SIZZ DI { Xy, } EHEREH X BT, {X,, } 3 X ICHEIICRT 5 X512 TE 5,

(2) FEDe>0IZHLTHE M >02H->T

inf P(Xo, € [-M,M]) >1—c¢
&L TES,

HERE DI {po} CHULT (2) DES I inf po([-M,M]) > 1—c £ TEDLE, {u,} & tight TH 3
Y\nS. (2) DRI (X} ICHIET BREKRIE DS tight L7285 2 L ICiEh 7 570, 5 6.28 [R5 T
EEREZER S EOMERMEDOHEIZH LTS [-M,M] % S @ compact £H L THIETHILT S (BLAZ
D36 % Prohorov OEH L L &),

ZDEHLE AT 5 72 DITIROFE E ¥ T 5,

W 6.29 (Helly DEHFR) HHEHKOH {F,(2)) BEASNEE S ZOBNH {F, ()} &AMz
PRI F(2) BEAE LT (F(o) EAGEEIC 22 L3S 2\), F OEEOMHER ¢ 125\ T

lim F,, (x) = F(z) (6.12)

k—o0

L TE5,

FEBR: 1st step AHEEMAR Q = {z1,20,--- } EHESMNITUARD, Fo(z) = Fon(zr) £EFEL {Fon(z1)} C
[0,1] T» % H 5, Bolzano-Weierstrass O & HIZ & D #8251 {Fy ,(21)} B> Tn — 0o D& E F(ay) IZ
IR 2 TES, RIT {F1(x2)} C [0,1] THB» 5. HU Bolzano-Weierstrass O & H (2 & 0 #4341
{Fon(22)} D> Tn —00DEE Fap) ITPRTEELTESL, ThEHOEL, £j=1,2,.. (THLT

o {Fii1n(x)} & {Fjn(x)} DEHFITHD

o {Fjn(xj)} 13 F(z;) TRT 2
ETED, TDEEF,, (2)=Fpp(x) DD L% j=1,2,.. AU T AF,, (25) b 13 {Fjn(z;)n>1
DEMATITH B M5, {Fy (1))} k= 0o DEF Fla;) IIURT 32 Ehtbm s, (Z0% R fRE L
5. ) Elm my<a; DEELF, (1) < B, (x)) £722505 F(x;) < F(zy) &35,
ond step st step THER L7z F(z) (z € Q) 2 LT, F(z) (r€R) %

F(z) = inf{F(y);y € Q,y >z} (6.13)

LB, COLE, FARBEMNCTHS I L3Sy, $7o. F(o) RAMEE 25, GEHE&ERAME, )
x % F O#fmRe U, (6.12) Z2R7, e>0& U, 21,290,233 € Q %

02 <2< < 23

o F(x)—e < F(z1) < F(z) < F(z) < F(z3) < F(z) +¢
Elii7=3 LD s, Thd o PERAENOFEETHS, Lrd, (6.13) XD kool &

Fo, (22) = F(z) > F(z), Fo,(23) = F(z3) < F(z3)
Eho. kB EoRESIE
F(z) —e < Fy, (22) < Fp, (z) < Fy, (23) < F(x) + ¢,

B, |F (z) — F(z)] < e BT 505, (6.12) ZHLT 5, O

25



EIE 6.28 DIEEH: (1) = (2) B L. (2) BMHOZLARFE, 5 >0 MFEMLELT, VM > 0125 LT,
inf P(Xo € [-M,M]) <1-¢
LTE5, $habb, {X,} DRI {X,, } BH->T, &neNIZHLT,
P(X,, €[-n,n])<1l—c¢ (6.14)

&TEL, — . (1) IK&Y. {Xo,} O {X,,, | LHERZHR X BeNT, {X,,, } 13X ITEAIIL
KI5, &oT, 2% Fx OEfEEL 5L, hm Fx,. (x):FX( ) &b, UL, {zn), {yn} %
lim z, = —oo, hm Ym = 00 MO T Ym ﬁ‘t% FX DHESFRUT T D XD ITE R, Em iz L TE

m— o0

& +45 j(§<’§‘2’bi nk<$m,ym<n;C ETE, (6.14)12&Db

FX(ym) FX(xm) = hIIl (FXank (ym) — Fx

— 00

(xm)) = kh_ggop(xm < Xan = ym)
< hmmf P(—nk < X,, <ng)<1l-—c¢
k— o0 k

g,

£%50. lim {Fx(ym) = Fx(om)} < 1-e. SREDHBED lim Fx(y) =0, lim Fx(r) =1 %75
ZEITFIET B,

(2) = (1) Fx, DIEEOHAF Fx, H5A5NKE E, Helly OMHUER (Ml 6.29) 12k, Fx, O3
535 Fx,, A AR IR F BEEL T, F OFEREOEK M 2 123 LT

lim Fy, (a:) = F(x)

k—o0

ETED, ZIT. e>0iLT. M>0%
inf P(X,, €[-M,M])>1—-¢
k k
mHESITBE, Fz) Dl e,y ke < —M, M <yl
F(y) - F(z) = lim (Fx, (y) - Fx,, (z))= lim P(X,,, € (z,y])
k—o00 k k k—o00
>inf P(X,, €[-M,M])>1-—c¢
k k
LRBOT, 0 F<1IIERT L, Zhik im F(z) =0, lim Fly) =1%2EKkd 5, £oT. F(x)
IDMHEB DT, Fx(z) = F(z) &7 5% %&Xhﬁra“é O

6.5 FFMEEIEEIRAIINR

T 6.30 {X,} ZHREEFIL U, X, ODEMEEEE ¢,(t) £ T2, ZD& X,

(1) {X,} » X SRR 272 513, VE € RIZH LT ¢, (1) 1 o (£) 12URT 3,

(2) Vt e RIZHLUT g(t) — ¢(t) BHMO LD, ¢(t) 21t = 0 THEHLR S, o(t) 135 DHERLL X OFE
B CH - T, {X,} 13 X ICHEAGET 3,

SERA: (1) 1% f(z) = e OFEB cosz, MEES sin o (FHITEFEHRAEKZ 2 6 BANNKROEZE X VIS 2, (2)
ERT,
Ist step EHE 6.28 ZHWT {X,,} » 55l compact TH 2 Z L %2RT, X, DA% p, £h<. £9.

sina . sina
<sinl = 1-—

la| >1 = |sina| < |a|-sinl = >1—sinl

a
0. c=1/(1-sinl)>0&F2&, M>0IdL e <] (VaeR) ICHERLT

X X,

P(|X,| > M) < E{c(l — SinnMn)l{|)§}‘|21}] < CE[(l B SinnM >}

Xn Xn
M M
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in L[ e
:c/ <1— SmmM>un(dJ:) :c/ (1— f/ e'tar dt> tn (dx)
R 53 R 2/
1 b e t
= nd _ zx—dtnd _ 1- = nfdt
o [ntte) =5 [ [ emtanman) =c(1-3 [ on(p)ar)
ETE5%, ZIT, 217HDH 2 DFEFIE
r ) 1 iz _ ,—ix :
1/ oite gy [iem’] _¢ le :smx’
2/, 2ix t=—1 2ix z

3fTHDRBEDESIE [e@3r| < 1I1Z7ER LT Fubini OEMZ AWz, WICREORE [,(M) £ U, s =t/M
g% JUN

1/M ¢ (UM
I,(M) = c(l - ;/1/M ¢n(S)Mds> =3 /1/M(1 — ¢n(s))M ds
c [YM MoUM
2 /1/M“ ~oeMds+ey [ INCORIAOIN

= 1D(M) + 1P (M)
EBL, e> 0 MWEEITERONEET S, ¢(s) 1 s =0 THEBERD ¢0) =17205, 5 M>0%
€
2

b, ZOMIZHLUT, lim dn(s) = @(s) (Vs € R) 22D |p(5) — dn(s)]| < |B(s)] + |pn(s)| < 2 75,
Lebesgue OINHERIZ X D

1 . €
— o _ = 8 (1)
|s|<M 251 |o(s) 1|<20 L TE, ’I (M)’<

lim 12 (M) =0

n—oo

L%, $hhbb, 5 ng BdHoT,

nzng = IO <]

ETES, ELD, infopn, P X, < M) >1—c &7%225DT, EH6.28 1240 {X,,} 25F compact T
HBZEeWbhrotz,

2nd step {X,} DIEEOHDF] { X, } G- 2 5Nz & & 1st step 1T &K D ZDEHRFN { X, } LHEREE X
FAEL T { X & X THEHIR T 2, 202 &, (1)I1I2&Y ¢ (t) 1& dx () ITHERT B DT, ¢x(t) = o(t)
L5, HU, WD L D HIZE D R DHMRER Y ITRANERT 2 L TR, ox(t) = dy(t) 725, T
DL E, EME16ICED, ux = py 155, THUE px, BED ux KHEIGET 222, $hbb, {X,)
B X IZHEAIPORT 5 Z & 2_LTW5, O

6.6 HDIBRERE
Z OHiTIEHMERE M (central limit theorem) %% 5,

T 6.31 (FOBREE) X1, Xo,... M iid. T, E[X,] =m, V(X,) =02 >0 %335, 20D
-

1 n
U, = %;(xk —m)

Y BUIE {U, ) BEREERAE N(0,1) 126> MRER Y (CEIURT 5, Kz, WAL 5.

1 e
lim P(aSUnSb):\/T/ e 7 dy, —o00 < a<b<oo. (6.15)
T Ja

n—oo
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_ X, —
SFER: 7, — m
g

L¥Be, EZ,)=0,V(Z,) =1,U, = ﬁ Sor_i Z Ty U, ORMEEEUE

n

Thbd, ZIT, ¢(t) 1: Z; ORMEEBTH D, (Z;, AL HZEDDT, ¢(t) = ¢z, (t) KHER, ) T
T, E[Z}] < oo L6812, ¢(t) 1Z C>-ETH B0 5 o(t) DFEE. MIBENT T, TLE ¢1(t), pa(s)
L. ZNE NI Taylor DEHEZH WS &,

o(J=) =00+ J=o 0+ 5(Z=) {et (=) v is(m )} onme)

LTES, 2IT. 4(0) =1, ¢(0) = B[Z)] =0 TH Y. ¢f(015) = —E[Z7 cosel%], qsg(ezﬁ) =
—E[Z? siné?g%], THoDHN, |7} C089%| < 72, |73 sin9%| < Z} TH 55, Lebesgue OUHEHIZ
X0

bu, ) = Bl B 2 = T e = (5 )|
k=1

dm ot (0 ) -l = -1 i (0 ) =0

L7=h - T,

dm (o(2)) = g (14 25 o (0 g2) +iet(0arz)}) =

VB, ZIT.Y B N0, ICHSERERETDE, y(t) = e 7 THENS, EH6.30(2) 1L,
(U} 1 Y ICHERIDGR S 5, (6.15) &Y OO Fy (z) 2S00 5, EH 6.25 12k VKL T 5, O

AR 6.2 KOG ERICHRIEANT X1, Xo, ... DA UDAITHREZ M T LITHSE THITRAL U 7 (of . EH
5.6, FR 5.3, ER 5.4), L2 U, HUMBRREFIIH Z L 12N 2 WS RED FTIRENL L 7R\WZ L AR 5T
W53 (¢f. [D] p.127, Example3.4.5),

% 6.32 (de Moivre-Laplace DEIE) k% p ® Bernoulli idf75] X1, Xo,... 2FZ 5: X1, Xo, ... 13
S HEREBFHIT P(X, =1) =p, P(X, =0) =1 —p. ZDEE, S, =0 X, 8L,

Sn — b
lim P aginpgb = — efdey, —oco<a<b<oo. (6.16)
n—o0o np(l _p)

SERR: E[X)] =p, V(Xi) =p(1 —p) THEHS. EHE63LICEOAES, O

TR 6.3 (1) £6.32 TS, XM B(n,p) KD, ZDI N6, (6.16) 1% B(n,p) 124D HERELS,
D, n BHRREVE EOMRMMDOELMEE 5 ZTWD (cf. f6.33),

(2) de Moivre-Laplace DEHLUE S, 7% B(n,p) IZHED T &b 6. FeMEBIEUE F W 2 BIEURTIN 72 1% % F v
%< TH, B Stirling DARXEHWTEESMZFIH TSI LT (6.16) 2RI enTES, #LIXME
SIERE MR BHEE p.17- 2SO & (of. HEME 32(1)),

Bl 6.33 EHEIC/ES N1 2w % 720 AP T, 6 OHODH B [EEA 130 [EILAE 150 [T & 72 B R % |
OB R E B & F W TRD & 5,
ST6DHOHBEEED ST L. S IFIHAM B(720, ) 65, 20 &, RDODHERIT P(130 <

—12
S <150) &b, 4. E[S] =120, V(S) =720-+(1— %) =100 7255, DMIRERIZ & D, Z = Smo
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WBEMRAGETEMNTE S, 22T, $BEBHEZHND I LIZLD*S,
P(130 < S <150) = P(130 — 0.5 < S < 150 + 0.5)

(129.5 —120 S —120 _ 150.5—120

< <
VI00 ~ V100 — /100
= P(Z > 0.95) — P(Z > 3.05) = 0.1710 — 0.001144 = 0.169856.

|
i)

) = P(0.95 < Z < 3.05)

—F. HEROKEY 7 b R & W THBE R MEE KD B &6
P(130 < S <150) = P(S < 150) — P(S < 129) = 0.9984998 — 0.8292544 = 0.169245
L85,

Bl 6.34 & 6.32 &, KREEARTOREDXEHEE CREROMEITIGHING Z L1, Mt a2 TEAR
(cf. TZN [TS] Fal WERHEE p.97-, p.117-),

B 6.35 X1, Xo,... % Poisson 4 Po(1) \ZfHE 5 MR MERLEHIN L T8, ZDEE, 62012k D,
Sy = X1+ -+ + X, 1& Poisson 534 Po(n) 25, ZIZT, E[X1]=1,V(X1)=1THh2»56. FuMER

T 5y O T A TR E B, B
NG

Sn—n 1 0 y2 1

lim P <0)=— “dy = -

s P (Bt <o) = [y
k

THBN, P(S,<n)= > e 71@575»)\
k=0

tim e (1hnt T g ) 2 L
o0 T T Tr) T

BN broT,

6.7 ZRFTADBREREEBEEDRE

z Tl d T HOMBRER 2N L. ZDISHE L THAEOREZMNT 5,

EHE 6.36 d R TMELREM X1, Xo,... Hiid T, &k e NIZHU X = (X1, , Xpa) KU
B[ X 2 <00, j=1,....d L liET B, ZDL X,

Up,=Un1, - Una)  Unjy= ;ﬁi(Xk,j —mj), j=1,...,d, neN
B UL} F d T EBRATE N(0,2) (2665 MERZH Y THEMBGRT %, 72720, 0= (0,---,0),
m; = E[X1,] THO. B = (Cov(Xy,, X1 ;) & X, DIESWITHIEET,
SERRDHERE: §56.2-6.6 DFHIA Y DXIRIE WD d WEITHIETE 5, £7/-. FH 6.31 L [AEC
lim ¢y, (t) =e 7¥3t ¢ R

n—roo

AEEHITE, P 6.10 & 4301 N(0,3) ORISR THEh 5, Lol e kol s, O

5 Et L ik 2 OBRE [TS] BT MERFH pp.68-T0 THAZ, Pla< S <b) 2kDBE. Pla—05<S<b+05) LHIEL
THOHET 2k, ZOEMENELRD I LiE, ZHAMMMDOT T 72RT I 78 UTEZNEEENIZHASHTH A, FE
B ZhE BT R L TR B & P(133£0 g S\/%O < 15330) =P(1<Z<3)=0.157251 £ %3,
*6 S 9 B(n,p) TS & &, P(S <k) 2Kk 5121 pbinom(kn,p);] £EE, enter key BT,
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EE 6.4 #6.10 TIX X IFIEEHENFRTIITH - 72A, EH 6.36 1& X AVEIEEMTHHKALT 5,

ERATH P = (pjr) ENAEA DTN TIHADNMITE D = (\jy) & PEP=D t7%5&512%, 20
&, DYV2=(\/Ni) L. A=PDV2P 352 ARG (A = A%ii-L) TA2=8 k3,
Z 2T, MSZICEREIERI DA N(0,1) IS WERE Z,,..., 2 2L D,

Y =AZ, =RV Z=(Z, - ,Z)
YT B, ZDYE, Gg(t) =11, ¢z,(t;) = e 2EH D) = o3 p = (11, 1y) € RTICEHELT, @
6.9 ZHWS L,
by (t) = ¢Z(A/t) — o s(AYAt _ gt ANt —t'St
LB, ZOLEY FEMMM N0,X) XS &nS, (AW A2 =3 2528 Y ONMIXER 6.16 &
D ADED HIZESR, ) 2720, EAREATRVEA, YV xR EOBMEE UCREERRE & 7252\,

TR 6.37 WHRLHY1,Ys,. .. Hiid T, Vi DY 0SB UI A ERMTEBLT 5, =KL, % A,
& Borel %é\f“pj :P(Yl € AJ) >0&U, Z#] ﬁgliAzﬂAJ =0 g5, 770, Z?lej = 1IZER
T2, ZOLE Xpj=1lyea, &L

d
_ Z (et Xiyj —1p))?
j=1 P

FIEA{T,} FEBE d— 10 x2 27 (of. WiOES 3.1 &M 3.5) ([CEAIRT 5,

SEER: 1st step X, =
L <.

J%Xk,j LB, EXy ] = EIX? ] =pj, i # § 85 E[Xg i X ] = 0 1R

ElXijl = b5, V(Xij)=1-pj, i# %5 Cov(Xps, Xij) = —/Dib;

1 & ~ nX s
B85, koT, Uy = (Upr,+ ,Una) % Un,j:ﬁz(xkr\/@): Lot Xhs ZMP5 ez
k

- np;
SEFL6.36 & b {U,} 1E N(0, ) (CHERINRT 5, 72720, B = (§;; — ‘/7pipj)1<ij<d, Fr=1,i#j%
50 =0Thb, ZIT, HER64DLIITZ, A2EDD L,

lim E[f(Un)] = E[f(AZ)], [ € Gy(RY), (6.17)

n— oo
YD, TIT. T, = U2 THE1E. Vf € Op(R) RN UT flar, - aza) = (XL, 22) = f(lz?) &

j=1%;
ERZ LT, (6.17) 1
lim E[f(T,)] = E[f(|AZ|*)], e Cy(R),

n—oo
YEZWZOSND, ZHUE (T} 2 |AZ)2 ICHEAURT 5 2 L TR L T\ 5
2nd step |AZ|? BEHHE d— 1D 2 HHEIHEDS 2L 2RT,
22 =1-3= (“/pipj)1<ij<d c‘:j_é (I iii{j’ﬁiﬁno ZDLE,

Z2=2'Z =2 (3+35)Z=2'SZ+ 25,2

d
=(AZ)AZ + > \/pip;ZiZ; = |AZ|* + (P, Z)°. (6.18)
i,j=1
772U, p1 = (/p1,- ,\/pTz)’ U7, WIT py| =1 ICEELT, 94 va3y bOERBERLEE A
WTC pg,... Pk P=(p1- pq) BWELITHERDZE0ED, Z=(Z1,-,Z4) =P ZE$5, ZO¢

X 7, =p,ZThY. |Z|2 Z'Z=2Z'PP'Z=|ZP? &Y. (6.18) £V
~ ~ d ~
AZ = 2] - (0, 2)? = |2 - 22 = Y 7}
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YhB, —F. Z OFRGSEEERENETEILICE0, Zy, -, Zg WIS TERZ R ER 454 N(0,1)
RS Z e b h b, MbE& D, BIIOER 35 X0 |AZ2 BEBE d—1 0 2 SIS 2 e Sbho iz,
[l

AR 6.5 L 6.37 13, HIEMEAD B ERIPAMICHEHA L TWE2E S POREIZHVSs D,
nflDT =27 d OB Ay,... , Ag ICHBETES L E, Bl A BB BREEEZ p; & U, RO
%%‘i%o

U%/ﬁ}i{&gﬁ HO:(pla e 7pd) = (p(fa e 7}72), ;d‘ﬁ-{&%% Hl:(pla e apd) 7é (p?a e 7pcoi)

TOrE, WA OUEHERE n; & L GEH 6.37 TE Y, Xi, CHIET ), it

d p—
Z "pﬂ) (6.19)
j=1 np]
2FAD, TOLE BUHy WIELTNET, FEBEEd— 10 x> 2046 (T, X2, 2L d ) 12ik

IR S 2505
lim P(T, <a)=P(Y <a), Ya > 0,

n— oo

Y%, REULY E X3 AT AHRERERT, /. H AELVEE p; £ p0 THIUZKKD LR
0 LY X ) L AR BRI B 5

(n; —np?)Q _ (ZZ:le,j _”P?)Q _ ( Zk 1 Xk — p?)z
np? np?- pj

— oo in prob.

R0, lim, oo P(T, <a)=0,Va>0, £725,
UEEb, ELEREKE o THRETZ2DTHNIE, (6.19) ICEFEEZRALMEZ t LT 2L E,

HLUE< X2 (o) THNIEHy ZBIR L,
LUt >3 () THIE Hy 28T 5,

ZIZT G (@) E G Ao Ellafi, BB, PY > k) =a b &k=x3 (o) ELEETH .
il Z 1% [TS] #aT Eﬁ+r}un+p1620)xz NRPORDBZ N TE S,

72U npd <5 LRBIERD D & XE, BHEORRE AL, TRTOMRT np) >5 22 L512h
(FRAS S

5l 6.38 HBY A1 I RF>TT —L%2TEHILITRSED, FOMIZZIOY A aaMBELLfEoNTWS D
FARDZ 2IZ Uz, ZOY1am% 120 [FiF-e &, ROFERE2E-,

Ho 1 2 3 4 5 6| &
W= | 27 12 14 28 24 15| 120

ZDH A auDEHDHHMRIZEL WD, ARUKE 5% TREE X,

fR: j OEHOW SR p; & U, RO XS ITK@H%2ZET 5,
2 11
et A 5 Ho : (plap27p37p47p57p6) = ( 777777 )

P 1 11
j(j-ll"ﬂié% Hl : (p17p2ap37p47p53p6) 7é (677a P 7)

.—
— 3
-
—

(=2}

T > x#(0.05) = 11.07
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Thd, ZIT, EBEEZRAT S L 120/6 =20 £,

(27 —20)2 (12 —20)? (15 —20)2
_ = = 9.
! 20 20 7T 7

ZDMEIFFEAIBIZA DS, Hy ZFEHNEI NS, KoT, ZOV A a0 @FELLESNTWS WY, O

Bl 6.39 AVTNIFZY FUDEDEIIZHVEDEENBLDARH LI LIZEHL, $TREVHDDADFE T
EHVWCENEZNITLZ L2 BUERIEL, 47 [ZOoFEWI YRy OBT2NETESL L51C L7,
T2, BV EDIZDOWTHFARRIZ, 67 [EDEVWT VU Ry OF2N#ETEL L5177, RIZ, 20
OFF2BTCTHEW:E [EOEWIT YR OEODHLRIZ, [EDOBENTY KD | OEMEZHI iz, £
Too W TEDENT Y R Y] OFEOH LRI, [ZOEWT Y Ry OfERzZHhI ez, L TINEI N
HFEsRH<L, TRTEDHEWVWI VY RYTHH72, RIZ, TOTY R 2EARZHIETUFEL 72+ 1064
%z, XSIZBEHVE, T8, ZOEVEDMN 787, EDHNE DA 277 TH -7z,

RIZWbD B A Y TFILOEANZHRES &, ZOFMFRFRZOFEVED, MVWEDEEIX 3 1i1I2RbE VWS, Z
DEBERIZZTNISEA L TWE N, HEKE % THRERE X,
f2: ZOEWETTHIMERE p, MOETTHDIMERE py T 5,

ﬁﬁWﬁHm(mmgz(%i) ﬁﬁmﬁﬂy(mmg¢(;%)

BAKESR THBEPS, BHIBITHBAEYN 2 -1 THDZ LIZERELT

T > x3(0.05) = 3.841
Thb, ZIT. EHMEZRAT S L 1064 x (3/4) = 798, 1064 x (1/4) =266 &£ v,

UWAY%V+(W77%®271PX4
798 266 798
ZOMEIFZEHIBIZADZ Snh 6, Hy ldRIRE s, /o T, ZOEVWED, BVEDEEIL3: 1125 L

Wo T LW, |

= 0.605

EHEEE (GB)
34. 2 omEEEAVT, UTFOMWIZER &,*7
(1) FHEOHAER Y EFNHOMEE TN 10, LA X > TRO A0 HAERE 57,

HEnH |1 2 3 4 5 6 7 8 9 10 11 12| &
N 90 89 81 85 92 93 102 109 116 101 94 88 | 1140

IorE WARBEZINHCEET S WX Dh, HEKE Y THREY L,
(2) % 1 MOHEEDNIMZFND DI, KPWDTHE ST 2 FTHEZKRT, ROMRE/[FL, 0
E HEIIHFRESNTOD E WA B0, HEAYE % THRIEE X,

X 1 2 3 4 5 >6/| &
EH | 132 66 36 10 11 1 | 256

7220 X FRPHBIT 2 T TORITHBMTH Y > 6135 HHEHEXTIZEN AN o7 L 2EKRT 5,

*THEMR: 34 (1) j AOHAERE p; ¥ 5, Ho: pr = -+ = p12 = 5, Hi: Ho OFEL T 5, FHBE T > x2,_,(0.05) =
19.68 THEUHENAT B Y t = 5={(90 — 95)2 4 (89 — 95)2 + - + (88 — 95)?} = .- = 12.02. &> T Ho BIRIR& N3,
(2) 5 =1,2,3,4,5 DL ¥ p; TjREICHOTENES, pg T5EHETEIMARVERERT, Ho: p1 = L,p2 =
P3 = §,P4 = 15,05 = p6 = 35, Hi: Ho O&FEL T 5. FHMIE T > xZ_,(0.05) = 11.07 TEBEEZRAT 2 &
¢ = 1821297 4 (06-64)7 | (36-32)% 4 (10-16)° | (-8 4 (=8 _ 101875 kT Hy RIRRE NS,

T,
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