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Abstract

Suppose that there exist two parties each of which consists of n mem-
bers. The parties hold meetings splitting into several small groups. Every
group consists of even number of members. Some groups may consist of
members of just one of the parties. The set of seat-plans of such meetings
makes an algebra called the party algebra of type B. We show that the
party algebra of type B is semisimple by constructing a complete set of
irreducible representations.

Supposez que la existent deux parties chacune dont se compose de
n membres. Les parties tiennent des réunions coupant en plusieurs pe-
tits groupes. Chaque groupe se compose d’un chiffre pair des membres.
Quelques groupes peuvent se composer des membres juste d’un des par-
ties. L’ensemble de siege-plans de telles réunions fait une algebre ap-
pelée lalgébre de partie du type B. Nous prouvons que ’algebre de partie
du type B est semisimple en construisant un ensemble complet avec des
représentations irréductibles.

1 Introduction

In [3], the author talked about the party algebra P, o, = A, of type A, which
was generated by the symmetric group &,, together with one special element
f. In the talk, he showed that P, o is semisimple and all the irreducible com-
ponents are indexed by the n-tuple of Young diagrams whose weight some is
equal to n. The algebra P, o naturally becomes a subalgebra of the partition
algebra P, 1(Q) = P,(Q) defined by P. Martin in his papers [5, 6]. While the
party algebra is isomorphic to the centralizer Endg,1,1) (V") = Endg, (V®")
(G(1,1, k) acts diagonally on V®™), the party algebra P,  is isomorphic to the
centralizer Endg(,.1,5)(V®™) under the condition that @ =k > n and r > n.
In this talk, we define P, 2(Q) the party algebra of type B slightly changing
the definition of the party algebra of type A. The standard words of P,2(Q)
will have one to one correspondences with the type B seat-plans of size n for
the meetings held by two parties under certain conditions (see Section 2). If
Q@ is equal to a positive integer k, then we have a surjective homomorphism



from the algebra P, 5(k) onto Endg(z,1,1) (V™). Moreover, if k > n, then the
above homomorphism becomes injective. In particular, in this case we find that
the algebra P, 2(k) is semisimple. We show that P, 2(Q) is also semisimple for
any generic parameter ) by explicitly constructing a complete set of irreducible
representations of the the algebra P, 2(k) and replacing k with Q.

Party algebra P, .(Q) is also defined in terms of seat-plans and defined
from the centralizer algebra of the unitary reflection group G(r,1,k). This
generalization is presented in Section 4.

Finally we consider the structure of Endg(271,3)V®" in Section 5. This alge-
bra is a surjective image of P, 2(3) and its Bratteli diagram grows periodically
in accordance with the growth of n. Our representation is also defined on this
diagram. This indicates that EndG(ZLg)V@OO may give an example of subfac-
tors.

2 Definition of the party algebra of type B

We consider the following situation. Let D = {d;,da,...,d,} and R = {ry, 79, ...

be two sets each of which consists of n distinct elements such that DNR = (). We
decompose D U R into subsets My, Ms, ..., M, (some of M;s might be empty)
so that |M;] € {0,2,...,2n} for 1 < i < n. We call such a partition into subsets
a type B seat-plan of size n. Let P(n) be a set of partitions of n. If we sort
M;s so that they satisfy |M;| > |Ms| > - -+ > |M,|, then there exists a partition
A € P(n) such that A = (A1, Ae,..., Ay) = (|M1]/2,|Ma|/2,...,|M,|/2). Fur-
ther, if we put a; = [{Ax; A = i}|, then the number of type B seat-plans of size
n is the following:

A;(:n) ((%)!(2/\2)! e (2/\n)!) Coaglogl (1)

A type B seat-plan of size n is figured as follows. Consider a rectangle with
n marked points on the bottom and the same n on the top as in Figure 1. The

d, d; d; ds

Figure 1: A seat-plan of type B

n marked points on the bottom are labeled by di,ds,...d, from left to right.
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Similarly, the n marked points on the top is labeled by r1,7o,...,7r, from left
to right. If D U R is divided into non-empty m subsets, then put m shaded
circles in the middle of the rectangle so that they have no intersections. Each
of the circles corresponds to one of the non-empty M;s. Then we join the 2n
marked points and the m circles with 2n shaded bands so that the marked points
labeled by the elements of M; are connected to the corresponding circle with
| M| bands.

Now we define the product wyws between two of rectangles wy, ws (each of
which corresponds to a seat-plan) by placing w; on ws, gluing the corresponding
boundaries and shrinking half along the vertical axis as in Figure 2. We

r, r, r; ry Fs

wiw,

Wy

w»s

d d, d, d, d,

Figure 2: The product of seat-plans

then have a new diagram possibly containing some shaded islands. If there p
shaded islands occur in the product, first remove holes in the islands (if they
exist) and then multiply the resulting diagram by QP removing the p islands.
By this definition, a set of linear combinations of seat-plans of size n over C
makes an algebra P, 2(Q). We call it the party algebra of type B. We put
Po2(Q) = Pr2(Q) = C.

According to the paper [11], the generators of P, 2(Q) is afforded by the
following seat-plans:

i = {{T1,d1},{’r2,d2},---,{Ti,di+1}7{’ri+1,di},..-,{Tn,dn}}, (2)
f {{r1,di,ra,do}, {rs,ds}, ... {rig1, di}}, 3)
e = {{T1’T2}7{dlad2}7{T37d3},'--a{Tnvdn}}'

We further have the following proposition.

Proposition 1. For an integer n > 1, the party algebra P, 2(Q) is characterized



by the following generators and relations:

generators; 81,82,...,5,_1, [, €
relations; s? =1 (1<i<n-1),
5i8i118i = 8ip18i5i41 (1 <i<n—2),
sis; = sjs; (i —j[ = 2),
e =Qe, [f*=/
ef =fe=e esg=s1e=¢, fsi=s1f=1F,
es; = sie, fsi=sf (i>3),
esge = e, fsafsa=safsaf, [saesaf = fsaf,
TS2518382YS2515382 = S$2515352YS2515352x (1,9 € {e, f}).
Since we have one to one correspondences between the set of standard words
of the generators above and the set of type B seat-plans, the equation (1)

expresses the upper bound of the dimension of the algebra P, 2(Q).
Tanabe also showed the following proposition [11].

Proposition 2. (Tanabe [11, Theorem 3.1]) Let G(2,1,k) be the group of all
the monomial matrices of size n whose non-zero entries are plus or minus one.
Let V' be a vector space of dimension k with the basis elements e, ez, ..., e, on
which G(2,1,k) acts naturally. Let ¢ be the representation of the symmetric
group &, on V& obtained by permuting the tensor product factors, i.e., for
V1,02,...,0, €V and for w € &, = (s1,...,8n-1),

P(W)(V1 @ V2 ® «++ ® V) 1= Vy=1(1) ® Vyy-1(2) ® *** ® Vyy=1(n)-
Define further ¢(e) and ¢(f) as follows:

k
Ple)(ep @ ep, ®epy ® - @ep,) = Opip Zei QejQep, ®---Qep,
j=1
¢(f)(6pl®ep2®...®epn) = 5?1,1726171@61)2@"‘@61;”

Then Endg(a,1,1)(V®™) is generated by ¢(S,), ¢(e) and ¢(f), and ¢ defines a
homomorphism from P, 2(k) to Endg 21,1 (V™).

If £ > n, then we can show that the above ¢ is injective. This implies that if
@ is a positive integer k such that & > n then we find that P, »(Q) is semisimple.

In the following section, we construct a complete set of irreducible repre-
sentations of P, 2(Q) for any generic value ) € C extending the orthogonal
representations of the symmetric group &,. In particular, P, 2(Q) becomes
semisimple if the parameter @ € C is generic.

3 Construction

Fix a positive integer k > n. We define representations of P, 2(k) which turn
out to become a complete set of irreducible representations. The representations



are constructed on the Bratteli diagram for the sequence Pyo(k) C Pia(k) C
-+ C P, 2(k) as in Figure 3. (See for example the papers [1, 7, 12, 13].)

oo o

=3 == [

=8 [F&] [= [P

‘IID]D

Figure 3: The Bratteli diagram for Ps 2(5)

Let B = [, 5] = [(a1, a2y - . .), (B1, B2, - . .)] be an 2-tuple of Young diagrams.
The 1-st [resp. 2-nd] coordinate of the tuple is referred to the left [resp. right]
board. We consider the following sets:

AR@i) = J{la Bl lal=k=2j, ox 2 k—i—j, [8] =25}, (4)
§=0

AP(2i+1) Ul 85 lal =k —2j -1,
j=0

arzk—i—j—1 [f[=2j+1} (5)

Note that AZ(0) = {[(k),0]}. Let B?B or BT,@ denote that 3 is obtained from

3 by removing one box from the Young diagram on the left board and adding
the box to the Young diagram on the right board, or removing one box from the
Young diagram on the right board and adding the box to the Young diagram
on the left board. We also note that if 3 € AP (m), then 8 € AZ(m + 1).

For B € A(n), a tableauz T(B) of shape B is defined by

T(B) = {P=(B2.pY,. ...8);8" =(k),0] € AF(0),8 € Af (n)
5“)?5““) for 0 <i<n-—1}.

Let V(B) = EBPG'[F(,B)CUP be a vector space over C with the standard basis
{vp|P € T(B)}-

For a generator s; of P, 2(Q), we define a linear map on V(8) giving a
matrix B; with respect to the basis {vp|P € T(8)}. Namely, for a pair of

tableaux P = (8,80, . ™) and Q = (8, 8DV, ....8™) of T(B)
define sivp = ZQGT(Q) (Bi)gpvg. If there is an ig € {1,2,...,n—1} \ {i} such
that BU0) £ 8'(0) then we put (Bi)gop = 0. In the following, we consider the
case that ﬁ(io) = B/(io) for ip € {1,2,...,n— 1} \ {i}.



First, we consider the case ﬁ(i) is obtained from ﬁ(ifl) by moving a box
in the Young diagram on the left [resp. right] board to the Young diagram on
the other board and B is obtained from 8% by moving another box in the
Young diagram again on the left [resp. right] board to the Young diagram on the
other board. Denote the Young diagram on the left board of ﬁ(i_l) [resp. ﬁ(i),
BUFD] by A= [resp. A \(+D] and denote the Young diagram on the right
board of B~ [resp. B, BUHI] by 1= [resp. p®, p+D]. Let )\'g)\ or
)\:1>X denote that )\ is obtained from A by removing one box. Recall that if
V%/L?)\, then we can define the axial distance d = d(v, u, ). Namely if p differs

from v in its r¢-th row and cp-th column only, and if A differs from g in its r1-th
row and c¢;-th column only, then d = d(v, i, A) is defined by

hx(ri,c0) =1 if rg <,
d=d(v,p,A) = (c1 = 71) = (co — 70) :{ 1/\—(5,\(23 c1) ifrg >r1.

Here hy(i,J) is the hook-length at (i,7) in A and for A = (A1, Ag,...) the hook-
length hy (7, 7) is defined by

ha(i, ) =X —j+ s =zt —i+ 1.
If )\(i_l)jl))\(i)?/\(“‘l), then u(i_l)gu(i)gu(”‘l). Hence we can define the axial

distance dy = AT NG AC=D) and dy = d(p=V, u@, xO+0). If |dy| > 2
[resp. |d2| > 2], then there is a unique Young diagram X # A [resp. ¢/ # p] which
satisfies )\(i_l)?)\’?)\(“‘l) [resp. u(i_l)gu’gu(“‘l)]. Similarly, if )\(i_l)g)\(i)g)\(i‘*‘l),

then p (=1 > p® > £+ and we can define the axial distance d; = d(AG=1, X&) X))

and dy = d(p(HD, u® | pG=D) I |dy| > 2 [resp. |da| > 2], then N [resp. p(—1)]
is defined as before. Let @1, Q2, Q3 be tableaux of shape 3 which are obtained
from P by replacing 8% = [A®, (] on the j-th and the (j + 1)-st board of
BW with [\D /], [V, ], [N, 1] respectively. For the basis elements given by
the above tableaux, we define the linear map by the following matrix:

(UP7 VQ15VQ2> UQa) — (UP7 VQ15VQ2> UQS)Biv

1 1 [d3-1 di-1 1 d2—1 [dZ-1
did> d a2 2 ds a2 a2

1 [d3-1 1 d?—1 [d2-1 _[di-1 1

B = i a2 dida a2 a2 dZ ds
¢ d3—1 1 d?-1 [di-1 1 !

d% d2 d% d% d1d2 d1 d%

di-1 fdi-1  _ fdi-11 _1 jdi-1 1

a2 a2 a2 ds dy a2 dids

Second, we consider the case that the only left boards of ,6'(’_1) and B(ZH)

coincide. Suppose that B0~ = [\, 1. Then we can write 3FY = [\, 1]
(b # ). Let {)\g;)|r = 1,2,...,b(N\)} [resp. {)\(;,)|T' =1,2,...,b(\)'}] be

where




the set of all the Young diagrams which satisfy )\E;)?)\ [resp. )\(T,)g)\] and let
Py, Py, ..., Py [resp. Q1,Qo, ..., Qp(xy] be all the tableaux which are obtained
from P by replacing 8 with [)\(t), N '] [resp. [)\(;,),,u U ¢']]. For the basis
elements given by the above tableaux, we define the linear map by the following
matrix:

h(\)?
B)p. p, —
(Bi)r..p, RO DR
1 (V)2
(Bi)p,.@., = (Bi)g,.p. == - :
Bi)q,.q@. = 0.

Here h(v) is the product of all the hook-lengths in v:

hw)= T (i)

(i,5)€v

If B¢~Y = [\, u] and BUFY = [V, ], then the matrix (B;) is similarly defined
by replacing A with p in the argument above.

Next, we consider the case B0~ = B0+ We put g0~ = gli+l) = (A, ).
Let {)\(t)}, {)\(;,)}, {ué)} and {u@,)} be the sets of Young diagrams previously
defined and let {Q,/ s} and {P, s} be the sets of tableaux obtained from P
by replacing 8% with [)\(;,yué)] and [)\z;yu(;,)] respectively. For the basis
elements given by the above tableaux, we define the linear map by the following
matrix:

1 h(N)2h(p)?
Ay AN Ay i)\ RO RO B (i)
if (P7 Pl) = (PT,S’>QT’,S) or (QT’,SaPT,S’)7

h(X)? : _
(Bi)P,P’ = W if (P, P/) = (PnS’PT,’S)’

_ hw? 1 = /
h(HZ))h(H(t./)) if (P;P) (Qr,s:Qr,s )7

o

otherwise.

Finally, we consider the remaining cases. In these cases, we can put ,B(i_l) =
[\ ) and BUFY = [N '] (A # X, # g/ and [A] = [V, || = |i']). Then %
must be of the form AU N, pny] or AN XN, pUp]. If BW if the former
[resp. latter] one, then the tableau P’ is obtained from P by replacing 8 with
the latter [resp. former] one. For the basis elements given by the above tableaux,
we define the linear map by the following matrix:

(opsom) — (op.vg)Bs = (orv) ( § ).



Now we have completed the preparation, we state the following main result.

Theorem 3. Fiz an integer k such that k > n. Let AZ(n) be the set defined
by (4) and (5). For rg € AB(n) define pg as follows:

Pﬁ(si)vP = Z (Bi)prpvps,
P eT(3)
vp if B = [(k),0] or [(k—1,1),0]
pﬁ(f)vp { 63 otherwise.

v if B =
pﬁ(e)vp — { kvp fﬁ [(k)vm

0 otherwise.

Then {pﬂ;,ﬂ € AP(n)} gives a complete representatives of the irreducible rep-
resentations of Py 2(k).

In the process of the construction of pg, even if we replace the positive

integer k with an indeterminate @), the matrix elements of (B;)p ps are similarly
defined. This means the theorem above is valid for any generic parameter Q.
More over if @ = k and k > n, then by the Schur-Weyl reciprocity, we find
that the dimension of P, 2(k) is equal to the square sum of the degree of rg
and also equal to the number of the type B seat-plans, which is presented by
the expression (1). Since the degree of pg does not vary even if we replace the
positive integer k with the indeterminate @, we obtain the following.

Theorem 4. IfQ ¢ {0,1,...,n—1}, then the party algebra P, 2(Q) is semisim-
ple and {pﬁ;ﬁ € AB(n)} gives a complete representatives of irreducible repre-

sentations of P 2(Q).

4 Party algebra P, ,(Q)

In this section we explain how the party algebra P, ,.(Q) is introduced from the
unitary reflection group G(r,1,k). Although in the paper [11] Tanabe studied
the centralizer of the unitary reflection group even for the type G(r,p, k), in the
following we consider only the case p = 1.

The unitary reflection group G(r, 1, k) is the subgroup of GL(k, C) generated
by the set of all permutation matrices of size k and diag(¢,1,1,...,1) where
is a primitive r-th root of unity. Let V be the vector space of dimension k
and suppose that it has the standard basis {ey,...,er}. The unitary reflection
group G(r,1,k) acts on V naturally and it also acts on V®" diagonally. For
X € EndV®", we denote by X,J;ll’; ::jf%n the matrix coefficients of X with respect
to the basis {ey, @ Qe | Mm1,...,m, € [k]}. Since we can write G(r,1,k) =
(Z/rZ)16y, in order to check whether X commutes with the action of G(r, 1, k)
or not we first examine the following action in the tensor space. For o € Gy,



we have

o Xo(em, @ @em,) = Y X0 e 00wy,

Hence we have the basis of Endg, V®™

T } ~ is an equivalence relation on {1,...2n}
~1 whose number of classes is less than or equal to n

where

(T )m'n+1)-~'7m2n —
~ma,..., My .

1 if (m; = m,; if and only if i ~ j),
0 otherwise.

Here we set my,,4,; := f; (1 <i < n). Note that ~ is zero if the number of classes
for ~ is more than k.

In addition to the argument above, considering the action of £ € Z/rZ we
find that the following equivalence relation becomes a basis of the centralizer.

Lemma 5. (Tanabe [11, Lemma 2.1]) Let I, be the set of all the partitions
of [2n] into subsets. For B = {By,...,By} € Ila, (some of the parts may be
empty), let bot(B;) := B; N [n] and top(B;) := B;N([2n]\ [n]) (1 <i<k). Let

Hzn(r,l,k)
= {B={By,...,Bx} €y, ; |top(B;)| = |bot(B;)|(mod r)(1 < i< k)}.

Then {T.p ; B € Ila,(r,1,k)} is a basis of Endg 1,1 VE".

Similarly to the case r = 2, if k > n, then we can understand that ITs, (r, 1, k)
becomes a basis of the party algebra P, ,(k) and geometrically understood.
Replacing k with the parameter @ in the geometrical definition of the product,
we obtain the party algebra P, ,(Q). We further know by Tanabe’s paper [11]
the party algebra P, ,.(Q) is generated by the seat-plans s; and f defined by (2)
and (3) respectively together with the following e,

Cr = {{Tlv s 7TT}7 {dla ey d’r‘}a {r’l‘-‘rlyd’r—‘rl}7 ey {rn’ dn}}

5 Endg(g’ljg)‘/@n

So far, we have assumed that the left coordinate of the top vertex 8 = [(k), 0]
has k boxes such that & > n. It is easy to see that the same diagram will
appear even if we begin with ,8(0) = [(k1),0] such that k1 > n and k; # k.
On the other hand, in case k; < n, the resulting diagram vary. We mention
what happens if we draw a diagram under the condition that 8© = [(3),0]
according to the same recipe. The resulting diagram describes the Bratteli
diagram of the centralizer algebra Endg(m’g)V@”, which is a quotient of the
party algebra P, o(3). This diagram periodically grows in higher levels which



indicates that the centralizer may give an example of subfactors. Hence we
can expect that using this algebra the Turaev-Viro-Ocneanu invariants of 3-
dimensional manifolds might be calculated in the same way as in the papers [8,

9).
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