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a-determinant

For « € C and A = (aij)1§i7j§n € Mat, = Matn((C), the a-

determinant of A is

det(™(A) = Z Ozy(a)ag(l)l ++ - Qg (n)n
ce6G,

where

v(o) =) (i—1)m;

i>1

if the cycle-type of o is 1™12™2 .




o det'™V(A) =det(A) (- (=1)") =sgno)

o det'V(A) = per(A)

o det!® is multilinear in rows and columns

det™ (tA) = det'(A) (- v(o™Y) = v(0))




e a-determinant is first introduced by Vere-Jones (1988) as coefli-

cients in the expansion of det(I — aA)~1/:

am-l .o a'ilin

det(I — aA)~ e = Z Z det(®

T 1< <
=t ’Zn d ain":l Zn

for A = (aij)1<ij<d-

This is used to construct a certain point process.




e det is multiplicative : det(AB) = det(A) det(B)

o det'®(AB) # det'®(A) det'¥(B) if a #£ —1

det is multiplicative «— GL,(C) -det(X) C C-det(X)

— Look at the smallest GL,,(C)-invariant subspace containing
det(™ (X)




Introduce a U(gl,,)-module structure on the algebra P(Mat,,) of

polynomial functions on Mat,, by

E;; : standard basis of gl,, = gl,(C)

x;; : standard coordinate on Mat,, = Mat,, (C)

o U(gl ) det(X) =C - det(X) = ML)

e Ugl,) - per(X) = My

M? . irreducible highest weight module of /(gl,) with highest
weight A (we identify the highest weights and partitions and/or

Young diagrams)




Ugl,) - det@(X) = @@ (M)

AFn
Ia(a)#0

where

@)= 1] 0+ 3G -ia),

(1,7) €A
f* = Ky (1ny = # of standard tableaux of A,

(Matsumoto-Wakayama (2006))




e Otherwise,

U(gt,) - et (X) = ()" = @) (M) ™

AFn

1 1
oz::l:l,:l:—,...,:l:

2 h— 1 singular values




Singular a-determinants

Look at the case where a = —1/k (k=1,2,...,n —1).

1 ... 1

det(® Do, :Za”("): H(1+ia)

1 ... 1) ocs 1<i<n




For I C [n] ={1,2,...,n},

S,(I)={c€eG&,;0()=z, x&1}.

0 (aij) = (ag-1(5);)s  (aiz) - 7 = (@ir5))

((aij) € Maty, n, 0 € G, 7 € G,)

> det!™(X o)
)

ceS, (I
= H (1+4ia) Z &m(g’l):cg(l)l o Tg(n)n

(m(g, I): some nonnegative integer)




“—1/k-analogue” of the alternating property:

Icl, #I1>k = Y det"/"(X.0)=0.

ceS,(I)
In particular,
(a1,...,a,) € Mat,,
ail:---:aik:b(1§i1<---<ik§n),
JFE U,y bk
— det(_l/k)(al,...,aj—l—b,...,an)

= det(_l/k)(al, ey @y, Q)




e The ordinary determinant is characterized (up to constant) by

the multilinearity and alternating property with respect to column

vectors.

e How about the —1/k-determinant?
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ML,, = EB C-xi1...xin

1§i1,...,in§n

— {f(X) € P(Mat,,); f(X) is multilinear in columns} :

12

U(gl,,) - det™/M(X)

= f(X)EMLy i #I >k = Y f(X-0)=0
ceS, (1)




Wreath determinant

For A — (al, .. .,an) € Matm,na

k k
— ——
A[k] :A®(1,...,1):(al,...,al,...
ar b
Example. If A= | ay by | € Matgs o,

as b3

a a1 aq bl bl
A[3] = as Ao A9 bg b2
a3 az az by b3

k
Qs ..oy Gp) € Maty, kn
b1
by | € Mat3,6 .
b3
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For A € Maty,y, ,,, the k-wreath determinant of A is

14

wrdety, (A) = det "R (4lF])

1 vic) n k
- Z (‘E) HH%((@_WH),@

i=1j=1




e By the “—1/k-alternating property” of det(_l/k’),

Wrdetk(al, ceey@i_1,0; + ca;,Q;41,- - .,an)

— Wrdetk(al, ey @i—1,Q5, Q541 - - .,CLn)

e By the column-multilinearity of det(—1/ k),

wrdetg(aq,...,a;-1,ca;,Q;11,...,Qy,)

k
=C Wrdetk(al, ey Ai—1,Q5,Aj41, - - .,Cl,n)
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For A € Maty,, , and P € GL,(C),

wrdety, (AP) = det(P)" wrdety,(A)
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For A € Maty, , and g € 6,1 6,, = G} x G,,,

wrdety (g - A) = Xn.x(g)" wrdety (A)

where

Xnk(g) =sgnt,  g=(0,7)€ 6L xG,

We regard 6} x &,, C Gy, by

o((i =Dk +J) = (i = Dk + 0:()),
T((t—=Dk+7)=(0G)—1)k+

(1<i<n 1<j<k)

for o = (01,...,0,) € G} and 7 € G,,.




Determinant expression of wrdet,,
Introduce a GLg,, X GL,-module structure on P(Matg, ) by
((9,h).f)(A) = f('gAh)
(9 € GLgy, h € GL,, A € Maty,.)

We have the multiplicity-free decomposition

PMatknn = @ M g/\/liz
L(A)<n

by (GLgy,GL,)-duality.
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Look at the det-eigenspace for the diagonal torus T = Ty, =
(Cx)kn of GLkm:

P(Matkn,n)’]ndet ~ @ (Mén)?r,det |Z|M$

L(AN)<n
where
yihdet — £, e Vi tw = (dett)v, t € T}
. (M@n)T’det becomes a &py,-module (G, is the normalizer of T

)T,det

e It is known that (Mgn is irreducible &y,,-module corre-

sponding to A if A F kn.
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Let M,, , C P(Mat,,) be the irreducible G Lg,, X G L,-submodule

corresponding to (k"):

As a Gpy,-module, ME ’,(jet is irreducible (corresponding to (k™))
since dim /\/lq(fn) = 1.
In particular, dim ME”Set = f7),

Since

wrdety, (tAP) = (det t)(det P)* wrdety(A) (t €T, P € GL,),

it follows that wrdety(X) € ME,’get.




Let T = (tij)1<i<n be a standard tableau of (k™).
1<j<k

e For A € Matyy, n,

k
detr(A) := | [ det(ar,, j)1<ij<n

p=1

e Let I(T') € Matgy, », be a matrix whose t;;-th row vector is




1
Example. If n=3, k=2and T'=|3|5|,
4

aii

detT (A) = |a31

aqi

a2
as2
aq2

2
6
ais| |a21
ass| |a51
a43| |G61
0 O
0 O\
1 0
0 1
1 0
0 1)

a22
as?2
ae2

a3
as3
ae3
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e Since

detr(tAP) = (dett)(det P)* detr(A) (t €T, P € GL,),

it follows that detr(X) € ME”get.
e For standard tableaux T',U of (k™),

detT(I(U)) = 5T,U

In particular, {detr(X)}r are linearly independent.
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Since dim ME,’get = fE").

M, = EPC- detr(X)

Thus we have

23

wrdety (X)

(I(T)) detr(X)
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The 2-wreath determinants wrdeto(I(U,)) are
wrdeto (I(Uy)) = %,
widets(I(Us)) = wrdeta(I(Us)) = —11—6,
widets(I(Uy)) = wrdeta(I(Us)) = —.

32
Hence, for A € Matg 3,
1 1 1
wrdets(A) = 3 dety, (A) — 16 dety, (A) — 6 dety, (A)

1 1
— — dety. (A).
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By the Frobenius reciprocity,
671
. T,de k
dim (M) " = Koy oy = 1.
Since wrdety (X)) is G}-invariant, we have
T,det Sk
(Mp3t*t) ™" = C- wrdety(X).

Consequently, by determining the proportional constant,

1
wrdety (X) = 0 Y dety, (o X)

ceGy

where T is a standard tableau of (k™) whose (i,j)-entry is
(i — 1)k + j.

N




As a corollary,

27

Let P(Matkn,n)ka’detk be the subspace consisting of the func-

tions satisfying
F(gAP) = Xn k(9)" (det P)* f(A)
for g € 64,16, P € GL,, A € Maty,, ,. Then

P(Matjy )% = C - wrdety,(X)




e The “k-ply multiplicativity”

det @ (AP = (det P)* det'® (AF]) (4 € Matyp.n, P € GL,)
holds only when o = —1/k.

e Then it is natural to look at the cyclic module U(gly,)
det® (X*]). Tt is not difficult to see

-~

U(gly,) - det!™ (X)) = (M;n)wa

AEkn
fa(e)#0




e It is much harder to describe the irreducible decomposition (i.e.

determine explicitly the ‘singular values’) of the cyclic module

Ulgl,) - det™ (X))

for [ > 1.

e When n = 2, the ‘singular values’ are given as roots of the Jacobi

polynomials:
Ugly) - det™@ (X)) = P MmE
0<i<l
where

Fi(a) = (14 a)'™ x (Jacobi polynomial)

(K.-Matsumoto-Wakayama)
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Expansion of wrdety,
For k,n € N, put
Rk i= {f k] = [n] s 41 7'G) = b V) € [n] .

(Notice that R, 1 = &,)
We define the sign of f € R, , by

sgn,, & (f) ;= wrdety, (5f(z‘),j)1§i_§k:n

1<j<n




31

wrdet, A = Z sen,, 1, (f) H @i f (4)

femn,l-c ’Le[kn]
— Y s, 1 (T) det (4
T

where we regard a standard tableau T' = (¢;;) of (k™) as an

element in R,, ; by

T[kn]gtml—>’&€[n]

N

e sgn,, ;. (T') = wrdety I(T)




Define the injection
w:Gﬁ > (wl,...,wk)

— ((z’ Dk 4 wj(q;)) € Rk

32

N

For f € R, k,

KIN" #(f - 67 Nw(&F
sgn,, . (f) = sgn(w) <kk) ( #(;62() )

where w € Gk such that w(w) € f - &7.
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For f € R, k, define

Pr(x11,..., Tnk)

1
— #GZ
Then
#(f-6pNw(6y))
# (f - &%)

n
= the coefficient of H H z;; in Pr(x11,. ..

.....

k

i=1j=1

7$nk)




Example. If n=3,k=2and T =U, =|2|5|, then

=

Pr(x11,...,232)

1
§($11$22 + X12%21) (211232 + T12%31)(T21232 + T22T31).

1 2 3 45 6
1 2 1 3 2 3)'[6]_>[3]’

1
The coefficient of L11X2131X12L22X32 1S 1

If we take w = ((23),(12)) € &3, then w(w) =T -(34) € T - &3

and sgnw = 1. Therefore

21\? 1
sgn,, (1) = wrdeta(Uy) =1 - (?) 1= 39

34
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