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REPRESENTATIONS *
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Abstract

In this note we give representations for the partition algebra A3(Q) in Young’s
seminormal form. For this purpose, we also give the defining relations of A4,,(Q)

and 4, _1(Q).

1 Introduction

1.1 Definition of the partition algebra

Let M ={1,2,...,n} be a set of n symbols and F = {1’,...,n'} another set of n
symbols. We assume that the elements of M and F are orderedby 1 <2 < --- <n
and 1’ < 2’ < --- < n/ respectively. Consider the following set of set partitions:

o= {n, T [ s=1,20
T;(#0) CMUF (j=1,2,...,s), (1)
UT; = MUF, T;nT;=0ifi#j}.

We call an element w of X% a seat-plan and each element of w a part of w. It is
easy to see that the number of seat-plans is equal to Bs,, the Bell number.

For w € ¥}, consider a rectangle with n marked points on the bottom and the
same n on the top as in Figure 1. The n marked points on the top are labeled
by 1,2,...n from left to right. Similarly, the n marked points on the bottom are
labeled by 1’,2',...,n’. If w consists of s parts, then put s shaded circles in the
middle of the rectangle so that they have no intersections. Then we join the 2n
marked points and the s circles with 2n shaded bands so that each shaded circle
represent a part of w.

Using these diagrams, for w;,ws € X1, an arbitrary pair of seat-plans, we can
define a product wyws. The product is obtained by placing w; on ws, gluing the
corresponding boundaries and shrinking half along the vertical axis. We then have
a new diagram possibly containing some shaded regions which are not connected
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1/ 2/ 3/ 4/ 5/

Figure 1: A seat-plan of X5

to the boundaries. If the resulting diagram has p such regions, then the product is
defined by the diagram with such region removed and multiplied by QP. Here @
is an indeterminate. (It is easily checked that the product defined above is closed
in the linear span of the set of seat-plans X1 over Z[Q].) For example, if

wy = {{1,1,4'},{2,5},{3,4},{2'},{3',5'}} € =}
and
W2 = {{L 1,7 3,7 41}) {2}v {3’ 5}’ {4}7 {2/7 5/}} € Eéa

then we have
wiwy = Q*{{1,1,3,4'},{2,5},{3,4},{2,5'}} € Z[QIE}

as in Figure 2. By this product, the set of linear combinations of the elements of
YL over Z[Q] makes an algebra A, (Q) called the partition algebra. The identity
of 4,(Q) is a diagram which corresponds to the partition

1={{1,1},{2.2},.... {n,n'}}.

We put Ap(Q) = A1(Q) = Z[Q]. We can define A,,(Q) more rigorously in terms
of the set partitions (See P. P. Maritin’s paper [13]).

Next we define special elements s;, f; (1 <i<n—1)ande; (1 <i<n)of X}
by

si = (L1} {i—-1L,0G-D'L{+2,60+2)} ..., {n,n'},
{i, G+ 1) {i+ 14}
fi = LU =L G- i+ 2, +2) ). {nn),

{ii+ 1,4, (i+ 1)}
ei = {{L,UV} ... {i—1,6G-0}L{hL{Hi+1,6G+1)}, ..., {n,n"}}.
The diagrams of these special elements are illustrated by the figures in Figure 3.

Note that in the picture of e;, there exist “a male” only part and “a female” only
part. We call such a part “defective” (see Section 3.1).
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Figure 2: The product of seat-plans
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Figure 3: Special elements



We easily find that they satisfy the following basic relations.

A PR S (ko)
2 = 1 (i=1,2,...,n—1),
$iSi418i = Siy18iSi41 (1=1,2,...,n—2), (R1)
sisj = 858 (i =7l =2),

f2=fi fifi=fifi, (R2)

fisi=sifi =i, (R3)

fisj=sifi (li—jl=2), (R4)

e? = Qey, (E1)

Si€iit1 = €;€iy18; = eieip1 (1=1,2,...,n—1), (E2)

eisj=s6 (—i>1,1—75>2), ee; =eje;, (E3)

eifiei =€ eiy1fi€it1 = €1 (Z =1,2,...,n—1), (E4)
fieifi = fi, fieiv1fi = fi (i=1,2,...,n-1),

eifj=1rfies (j—i>1i—j>2). (E5)

Here we make a remark on the special elements above.

REMARK 1.1. The relation (R0) implies that the special elements {f;} and {e;}
are generated by f = f1, e=e; and s1,...,8,_1-

In this note, firstly we show that the special elements and the basic relations
(R0)-(R4) and (E1)-(E5) above characterize the partition algebra A,(Q), i.e.
the special elements generate A,,(Q), and all the possible relations in A4, (Q) are
obtained from the basic relations. By Remark 1.1, the basic relations will be
translated into the relations among the symbols f, e and s;s. Characterizations
will be stated by these symbols.

1.2 Characterization for A,(Q)

Since generators {s; | 1 < i < n — 1} of the partition algebra A, (Q) satisfy
the relations of the symmetric group &,,, we can understand that f; and e; are
“conjugate” to f and e respectively.

Hence the basic relations (R2)-(R4) and (E1)-(E5) among the special elements
are translated into the relations (R2')-(R4’) and (F1’)-(E5’) among the generators
as follows.

THEOREM 1.2. The partition algebra A, (Q) is characterized by the generators

f»easlsta"wsnflv



and the relations

2 = 1 (i=1,2,....,n—1),
5i8i418i = Sit158i41 (1=1,2,...,n—2), (R1)
sis; = s;8 (i—jl>2,4,j=12,...,n—1),

[P =1, fsafsa=safsaf, [sas15352fs2515380 = sas18350fs2818380f, (R2)
fsi=s1f =1, (R3')

fsi=sif (1=3,4,...,n—1), (R4)

e? = Qe, (E1)

es1es] = s1es1e = esie, (E2)

(E3')

(E4')

)

es;=se (1=2,3,...,n—1),

t

efe=e, fef =1,

fsas1€8182 = s981€8152f.

—~
=
A

In Sections 2-4 we prove this theorem not using the generators and the relations
in the theorem but using the special elements and the basic relations (R0)-(R4)
and (F1)-(Eb).

The partition algebras A,,(Q) were introduced in early 1990s by Martin [12, 13]
and Jones [6] independently and have been studied, for example, in the papers [14,
2, 5]. The theorem above has already shown in the paper [5]. Here we give another
poof defining a “standard” expression of a word of the special elements of A4,,(Q)
according to the papers [8, 10, 11]. From this standard expression, we will find
that the partition algebra A,,(Q) is cellular in the sense of Graham and Lehrer [4].
Thus, applying the general representation of cellular algebras to the partition
algebras, we will get a description of the irreducible modules of A,(Q) for any
field of arbitrary characteristic. (For the cell representations, we also refer the
paper [7].)

Further, we can make the character table of A,,(Q) using the standard expres-
sions. These topics will be studied in near future. For the present we refer the
notes [10, 17] and the results about the partition algebras [2, 22].

2 Local moves deduced from the basic relations

Let
‘C}L - {817827"'7sn717f17f27°"7fn71761762a'°'76n}

be the set of symbols whose words satisfy the basic relations (R0)-(R4) and (E1)-
(E5). There are many relations among these symbols which are deduced from the
basic relations. These relations are pictorially expressed as local moves. Among
them, we frequently use relations fi118;8;:41 = $isiv1fi (RO), fisiv1fi = fifir1
(R2") and e;8; = e;fieir1 = sieir1 (E4"”) as in Figure 4,5 and 6 respectively.
The latter two relations are deduced from the relations (R0)-(R3) and (R0), (R3),
(E4) respectively.



A A

Figure 4: fiy18i8i11 = sisit1fi (RO)

M- HH - EH

Figure 5: fisiy1fi = fifiv1 (R2”)

As we noted in the previous paper [11], these basic relations are invariant under
the transpositions of indices ¢ <> n — i + 1 as well as the Z[Q]-linear involution
* defined by (zy)* = y*z* (z,y € A,(Q)). This implies that if one local move
is allowed then other three moves —obtained by reflections with respect to the
vertical and the horizontal lines and their composition— are also allowed.

Further, we note that if we put

el = fify- frreren--erfifo-- fra

then we can check that e[, f and s; (1 <14 < n—1) satisfy the defining relations of
P, (@), the r-modular party algebra, defined in the paper [11]. This means that
the local moves shown in the paper [11] also hold in A4, (Q) (in fact, these local
moves are more easily verified in 4,,(Q)). Some of them are pictorially expressed
in Figures 7,8,9 and 10.

3 Standard expressions of seat-plans

In this section, for a seat-plan w of XL, we define a basic ezpression, as a word in
the alphabet T'L. Then we define more general forms called crank form expressions.
As a special type of the crank form expression, we define the standard expression.
In the next section, we show that any two crank form expressions of a seat-plan
will be moved to each other by using the basic relations (R0)-(R4) and (E1)-(E5)
finite times. Consequently, we find that any seat-plan can be moved to its standard
expression. To define these expressions, we introduce some terminologies.

J-H-

Figure 6: e;s; = e;fieir1 = sieir1 (E4)
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Figure 7: Defective part jump rope (R13')

Figure 8: Removal (addition) of excrescences (R14’)
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Figure 10: Defective part exchange (R17’)



3.1 Propagating number

Let w = {T1,Ts,...,Ts} be a seat-plan of A,(Q). For a part T; € w, the in-
tersection with M, or TM = M N T;, is called the upper part of T;. Similarly,
TF = FNT; is called the lower part of T;. If TM # () and T # 0 hold simultane-
ously, T; is called propagating, otherwise, it is called non-propagating, or defective.
Let m(w) := {T € w | T : propagating} be the set of propagating parts. The
number of propagating parts |w(w)| is called the propagating number (of w). If
T; € m(w) then the upper [resp. lower] part T/ [resp. T[] of T; is also called
propagating. If T; € w \ w(w) and TM = T; [resp. T = T;], then TM [resp. TF]
is called defective.

For example, in Figure 1, m(w) = {T1,T4}. Hence |7(w)| = 2. On the other
hand T5, T5 and T5 are defective. The upper and the lower propagating parts are
{1}, {5} and {1/,2',4’}, {3’} respectively. The upper defective parts are T and
T3. The lower defective part is T.

3.2 A basic expression of a seat-plan

For a part T; € w, define ¢(T;) by

KTy = { 1 if T} is propagating,
’ 0 if T; is defective.
Similarly we define ¢(TM) [resp. t(T}")] to be 1 or 0 in accordance with that T
[resp. TF] is propagating or not.

Using the terminologies above, first we define a basic expression of an seat-
plan. Let w € X1 be a seat-plan and p,, = (T1,...,Ts) be an arbitrary sequence
of all parts of w. For the sequence p,, we define the sequence of the upper
[resp. lower] parts M = M(py) = (TM,...,TM) (iy < -+ < iy, u < s) [resp.
F=F(pw) = (Tf,....,T) (j1 <--- < ju, v < 5)] omitting empty parts.

Using these data, we define cranks Cy[i], C[i] and C¥[o]) as products of the
generators as in Figure 11, 12 and 13 respectively. Here ¢ is a word in the alphabet

{8155 Sjr(w)| -1}

l !
M| _ M
U{EDICEY

k=

| | ecoe |

—
- Remove this Sy
t(T;-‘Z) P M) — n— Z \T;-k

Pt it #( i )=0 k=1

Figure 11: Ciy[l]
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Figure 12: Cg[l]

Add this if ¢(7;))=1  n-|r(w)]
f_H
T |-|-|-|l -

T ——F+ — 4

|m(w)|  Add this if «(7] )=1

9

Figure 13: CM[o]

Further we define the “product of cranks” C[M] and C[F] by
O[M} = CM[[I]CM[Q] e CM[U - 1]

and
C*[F] = Cg[v — 1] --- C¢[2]Cr [1]

respectively. We note that Cwy[l] [resp. Cj[l]] is defined by a composition E =
(Eq,...,Es) of n whose components have labels either “propagating” or “defec-
tive”. For example if M = (2,1,2,2,3), (t(M;))1<i<s = (0,1,0,1,1), F = (3,4, 3),
(t(F))i=1,2,3 = (1,1,1) and ¢ = (1,2)(2,3) € &3, then the product of cranks
C[M]CM[o]C*[F] is presented as in Figure 14.

Let M be the sequence of n symbols obtained from M = M(p,,) by arrang-
ing all elements of Tfl‘:[ s in accordance with the sequence M so that all elements
of each Tijl\f are increasingly lined up from left to right. For example, if M =
({3,1,7},{6,4},{5,2}), then M = (1,3,7,4,6,2,5). Similarly F is defined from
F= ]F(pw)'

Then the following product becomes an expression of a seat-plan w.

C(M, id,F) = zgzC[M]Cy' [id]C* [Flazk.

Here g [resp. x%] is a permutation which maps j to the number in the j-th
coordinate of M. [resp. the number written in the j-th coordinate of F to j']. We
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Figure 14: Product of cranks

call this expression a basic expression of w. We note that for a seat-plan w there
are several ways to choose p,, a sequence of the parts of w. i.e. Several basic
expressions can be defined for one seat-plan.

3.3 The standard expressions of a seat-plan

Our claim is that any basic expression of a seat-plan w can be moved to a special
expression called the standard expression by using the relations (R0)-(R4) and
(E1)-(E5) finite times. In order to show this claim, next we introduce the notion
of a crank form expression of w.

Consider the propagating parts 7(w) = {T3,,...,T;,} (p = |m(w)|) of w. Let
(M, ..., M) be a sequence of the upper parts of m(w) and (Fy,...,F,) the one
of the lower parts. Then there exists a permutation o € &, such that { My U
F, | k=1,...,p} = mn(w). As is well known, a permutation o of degree p is
presented by p-strings braid which connects the lower k-th point to the upper
o(k)-th point.

Now we define a crank form expression of w. Let M = (My,..., M,) [resp.
F = (Fy,...,F,)] be any fixed sequence of the upper [resp. lower] parts of w
(whose empty parts are omitted and propagating parts are specified). From the
sequences M and F, we obtain products of cranks C[M] and C*[F]. Further, from
m(M) and 7(F), we obtain a permutation o € &, such that {M; , UFj, ; k=
1,...,p} = m(w). Then the product

C(M, 0, F) = 2zC[M]C}"[0]C* [Fla’

becomes a presentation of w. We call this presentation a crank form expression
of w defined by M and F. If a crank form expression is made from sequences
(My,...,M,) and (Fi,...,F,) such that

1. My,...,Mp and Fi, ..., F, are propagating,



2. Mptq,...,M, and Fpyq,..., F, are defective.

then we call it in normal form.

Finally, we define the standard expression of w, as a special expression of crank
form expressions in normal form by properly choosing the sequences (M, ..., M,)
and (Fi,...,F,). For this purpose first we sort the parts 77,...,Ts of w so that
they satisfy:

1. 7T(’LU) = {Tl,TQ, ce ,Tp},

2. {T; |i=p+1,p+2,...,u} is the set of all upper defective parts,
3. {Ti |i=u+1,u+2,...,u+ (v—p)} is the set of all lower defective parts.
T,

For an ordered set E, let min £ be the minimum element in E. Let 71,75, ..., T,

be the parts of w(w). Define (M7, My, ..., M,) so that they satisfy

)

{My, My, ... M}y ={TM 1Y, .. TN}

and
min My < min My < --- < min M),

Similarly (Fi,Fs,...,F,) are defined using the lower parts of m(w). In such
a method, the sequences of the upper parts (Mi,...,M,) and the lower parts
(F1,...,F,) are uniquely defined from a seat-plan w.

Now we define (M1, ..., M,) so that they satisfy

{Mp—Ha Mp+2a ceey Mu} = {Tp+17Tp+2> cee aTu}

and
min My < min Mp o < --- < min M,.

Similarly we define (Fp11,...,F,) so that they satisfy

{F;D+17Fp+27 cee Fv} = {Tu+1aTu+2a cee aTu-l-(v—p)}

and
min 41 <min Fy,4 0 < -+ < min F},.

Using these upper and lower sequences defined above, we can obtain a crank from
expression in normal form called the standard expression of w.

4 Proof of Theorem 1.2

In the previous section, we have defined the standard expression of a word in the
alphabet L1 as a special expression of the crank form expressions in normal form.
In this section, first we show that any two crank form expressions of a seat-plan w
are transformed to each other by finitely using the local moves shown in Section 2.
Then we show that any word in the alphabet £ is moved to a scalar multiple
of one of the crank form expressions. Thus we can find that any word in the



alphabet £l is reduced to a scalar multiple of a the standard expression. Since
the set of seat-plans makes a basis of A,(Q) and since every seat-plan has its
standard expression, this proves that the partition algebra A, (Q) is characterized
by the generators and relations in Theorem 1.2.

First we show that any two crank form expressions are transformed to each
other. Forw € X}, let M = (My,..., M,) and F = (F1,..., F,) be sequences of the
upper and the lower parts of w respectively. Assume that the subsequence (M) =
(M;,,...,M;,) (iy < --- <ip) of M is the sequence of the upper propagating parts
and 7(F) = (Fj,,..., Fj,) (j1 <--- < jp) is that of the lower propagating parts.
Then there exists a permutation o of degree p = |w(w)| which specifies how the
propagating parts of w are recovered from 7(M) and #(F). Let E = (Ey,..., E;)
be a sequence of the upper or lower parts. Suppose that 7 € G4 acts on E by
TE = (E--1(1),- .., Er-1(5)). Then the following lemma holds.

LEMMA 4.1. Let M = (My,...,M,) and F = (F1,...,F,) be sequences of the
upper and the lower (non-empty) parts of a seat-plan respectively. If M; [resp.
F;] is defective and o; = (i,i+ 1), the i-th adjacent transposition, then the crank

form expression C(M, o,TF) is moved to another crank form expression C(o;M, o,TF)
[resp. C(M, o, 0,F) ].

Proof. We consider the case M; is defective. In case F; is defective, the similar
proof will hold. Let Py; € &,, be a permutation defined by

. i—1 i
T+ (M| 3 3 (Ml <z < ijll | M|,
Pui(z) = @ —|M;| it 35, [My| <@ < 30 M),
T otherwise.

Then we find that xMPM}i maps j to the j-th coordinate of o, M. Hence we have
scMPMli = x5z (For the definition of M, see Section 3.2.)

On the other hand, since M; is defective, we have Py ;C[M] = C[o;M] by
removing an excrescence of M, and iteratively using “defective part exchange”
(R17') in Figure 10 (if M, ; is defective) or iteratively using “defective part shift”
(R16") in Figure 9 (if M, is propagating), and then adding an excrescence to M;
just moved. Thus we obtain

C(M,0,F) = zxC[M|Cy'[o]C*[Flak
(a55P,s) (P i C M) Gy [0]C [Flag
= 2;3CloM]CE [0]C* [Flak

= C(O’iM,U,F).

REMARK 4.2. Lemma 4.1 also holds if M;; [resp. F;;1] is defective.

By Lemma 4.1 and Remark 4.2 we may assume that any crank form expression
is given in normal form.



LEMMA 4.3. Let C(M, 0,F) be a crank form expression of w in normal form. If
M; and M;y1 are propagating then C(M, o, F) is moved to another crank form ex-
pression C(o;M, 0,0, F) in normal form. Similarly if F; and F; 41 are propagating,
then C(M, 0,F) is moved to C(M, o0y, 0;F).

Proof. Let Cy[i] and Cy[i+1] be i-th and (i+1)-st cranks of C[M]. By Figure 15,
we have
PM’ZCM[Z]Cm[Z + ].] = CUiM[i]CgiM[i —+ 1]02"
Thus we obtain

.

kg

-

-+

Figure 15: Crank form exchange

CM,0,F) = azCM|CH[s]C* [Flaz
= (25rP:)(PiiC M) Gy [0]C* [Flyz
= 2;5C[oiM] CM(o;0])C* [F] T%
= C(o:M, 00,F).

By Lemma 4.1, Remark 4.2 and Lemma 4.3 we obtain the following.

PROPOSITION 4.4. A crank form expression of a seat-plan is moved to its
standard expression.



Now we prove that any word in the alphabet £l is moved to a crank form
expression. By the above proposition, we will find that any word can be moved to
its standard expression.

PROPOSITION 4.5. If C(M, 0,F) is the standard expression of a seat-plan w,
then s;C(M, o,F) is moved to a crank form expression of s;w.

Proof. If i and i+ 1 are both included one of the (upper) parts of w, say M}, then
we have

k—1 k
SOIM;| < al () <agl(i+1) =a () +1< > [M]
j=1 j=1

and

(a7 (8), 2 (i 4+ 1)) Cualk] = (21 (8), 2 (8) + 1) Cualk] = Cugk]-

Since

sixgp = (4,4 + Vag = wm(xﬁl(i), xﬁl(i +1)),

we find that s,C(M, 0,F) = C(M, o, F) is a crank form expression.

If ¢ is included in M; and i + 1 is included in My (j # k), then we have
sixy; = ayp. Here M’ is the sequence of the upper parts obtained from M =
(My, ..., M,) by replacing M; with M; = (M; \ {i}) U {i + 1} and M with
M| = (Mg \ {i +1}) U {i}.

Hence we find that s;C(M, o, F) is moved to C(M/, 0, F), a crank form expres-
sion. In particular this expression again becomes the standard expression, unless
]{1 = j + 1, t(M]) = t(Mj+1)7 and Z = IniIle, Z+ 1 = minMj_H. D

PROPOSITION 4.6. If C(M, 0,F) is the standard expression of a seat-plan w,
then fC(M, o,F) is moved to a crank form expression of fw.

Proof. First consider the case {1,2} C M}, for some k. In this case, there exists
an integer i such that i = 2—'(1) and i + 1 = mﬁl (2). Hence in this case we have
fay = oy fi and f;Cu[k] = Cm[k]. Thus we obtain fC(M, o,F) = C(M, 0, F).
Next consider the case 1 € M; and 2 € My, (j # k). In the following we
assume that M; and M, are both propagating. Even if either M; or M, or both
of them are defective, the similar proof will hold. Proposition 4.4 implies that the
standard expression C(M, ¢, F) is moved to a crank form expression C(M/', id, F’)
so that the first and the second components of M’ are M; and Mj, respectively and
the first and the second components of F’ are jointed to M; and M)}, respectively.
Using the relations (R2"), (R2) and (R12"), we find that the first and the second
components of M’ and those of F’ are merged by the action of f. For example,
if |M;| = 5 and |Mj| = 4 then we have Figure 16. The merged propagating
parts will be moved to a crank form expression C(M”,id, F”) by “bumping” as in
Figure 17. Here M” [resp. F”] is a sequence of upper [resp. lower] parts obtained
from M [resp. FF] by merging the first two components. O

PROPOSITION 4.7. If C(M, 0,F) is the standard expression of a seat-plan w,
then eC(M, 0,TF) is moved to a crank form expression of ew.
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Figure 16: Action of f on w
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Figure 17: Bumping

Proof. By the same argument in the previous proposition, we may assume that
C(M, 0,F) is moved to a crank form expression

cM”,id, F")

such that the first component M;" of M contains {1}.

First consider the case |Mj’| > 1. In this case, it is easy to check that
eC(M”,id,F") is again a crank form expression of ew as it is.

Next consider the case |[M{'| = 1. If M{" is defective, then we have a scalar
multiple of a crank form expression eC(M”,id,F") = QC(M",id,F"). If M{ is
propagating, then applying “addition of excrescences (R14’)” and “bumping” in
Figures 8 and 17 we can move eC(M",id, F”) to a crank form expression. O

—_~—

Proof of Theorem 1.2. Let A,(Q) be the associative algebra over Z[Q)] abstractly
defined by the generators and the relations in Theorem 1.2. So there exists a

surjective morphism 1 from A, (Q) to A,(Q). As we noted in Section 1, we may
assume that A, (Q) is generated by the alphabets £. which satisfy the relations
(R0)-(R4) and (F1)-(FE5). Here we note that the “geometrical moves” we have
shown previously can be applied to any algebra which satisfies the relations (R0)-
(R4) and (E1)-(E5). Hence if we associate the alphabets in £} with the diagrams
in Figure 3, then we can apply the notion of basic expressions, crank M expres-

sions and standard ezpressions to the words in the alphabets L1 of A,(Q).

Let w be a word in the alphabet L1 of A, (Q). Suppose that w is presented in
a standard expression. Then by Proposition 4.5-4.7, s;w, fw and ew are all moved
to (possibly scalar multiples of) crank form expressions. By Proposition 4.4, they
are moved to the standard expressions. Since s; (1 < i < n —1), f, and e are
crank form expressions as they are, by induction on the lengths of the words in the
alphabets L,,, any word turn out to be equal to (a scalar multiple) of the standard
expression of a seat-plan w of X1. Hence we have

—_~—

rank A,(Q) < |Z1].



As Tanabe showed in [19], X! makes a basis of C ® A, (k) = C ® (A, (k)) if
k > n. Hence rank C ® A,(z) = |XL| holds as far as z takes any integer value
k > n. This implies that 1 is an isomorphism and we find that the generators and
the relations in Theorem 1.2 characterize the partition algebra A, (Q). O

5 Definition of An_%(Q), a subalgebra of A, (Q)

In this section, we consider a subalgebra A, _1(Q) of A,(Q) generated by the

n—3z

special elements s1,...,8,-2, f1,.--, fn—1 and e1,...,e,_1. As we have noted in
Remark 1.1, {f;} (1 < n—2) and {e;} (1 < n — 1) are written as products of
f=fi,e=e1 and s1,...,5,_2. The special element f,_;, however, can not be

expressed as a product of other special elements in A4,, _ 1 (Q), since we deleted s,,—1
from the generators of A, (Q). Hence A,, 1 (Q) can be defined as a subalgebra of
A, (Q) generated by the following elements: s1,...,8,—2, f = f1, f« = fn—1 and
e = e;. We can obtain the defining relations among these generators just as in the

case of A,(Q).

THEOREM 5.1. Let Z be the ring of rational integers and Q the indeterminate.
We put A1(Q) = Z[Q] - 1. For an integer n =2, A, _1(Q) is characterized by the
generators

67f7517827"'asn—Qaf*(ifn>2)

and the relations (RO), (R1')-(R4’') and (E1')-(E5') omitting the ones which in-
volve s,,_1 and adding the following relations:

JsSn—2Sn_3 - 5352515253 - Sp—3Sn—2 fu

= fuSn—25n_3---5352f8283 - Sp_35,_2 (R2*)
= Sp—25n—-3""" 5332f5253 te 3n—35n—2f*,
fle=fufs efi=fee,  fusi=sifs (1§i§n—3), (R4*)
JeSn—28n_3---51€51 - 5p_3Sn_2fs = fi, (B4%)
€5182 " Sp—2fs«Sn_o-+-S28516 = e.

We understand AH%(Q) = A2_%(Q) is defined by the generators 1, e and f with
the relations € = Qe, f? = f, efe = e, fef = f. (Hence, Azfé(Q) is a rank 5
module with a basis {1,e, f,ef, fe}.)

The relations (R2*) correspond to the relations f,—18n—2fn—1 = fa—1fn—2 =

fn—2fn-1. We deduce fisn—ofi = fesSn—2fsSn—2 = feSn—2fiSn—o from (R2*).

Proof. First we note that all the generators of A,,_ 1 (@) have the part which

contains n and n’ simultaneously.
We consider the transpositions of indices ¢ <+ n — i + 1. These transpositions
make A, _1(Q) a subalgebra of A, (Q) generated by

£7ll_% = {fla"'7fn71782a"'asn71a627-~-7en}-



By the relation (RO0), An_%(Q) is actually generated by letters {f1, f2, es and
$9,...,8n—1}. Each of these generators has a part which includes {1,1’}. In the
following in this section, we suppose that A, _ 1 (Q) is generated by the letters in
[,:k%. The Z[Q)] bases of Anfé(Q) consist of E:h% a subset of seat-plans in X1
which have at least one propagating part which contains 1 and 1’ simultaneously.

In the diagram of the standard expression of a seat-plan of E;_ 1, the vertices 1
2

and 1’ are joined by a vertical line. Shrinking this vertical line to one vertex, we
have one to one correspondences between Ei_ 1 and the set of the set-partitions
of order 2n — 1. (Hence we find |Z711_l| = Ba,—1, the Bell number.)

Under this preparation, we prove tQhe theorem. Since the relations in the theo-
rem allow us to use all the required local moves, we can show just in the course of
the arguments of Section 4 that any word in the alphabet Li_ 1 is equal to (possi-

bly a scalar multiple of) a standard expression in the abstract algebra A,, _ 1 (Q).
Hence we have

—_~—

rank A,_1(Q) < [X

o1l
1.
n—3

As Murtin and Rollet showed in [15], X! , makes a basis of C ® A,_1(k) =
2

C® (A, _1(k)) if k& > n. Hence rank C ® A,(z) = |[E} .| holds as far as z

n—z
takes any integer value k > n. This implies that 1 is an isomorphism and we find
that the generators and the relations in the theorem characterize the subalgebra

A, 1(Q). O

6 Bratteli diagram of the partition algebras
In this section, we get back to the original definition of A, _1(Q). (i. e. A,_1(Q)
is generated by s1,...,8n—2, f1,-.-,fn—1 and e1,...,€,_1.) Since, An_% (Q) con-
tains all the generators of A,_1(Q), it becomes a subalgebra of A, 1 (Q). Hence
we obtain the sequence of inclusions 4¢(Q) C A1(Q) C - C 4;_1(Q) C 4;(Q) C
Ay (@) C e

First we define a graph I', [resp. I', 1] for a non-negative integer n € Zxo.
Then we define the sets of tableauzr as sets of paths on this graph. Figure 18 will
help the reader to understand the recipe.

For the moment, we assume that @ is a sufficiently large integer. Let A =
(A1, A2, ..., \;) be a partition. For this A, define

X o= (Q—=|ALAL AL )
[resp.)\ = (Q—1—|/\\,/\1,)\2,...,)\5)]

to be a partition of size @ [resp. @ — 1]. Pictorially, h [resp. X] is obtained by
adding @ — [A| [resp. @ — 1 — [A]] boxes on the top of A.
Let P<; = U;ZO{)\ | AF j} be a set of Young diagrams of size less than or



Figure 18: I'y

equal to i. We define A; and A;, 1 to be

Ai:{X|/\EPSi}andAi+%:{X|/\EP§i},

which are set of Young diagrams of size @) and @) — 1 respectively.
Under these preparations we define a graph T',, [resp. T, +%] which consists of
the vertices labeled by:

|| (AuA) || ]An  |resp. || AiuALy)

i=0,1,...,n—1 i=0,1,...,n
and the edges joined by either of the following rule:
e join X € A; and 1 € AH—% if ;1 is obtained from A by removing a box
(:1=0,1,2,...n—1) [resp. (1=0,1,2,...,n)],
o join fi € A;_y and A € A, if X is obtained from fi by adding a box (i =
1,2,...n).

For a pair of Young diagrams (e, 3), if 3 is obtained from a by one of the method
above, we write this as a — (3.



Finally, we define the sets of the tableaux. For a half integer n € %Z and
a € A, we define T(av), tableauz of shape a, to be

a™ =a, a9 — a2 (=0,1/2,...,n - 1/2)}.

7 Construction of representation

Now we have defined the sets of tableaux, we define linear transformations among
the tableaux.

Let Q be the field of rational numbers and Ky = Q(Q) its extension. In the
following, the linear transformations are defined over K. If they preserve the
relations defined in the previous sections, they define representations of A, =
A, (Q) ® Ky. Similar methods are used for example in the references [1, 3, 16, 20,
21, 9].

Let V() = ®per(a)Kovp be a vector space over Ky with the standard basis
{vp|P € T(a)}.

For generators ¢;, f; and s; of A,,, we define linear maps pa(e;), pa(fi) and
pa(si) on V(ax) giving the matrices E; F; and M; respectively with respect to the
basis {vp|P € T(a)}.

7.1 Definition of pn(e;)

Firstly, we define a linear map for e;.
For a tableaux P = (a®, a/?) ... a™) of T(a), we define pa(e;)(vp) =
> oera (Ei)orvg. Let Q = (/) /W2 /M),
If there is an ip € {1/2,1,...,n — 1/2}\ {i — 1/2} such that al®) # a/(®0),
then we put
(Ei)gp =0.

In the following, we consider the case that al®) = a/(0) for iy € {0,1/2,1,...,n—

1/23\{i —1/2}.

If a1 and a!? are not labeled by the same Young diagram, then we put
(Ei)gp =0.

We consider the case a1 and o have the same label . In this case, the
possible vertices as a(*=1/2) have labels {)\@)}, which are obtained by removing

one box from . Let {Q,} be the set of tableaux obtained from P by replacing
al=1/2) with A ).
Then we define (E;)gp to be




Here h(A) is the product of hook lengths defined by

) = [ o)

TEA

and hy(z) is the hook-length at x € \.

Note that the matrix F; is determined by the label X\ itself not by the vertex at
which the tableau P goes through. In other words, if another vertex in different
level, say i, has the same label )\, then E;; becomes the same matrix.

Let v()\(_s), A) be the standard vector which corresponds to a tableau whose
(i — 1)-st, (i — 1/2)-th and i-th coordinate (=Y, a(i=1/2) ) are labeled by
(A, Ay A). Then for a tableau P which goes through A at the (¢ — 1)-st and the
i-th coordinate of P, we have

h(M)

———v(A,
s’ h<)\(5’))

(M)

plei)(vp) =

Here )\@,) runs through Young diagrams obtained from A by removing one box.

-1

i1/2 el el el

p1 p3 p5

Sigl
L

LT

j R

Figure 19: Representation spaces for p(e;)
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Figure 20: Representation spaces for p(e;)



EXAMPLE 7.1. Suppose that tableaux {p,} goes through paths in pictures illus-
trated in Figure 19 or 20. Then we have

plei)(vo) = Z(%UO = Quo,
| B RE)/h(B)  (E)/D)
plei)(vi v2) = (v1 v2) (h(ﬁ)/h(ﬁ) h(ﬁ)/h(ﬁ))
Q.  Q
= (v1 ve) (QgQ—lz) Q§Q32)>
- hED)/RE)  WED)/R(O)
plei)(vs va) = (v3 va) (h(ﬁ)/h(ﬁ) h(ﬁ)/h(ﬁ)) ’
2(Q-2) 2(Q=2)
= (v3 v4) ((Q%?%zx) (Q%?%‘l))
Q-3 Q-3
nE)/n@) hE)/rO)
ple;)(vs vs) = (v5 vg) /= 3 B o]
(M)ME)hEVM%
20 2Q
= (vs vs) (QgQ—lss) QiQ—f»))

Here v; is the standard vector which corresponds to p;. Similarly for the bases
(v7,vs8), {vg,v10,v11) and (vi2,v13), we have the following matrices respectively:

3(Q-4) 3(Q-4)
-5 —5
(Q*%(Q*G) (Q*%(Q*G) ’
Q-5 Q-5

3(Q—1) 3(Q—1) 3(Q—1)
2(Q—2 2(Q—2 2(Q—2
65 o3 65
2(Q—1) 2(Q—1) 2(Q—1) ’
(Q@-1)(Q-3)(Q=5) (@-1(Q-3)(Q-5) (@-1)(Q—3)(Q-5)
(Q—2)(Q—4) (Q—2)(Q—4) (Q—2)(Q—4)
3Q 3Q
Q-1 Q-1
QER-4) QQ-4) |-
Q-1 Q-1

7.2 Definition of po(f;)

Next, we define a linear map for f;.
For a tableaux P = (a(®,a/?) ... a™) of T(a), we define pa(f;)(vp) =
> qera (Fi)opvg. Let Q = (@, /02 o’ ™),
If there is an ig € {1/2,1,...,n — 1/2}\ {i} such that a(?) # o/(?) then we
put
(Fi)or = 0.
In the following, we consider the case that a(*) = a’(0) for ig € {0,1/2,1,...,n—

1/23\ {i}-



If a=1/2) and a**1/2) are not labeled by the same Young diagram, then we
put

(Fi)op = 0.

We consider the case a*~/2) and a(**1/2) have the same label fi. In this case,
the possible vertices as a(®) have labels {/’i(r)}, which are obtained by adding one
box to fi. Suppose that a(?, the i-th coordinate of P, has its label ﬁao). Let Q
be a tableau obtained from P by replacing a® with one of (i

Then we define (F;)gp to be

h(1)

(Fi)Q,.p = +=p—-
h(ﬂ(ro))

Let U(u(t), 1) be the standard vector which corresponds to a tableau whose
(i —1/2)-th, i-th and (i + 1/2)-th coordinate (a(*~1/?) a(®, a+1/2)) are labeled
by (u, ,u?rr), w). Then for a tableau P which goes through u at the (i —1/2)-th and
the (i + 1/2)-th coordinate of P, we have

Mﬁﬂwﬁ=§:h5§bvw5yM~

Here ,u?;) runs through Young diagrams obtained from p by adding one box.

q q q
9| q & ds ' s - s gy~
q
qO ql QQ > q4 q5 q q7 q q9 qu
P12 o | D o r

Figure 21: Representation spaces for p(f;)

EXAMPLE 7.2. Suppose that tableau {g,} go through paths in the picture illus-
trated in Figure 21. Then we have

~ -~ ~ 1 Q-1
(%)/Z(@ h(%) h(9)> = (vo v1) <(‘i2 le)

( Q qQ

mm@mmzwmw<z



and

h(©O)/h(@) WO)/R(D) h(ﬁ)/h(@)
p(fi)(vz vs va) = (v2 v va) | KE)/WE) HO)/RED) h(ﬁ)/h@)
hE)/AE)  hO)/ME)  hE)/AE)

Q-1 Q-3 Q-1

Q7 g2 2O

= (v2 03 v4) gD gD

1 Q-3 Q-1

QRQR-2) 2@-2) 2@

Here v; is the standard vector which corresponds to ¢;. Similarly, for the bases
(vs,vg,v7) and (vg,vg,v10) we have the following matrices respectively:

Q-3 Q=5 2(Q-2) Q-1 2(Q-4) Q-1
(Q-1(Q-4) 3(Q—4) SEQflg (Q 3) 3EQ73; 3Q
Q-3 Q-5 2(Q-2 2(Q-4) Q-1
@-1D@Q-9 3(Q-9) 3EQ—1% ’ ( ) %Q 33 3Q
Q-3 -5 2(Q-=2 Q- 2(Q-4) Q-1
@-D@-9 3(@-9 3(Q-1 Q@ 3) 3(Q-3) 3@

7.3 Definition of p(s;)

Finally, we define linear maps for s;. Unfortunately, we do not have uniform
description for pa(s;), except for “non-reductive” paths. So first we define po(s;)
for the non-reductive paths. Then we define p/(s1) and pa(s2) for “reductive”
paths one by one.

Non-Reductive Case

In the following, we use notation u<i\ if a Young diagram A is obtained from a
Young diagram g by adding one box.

For 1 < j <4, let v, u, A be Young diagrams of size j — 1, j and j + 1
respectively such that v<ip<tA. If a tableau P of T(«) goes through v, & and A
at the (i — 2)-nd, the (i — 1)-st and the i-th coordinate, then P goes through v
and @ at the (i — 3/2)-th and the (i — 1/2)-th coordinate. We call such a tableau
non-reductive at i. If a tableau P does not satisfy the property above, then we
call P reductive at 1.

Recall that if v<iu<iA, then we can define the azial distance d = d(v, u, ).
Namely, if p differs from v in the ro-th row and the co-th column only, and A
differs from g in the r1-th row and the c¢;-th column only, then d = d(v, u, A) is
defined by

_ _ _J ha(ri,c0) =1 if g >,
d B d(V,/J,,)\) B (Cl - 7”1) - (CO - TO) B { 1 — h)\(T(),Cl) lf To < T1.
Here hy(i,7) is the hook-length at (i,7) in A.
If |d| > 2, then there is a unique Young diagram p’ # p which satisfies v<iu/<IA.
Let P’ be a tableau of shape e which are obtained from P by replacing (i — 1)-st
and (i — 1/2)-th coordinates of P with p/ and p’ respectively. For the standard



vectors vp and vps which correspond to P and P’, we define the linear map p(s;)
as follows:

pa(si) 5 (opom) o (omop) (1 UTHENEY

where we can arbitrarily chose ¢ € Ky \ {0}. If we put
ag=1/d and by =1— a3, (3)

then the matrix in the expression (2) is written as follows:

(ot

If |d1] = 1, then there does not exist a distinct Young diagram p’ which satisfies
v<4u' <A\ other than u. In this case, we define p(s;) to be

pa(si) + vp — aqup.
Here aq4 is the one defined by (3).

EXAMPLE 7.3. Suppose that a tableau p; of T(ax) goes through ﬁ, 0 and [T at the
0-th, the 1-st and the 2-nd coordinates respectively, then for the standard vector
u1 which corresponds to p; we have

pa(sl)ul = Uui.
For the standard vector vs which corresponds to pa, a tableau of T(«) which goes

through @7 O and H at the 0-th, the 1-st and the 2-nd coordinates respectively, we
have

pa(s1)us = —us.
EXAMPLE 7.4. Let A = (3), A® = (2,1) and \® = (1,1,1) be partitions of
3. Suppose that tableaux q; and ¢y of T(a) both go through O and [TJ at the
1-st and the 2-nd coordinates respectively, and tableaux g3 and ¢4 of T(a) both

go through O and H at the 1-st and the 2-nd coordinates respectively. Further,

the tableaux ¢i, g2, g3 and ¢4 go through )\(1) )\(2) A® and A®) at the 3-rd
coordinates respectively. Then we have

1 0 0 0
0 -1/2 3/(4 0
poc(s2)(v1 va v3 vg) = (V1 V2 V3 V4) 0 C/ /1(/26) 0
0 0 0 -1

Here v; is the standard vector which corresponds to g;.



Reductive Case

Consider the case a tableau P is reductive at i. So far, we do not have uniform
description for pa(s;). So we define p(s1) and pa(s2) one by one.

First we define po(s1). For tableaux p; and ps of T(e) which go through
the 2-nd coordinate respectively, let u; and us be the corresponding standard
vectors. Then we define poy(s1)(u1 uz) by

1 0
pa(s1)(ur uz) = (w1 uz) (O 1) :

For tableaux p3, ps and ps of T(«) which go through (5, @7 6, @, 0), (@, @7 0, @, 0)
and (0,0,0,0,00) at the 0-th, the 1 — 1-th, the 1-st, the 2 — 1-th and the 2-nd
coordinate respectively, let uz, us and us be the corresponding standard vectors.
Then we define poe(s1)(u1 ug uz) by

0 1 1

1 —2 —1

palsy)(ur us uz) = (ur us us) | g1 &% oo
2 Q-2 1

01 ~o-1 o1

Next we define pe(s2). In the following, we write
p= (/\(1)7)\(2)’)\(3)’ /\(4),/\(5))

to mean the tableau p goes through AW, A2 XG) X AG) at the 1-st, the
(2 — 1)-th, the 2-nd, the (3 — 1)-th and the 3-rd coordinates respectively.
Suppose that

~ o~~~ o~

q1 = ((Z)a 07
q2 = (:!7
qg3 = (@7

o
N

|
~—
o

Then for the standard vectors (vj)5_, which correspond to (g;)%_, we define
pau(s2)(v1 v2 v3 v4 v5) by

1 0 0 0 0
0 0 0 1 1
pa(s2)(v1 v v3 vy v5) = (v1 V2 V3 V4 v5) | 0 (1) 1 qu _01
=
0 5 0 &3 o=
Assume that
de (@7@7@6aﬁ)7 q11 = (6a@ﬁvﬁ7ﬁ)v
qr (@707@7@7&)7 qi2 = (E‘,@Jl;‘v’gjl;‘\)’
s = (0,0,0,0,0), Qi3 = (Q,Q,DN,D,AD)N,
@ = @.0000, o = GLEOD,
q10 (ﬁvﬁvﬁvw’ﬁ)v qis = (ﬁﬂ ,ﬁ,i).



Then for the standard vectors (v;)j2s which correspond to (g;);2 we define

J

pa(Sz)(Uﬁ (%) ’011) and Poz(52)(v7 Vg V10 V12 V13 V14 U15) by

and

pac(s2)(ve vs v11) = (v6 vs V11) (

0

1

|

Q-1
Q-2
Q-1

(Q@-1)

0-1

pa(52)(v7 Vg V1g V12 V13 V14 V15) = (V7 Vg V1 V12 V13 V14 V15)M;.

Here the matrix M; is

_1 Q=2 =1 —1 1 (e-1)(@—-2)-2 71/2
(@-1) Q-1 Q-1 Q—1 (@-1)(@-2) 2(@e-1)(e@-2)

Q-2 Q%2—3¢+3 1 1 —1 —Q(@—3) 1
(@—1)2 (@—1)2 (@-1)2  (@-1)? (e-1)2(e-2) 2(@-1)2(e-2) 2(e-1)
2—q Q—2 —1 Q(@—2) 1 Q(Q—3) —1
(e—1)2 (@-1)2 (@-1)2  (e@-1)2 (@—1)%(e—2) 2(@-1)%(e—2) 2(e-1)
2—¢q Q—2 Q(e—2) -1 1 Q(@—3) -1
(@—1)2 (@—1)2 (@=1)2  (e@-1)2 (@—-1)2(e@—2) 2(@-1)%(e-2) 2(e-1)
Q-2 2-q 1 1 (@=1)*(@=2)—1 —Q(@—3) 1
(e—1)2 (@—1)2 (e-1)2  (o-1)? (@—1)%(e—2) 2(e-1)%(e—2) 2(e-1)
Q=2 2-Q 1 _1 —1 Q%—30+4 1/2

Q-1 Q—1 Q—1 Q—1 (@-1)(@-2) 2(@-1)(@-2)
2-q Q=2 =1 =1 1 Q(@=3) 1/2
Q-1 Q-1 Q—1 Q-1 (@=1)(e-2) 2(@-1)(e-2)
Next assume that
q16 (6’ @7 ﬁ’ ]ﬁ’ ]i\vj)’ q19 = (EL lﬁ7 E\Ajy E!, D:‘)a
qir = (@7 @\a @7 @a @)a 20 = (D, 0O, H, ﬁ, D:‘),
Qs @o00m), ¢ = G50Omm)

Then for the standard vectors (v;)3L,4 which correspond to (g;)5L,s we define
pac(s2)(vie v17 v1s V19 V20 V21) by

Pa(52)(’016 V17 V18 V19 V20 ”021) = (”016 V17 V18 V19 V20 U21)Mi-

Here the matrix M; is

1
0

o

0 0 0 0 0
—1 1 Q(Q-3) .
@D @DeY QDR 1/2 0
1 -1 Q?—3Q+4

@10 @DGey AeHQ D 1/2 1
) Q-3044  (Q-1)@Q-4)  (@-1(@-4)  —1

Q(Q-3)(Q-2) 2(Q—-2)(Q-3) 2Q(Q-3) (Q-3)

_1 _Q-4 -1

-1 @ G2 1/2 @D
0 @DMQM (@@ (@@ 1

Q@ Q2 20 DO Q@3 (@3




Finally assume that

g2 = @ E‘ H g5 = (E|7 ﬁa @"j) ALH%
3 = @ a8, @ = @88 5,0,
g4 = a a H Q27 = (EL lﬁ7 ija H’ H) .

Then for the standard vectors (v;)31,, which correspond to (g;)7 s we define
pac(s2)(va2 Va3 Vg V25 V26 V27) by

Pa($2)(U22 V23 V24 V25 V26 U27) = (1222 V23 V24 V25 V26 U27)Mi~

Here the matrix M; is

1 0 0 0 0 0
1 —1 —Q(Q-3)
0 @1 @hed wehey /2 0
—1 1 Q(QR-3)
0 @1 @oed whey /2 1
_ 1 Q—4 —1
0 1 @2 QD) 12 o
0 1 1 QQ-3) Q-3 1
@2 QD@ 0D @D
0 0 Q-3 —Q(Q-3) —(Q-3) 1
G2 QD@9 QD (@D

8 Discussion

In the previous section, we gave linear maps pe(€;) and pee(f;) for all the tableaux
on I'),. and defined pq(s;) for non-reductive tableaux on I',,. We also defined
pa(s1) and pe(s2) for the reductive tableaux on T',. (So far, we have further ob-
tained poy(s3) for almost all reductive tableaux on I'y.) These linear maps preserve
the relations in Theorem 1.2 and Theorem 5.3. Hence they give representations of
A, (Q) foralla € A, (n=2-1,2,3—1,3,4— 1) and for almost all o € A4.

These representations also coincide with the ones calculated through the Mur-
phy’s operators which are introduced in the paper [5] and programmed by Naruse.
Moreover, the traces of the representation matrices above coincide with the “char-
acters” which is defined by Naruse in the paper [17]. This means that the repre-
sentations we have presented in this note will be irreducible and define Young’s
seminormal form representations of the partition algebras A, (Q).
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