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Abstract

The Apéry-like numbers J2(n) associated to the special value (g(2) of the spectral zeta function (g(s)
for the non-commutative harmonic oscillator ) have remarkable modular form interpretation. In fact, we
show that the differential equation satisfied by the generating function w2 (t) of J2(n) is the Picard-Fuchs
equation for the universal family of elliptic curves equipped with rational 4-torsion. The parameter t of this
family can be regarded as a modular function for the congruent subgroup I'g(4). Further, we see that the
function w(t) is regarded as a I'o(4)-modular form of weight 1 in the variable T by taking ¢ as the classical
Legendre modular function A(7).
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1 Introduction

Let us consider the numbers a,, and b,, defined by the recurrence relation
(1.1) n*u, — (1n? — 11n 4+ 3)u,—1 — (0 — 1)*up_2 =0

together with the initial conditions ayp = 1, a; = 3 and by = 0, by = 5. These numbers were introduced in
1978 by Apéry, who utilized them to prove the irrationality of the special value ((2) = % of the Riemann zeta
function ¢(s). The important point is that a parallel method allows us to prove the irrationality of {(3) too (we
refer to [11] for further information on his irrationality proofs).

Since then, several people have tried to understand the nature of the Apéry numbers and to generalize the
theory to ¢(n) (n > 3). For instance, there are many works on congruence and/or supercongruence properties,
algebro-geometric interpretations, modular properties, etc. For detailed information, we refer to [1], [2], [3]
and their references. Among them, in this note, we focus particularly the study of the relation between Apéry
numbers and elliptic curves developed by Beukers [1].

Let us hence recall the result in [1] briefly. Consider the generating functions A(t) = > 7 a,t™ and
B(t) = 3%, byt™ of the Apéry numbers a, and b,. Then A(t) and B(t) satisfy the differential equation
Ly(A) =0 and Ly(B) = —5 respectively, where Lo denotes the Fuchsian differential operator

2

d d
Lo =t(t? + 11t — 1) — 2422t —1)— + (¢ )
9 =t(t" + )dt2+(3+ )dt+(+3)

The main result of [1] shows that the equation Ly(Y) = 0 is the Picard-Fuchs equation associated with the
family of curves

1 1 1
(1.2) =2+ i(t2+6t+1):1:2+5t(t+1)x+1t2,
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We notice that any elliptic curve equipped with rational 5-torsion is birationally equivalent to (1.2) for a certain
value of ¢ [7]. By this fact, the function A(t) is interpreted as the period of the holomorphic 1-form T4z,
Moreover, A(t) is a I'1(5)-modular form of weight 1 in the variable 7 (37 > 0), the ratio of the fundamental
periods.

In the present note, we deal with analogous objects of the Apéry numbers, say, the “Apéry-like numbers”
Ja2(n) attached to the special value (o(2) introduced in [5], [6]. Here (g(s) is the spectral zeta function of a
certain differential operator called the non-commutative harmonic oscillator (). We recall shortly basic properties
of the spectral zeta function (g(s) and how the numbers Jy(n) arise in connection with the value (g(2). Let
Q = Qa5 be the ordinary differential operator on L*(R) @ C? defined by

o R )

where the parameters «, 3 € Ry satisfy a8 > 1. The system defined by the operator @ is called the non-
commutative harmonic oscillator [10]. The operator @ is positive and self-adjoint, and has only a discrete
spectrum 0 < A; < Ay < -+ <\, <--- — +o00. Then, the spectral zeta function (g(s) of Q is introduced as
the Dirichlet series

(1.4) Cols) =D A"
n=1

in order to study the structure of the spectrum of Q. This series converges absolutely if Rs > 1 [6]. In [5], it
is shown that (g(s) is continued to the whole plane C as a meromorphic function which has a unique simple
pole at s = 1, and trivial zeros at s = 0, —2, —4, —6, ... like the Riemann zeta function (s). We note that the
operator () is unitarily equivalent to a pair of usual quantum harmonic oscillators when a = 3. In particular,
we see that (o(s) = 2(2° — 1)¢(s) when a = 8 = V/2.

The numbers J3(n) in question are defined by

e —(t+s)/2 (1 _ 67%)(1 _ 6725) n
(1.5) // R < L > dtds,

which arise in the expression of the special value of {g(s) at s = 2. Actually, we have

- ot = g (s« (S2)' S () () ).

In [6], a recurrence formula for J(n) is obtained as

(1.7) 4n®Jo(n) — (8n% — 8n +3)Ja(n — 1) + 4(n — 1)%Jo(n — 2) = 0.

Introducing the generating function wy(t) of Ja(n) b

(18) wg(t) = Z Jg(n)t”,
n=0

one finds that the recurrence formula (1.7) is equivalent to the singly confluent Heun differential equation

(1.9) HL— )2l (#) — (1 — 3)(1 — D)wl(t) + (¢ — %)wg(t) 0.

We show in [8] that the rational numbers Jy(n) := Jo(n)/J2(0) satisfy the congruence relation Jy(mp™) =
Jo(mp™~1) (mod p™) which is quite similar to the one for Apéry numbers; ampn—1 = @pppn-1-1 (mod p™). Here
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we note that the Apéry-like numbers J3(n) are introduced similarly to describe the value (g(3), and satisfy the
recurrence formula

2"(n —1)!

(2n — 1)

Remarkably, the only difference between the two recurrence equations (1.7) and (1.10) is the existence of the
inhomogeneous term in (1.10). Therefore the normalized sequence J3(n) := Js(n) —J3(0)Jo(n) € Q also satisfies
(1.10). As a result, the generating function ws(t) for J3(n) satisfies almost the same differential equation as
(1.9) but with inhomogeneous term (see (6.7)). Furthermore, one can obtain a congruence formula for .J3(n)
too. See [8] for detail.

Based on these similarities between the Apéry numbers and our Apéry-like numbers jg(n), js(n), in the
talk at the Conference on L-functions, the second author gave a rather vague conjecture; like the results in [1]
for the Apéry numbers, the differential equation for wq(t) (resp. ws(t)) would be understood as a Picard-Fuchs
differential equation attached to a certain family of elliptic curves (resp. a certain family of K3 surfaces; see

(1.10) 4n?J3(n) — (8n% — 8n + 3)Js(n — 1) + 4(n — 1)*J3(n — 2) =

[2]). At that time, he presented some numerical data for Jy(n), from which Zagier immediately showed his
interest and indicated that the numbers jg(n) would be coming from a certain modular form. In fact, the next
day he kindly suggested the precise formula from his study in [14].

The aim of this note is to establish an analogue of the results in [1] for the Apéry-like numbers Ja(n).
Precisely, we show that the differential equation satisfied by the generating function ws(t) of J2(n) is the Picard-
Fuchs equation for the universal family of elliptic curves equipped with rational 4-torsion. The parameter t for
the family of such elliptic curves can be considered as a modular function for the congruent subgroup I'g(4).
Moreover, we show that the function ws(t) is regarded as a T'g(4)-modular form of weight 1 in the variable 7
by taking ¢ as the classical Legendre modular function A\(7). Our strategy is almost parallel to the discussion
in [1].

2 Setting the stage

Changing the variables of integral, we have

—(t+s)/2 =28\ (1 _ ,—25\\ "
e (I—e2)(1—e=9) dtds
1 — e—(t+s) (1 _ ef(t+s))2

_ 4/ / —-YH\" dxdy
XZYQ) 1-X2y?’
Thus we obtain the expression

G 1— X2y?
(2.2) wa(t) :2@( _4// T g v XY

of wy(t) as an integration of a rational function. This integral expression is calculated as
1—X2y?
- dXdy
w2 / / (1—0)(1— X2Y2)2 + (X2 — Y2)2

(2.3) / / dXdy / / dXdy
’ 2(1—1t) (1-X2Y2%)4+T(X2-Y?) (1—X2Y2) - T (X2 -Y?)

// dXdy
T1-t (1-X2Y2)4+T(X2-Y?)’

where we put 7' = /45 or t = . Set Qr(X,Y) = (1 - X%Y?) 4+ T(X? —Y?). Then we define Wy(T) by
1-t¢ dXdy

2.4 Wo(T) = — Ly (t) = [ 2222

24 =0 L orxy)
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where [ denotes the domain [0,1] x [0,1]. The denominator Qr(X,Y") of the integrand in Wh(T') defines an
algebraic curve Q7 : Qr(X,Y) = 0 in C2. From (1.9), it is easy to see that the function Wy (T) satisfies the
differential equation £(W2) = 0. Here the differential operator £ is given by

d? d
— (73 _ 2 _
(2.5) L=(T"-T) a72 + (3T 1)dT +T.

In the sequel, we explain that the differential equation £(Ws) = 0 has a geometric origin, that is,

(1) the algebraic curve Qr is birationally equivalent to a certain elliptic curve Cr for all but finite values of
T, and {Cr} e /—1gx gives the family of elliptic curves having rational 4-torsion.

(2) the differential equation £(Ws) = 0 is the Picard-Fuchs equation corresponding to the family {Cr}r.

Remark 2.1. In [9], the differential equation (1.9) is solved so that we have

(2.6) wa(t) = J2(0)2F1 <1 1'1' t) ;

1—¢ 22"t 1

where o F (a, b; ¢; z) denotes the Gaussian hypergeometric function. As a corollary, we obtain the hypergeometric
expression

11
(2.7 Walt) =afi (5. 31T

for Wo(T'). This yields the binomial expression for J(n)

(2.8) Jo(n) = %2 i(q)k <k5)2(z>

3 Elliptic curves associated to J(n)

Let us consider the series of birational transformations

1 1 +y +1
o R TR PR
(31b)  m= L+ VT)yo - VT VTO - VT)y)
(L+T)z2 = (1+VT)y2 — 1 (1+T)((1+T)xs — (1+VT)ys — 1)

(3.1C) To =13, Yo= Ys

T3
(3.1d) T3 = ’”G\FT*GT*GVTT*TQH%, o — L - 5T — 572 4+ T% —12(1 + T)e + 24y

12VT(1 4 T)2 24T (1 + VT)(1+T)2

The first transformation (3.1a) reduces the curve Qr to the cubic curve

21+ 1)1 = VT)y1 + 1+ T)(1 = T2 — 2VT(1 = VT)?x; + 2(1 = VT)(1 = VT + T + TVT)z111
VT(VT = 1)(T + VT — 4)2? — 2VT(1 — VT)a2y, — 2VT(1 — VT)a? =0,

and the remaining three steps (3.1b), (3.1¢), (3.1d) are the regular procedure to obtaining the standard form

(3.2)

of an elliptic curve (see, e.g. [12]).
By a tedious step-by-step calculation, we obtain the following key lemma.
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Lemma 3.1. By the transformation X = X (x,y) and Y =Y (x,y) given in (3.1), the curve Qr is birationally
equivalent to the elliptic curve Cr : Cr(x,y) = 0 defined by

T4 41472 + 1 T633T433T2+1> )
— x + —y-.

(3.3) Or(,y) = ( ! -

Furthermore, the equality

dxXdy — dedy
(3.4) Qr(X.Y) 2Cr(z,y)

holds. ]

Let us look at the resulting elliptic curve

O 279637T4+14T2+1T/+T6733T4733T2+1
(3.5) revE 48 864
' 1
:@(176T+T2f12:c)(1+6T+T2712x)(1+T2+6x).

The points of order 2 on Cp are

1—6T + T2 14+ 67T+ T2 1472
(3.6) (120) ) (120) ) <_6’0) :

For any T € C, these three points together with the point of infinity (the identity element of the group Cr(C))
form a finite subgroup of Cr(C) isomorphic to Z/27Z x Z/27. We also conclude that the curve Cr is singular if
and only if T' = 0, +1, oo since the discriminant of Cr is equal to 2})6 T?(1 —T?%)%.

When T = +/—1u € v/—1Q, Cr has only one rational 2-torsion (“2(;1 ,0). In this case, the points

(1+5u2 jEu(1+u2))

(3.7 5 1

are the all of the rational points on Cr of order 4, and hence the torsion part of Cr(Q) is isomorphic to Z/47Z
by Mazur’s theorem on the structure of torsion subgroups.
In [7], it is shown that the universal family of elliptic curves with rational 4-torsion is given by

(3.8) Ey: y? +ay — by = 2° — ba?, A =b*(1 4 16b) # 0.
In this form, the origin (0,0) is a generator of the 4-torsion. If we set

VT(T +1)
2(VT — 1)

then we see that Ej, and Crp are birationally equivalent, and the family {Cr} is the universal family of the
elliptic curves equipped with rational 4-torsion described by another form.

(3.9) b=

4 Geometric interpretation of the differential equation for W (7))

We follow the discussion expanded in [1] to see that the differential equation (1.9) is the Picard-Fuchs equation
associated with the family of elliptic curves {Cr}.

We recall that the function W5 (T') is the unique (up to constant) holomorphic solution of the differential
equation L(Ws) =0 (L is given in (2.5)) around T = 0.
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Fix a point Ty € C near the origin and take a closed curve « through T such that v does not contain any
singularity of the form %. Then, following the idea in [1], we consider the analytic continuation of Wa(T')
along v, which is given by

dXdy
p Qr(X,Y)

where D C E2 is a suitable domain such that 9D = 0. Notice that WQ(T) also satisfies the differential
equation £L(Ws) = 0, and the integral

(4.1) Wi(T) =

~ dXdY
4.2 Wa(T) —Wh(T) = / —_—
42 A=W = QXY
is over the closed and oriented surface (2-cycle) D — 0. Namely, this integral can be written as the form
dXdy
4.3 Ir(T) := —_—
3 M= )
for a certain 2-cycle I' in C? \ Q7. By Lemma 3.1, the integral Ir(T) becomes
1 dzdy
4.4 Is(T) == | ———
(44) st 2 Js Cr(z,y)

for some S € Hy(C?\ Cr,Z). By the same ‘topological reduction’ discussion as in [1], it follows that

mi [ dx

45 Iy =22 [ &

(4.5) =5 /5

for a certain 1-cycle v € Hy(C?\ Cr,Z). Thus the difference W, (T) — Wu(T) is a constant multiple of a period
of the holomorphic 1-form ’T;”yl””. Hence Ws(T) (and Wh(T')) and the period Is(T) of ”gix satisfy the same
differential equation (see also Remark 4.2).

Let us determine the differential equation for the integral

(4.6) L(T) :==mi dgx

It is well known that this kind of integral I,(7") satisfies a second order Fuchs-type differential equation. The
local exponents of I,(T) at the singularities 0,1, —1,00 are respectively given by 0,0,0,1. Therefore, the
differential equation for I,(T’) is of the form

(4.7) (T3 = T)F"(T) + (3T%* — 1)F'(T) + (T + A)F(T) = 0

for a certain constant A. Now we take - as a closed path in the z-plane surrounding just two of the singularities
% of the 1-form g—z, which go to 15 as T — 0, so that this integral I, (T) gives the holomorphic solution
of this differential equation (4.7) around the origin 7' = 0. Calculating the integral I,(T") directly using the
residue theorem, we notice that the Taylor expansion of I,(T") for sufficient small T is given by

1 9
4. L(T)=1+-T>+ —T*+---.
(48) (T) =14 T2 4 =T
From this expansion (4.8), it follows that A = 0.
Hence, put the discussions above together, we now conclude the
Theorem 4.1. The differential equation L(Ws) = 0 is the Picard-Fuchs equation associated with the family
s TY414T?+1 T —-337% —3377 +1
- T+
48 864

of elliptic curves equipped with rational 4-torsion. O]

(4.9) Cr:vyi=zu
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Remark 4.2. Let EN(IW) = 0 be the second order linear differential equation for the period I, (T") of the holomor-

€T

phic 1-form g—y associated to the elliptic curves {C7}. From the equation Wy (T) — Wy (T) = mil,(T), we have

L(Ws) = L(W,). Hence we see that the monodromy group of £(W) is trivial so that it is a rational function.
In our case, we know a priori that the function Wh(T') itself satisfy the second order linear differential equation
of the form L(W5) = 0, and it follows that the operators £ and £’ are identical, up to a constant multiple. W

5 Modular properties

Let A(7) be the classical Legendre modular function

oo

1 + q2n ® 77(7)877(47) 2
1 = 16q =1 = 16g — 12

where ¢ = ™™ and n(7) = qu4 [1,2,(1 —¢"). This is a modular function for the congruent subgroup

(5.2) To(4) = { (‘CL Z) € SLy(Z); ¢ = 0 (mod 4)} .
Further, it is known that the modular function field for I'g(4) is equal to C(A(7)). Based on the study [14] (see
also Remark 5.3), Zagier pointed out the following theorem from the list therein.

Theorem 5.1. The equality

Yo (7)? 27)22
5 ) = 1255 =

holds. Here 9o(7) is the elliptic theta function (which is a T'o(4)-modular form of weight %)

(5.4) o (7) = 77(71 =N (-1 =1-2g+2¢" + -
ne”Z

Notice that wa(A) is not holomorphic. We show that the theorem is deduced by the same mechanism as the
discussion in [1].

Proof. Let w(7) be a T'g(4)-modular form of weight 1 and put @(7) = 7w(7). Then

b b
(5.5) w <‘C”:d> —co(r) +dw(r), @ (Z:d) = ad(r) + bw(r)
for (‘; Z) € T'g(4). Hence, both w(7r) and @(7), considered as functions in A = A(7), satisfy the differential
equation
w W R o' W
(5'6) '@ o F" — o F' 47 o F=0

where the prime denotes the differential with respect to A. The coefficients in the differential equation are
calculated as

/ 2 " 2\’ / " 2(dw)2 _wdQW
(5 7) w Wi w w W o w w w dr dr2
’ w @ dx’ w @ dx ’ oo (@)3
dr dr dr

Notice that these determinants are I'g(4)-modular functions so that they are rational functions in A.
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Now we take w(r) = f_"&?;.

functions, we see that the equations

Using well-known formulas among the values of elliptic functions and theta

!/ 1

113001 -\

A\ —
o A2(1—XN)1 i

1 :
T A2(1 — )

(:j a)// -

~/ ~ T

(5.8)

w W 1 1 w W’
)

v T iA1= N2

holds (we postpone the calculation; see Lemma 5.2 below). Thus we find that w satisfies

(5.9) ML= N2 () — (1= 3A)(1 = N/ (A) + (A — %)w()\) 0.

Comparing this differential equation with (1.9), we have proved the lemma. O

Lemma 5.2. The equations of determinants in (5.8) hold.

Proof. We use the convention for elliptic and/or theta functions in [4]. Denote by wi, ws the fundamental
periods so that 7 = £2, and by Y;(v,7) (j = 0,1,2,3) the elliptic theta functions. We put ¥; = 9;(0,7)

(j=0,2,3) and ¥} = %(0,7). We also put e; = p (%) and ez = p (2522), where p(z) = p(z;w1,ws) is the
Weierstrass g-function. Then we have

(5.10) . _Ami (1dlogdy  dlogds . _ Ami (1dlogdy  dlogds
’ YT W2 \3 dr dr ’ 2T W2 \3 dr dr ’

and it follows that

2 4 dlog 192 dlog 193
11 4l ey = _ _
(5.11) & T (1= e2) i ( dr dr )

4
On the other hand, since A(7) = (%) , we have

(5.12)

dlog A dlogvy  dlogis od
=4 — = mid,.
dr ( dr dr ™Y

Thus we obtain

w W w? 19% 1 1
(5.13) 50 T @ T dlog X - 2"
W w T M1 = N)2EEE m A1 =)

1"

The third determinant ‘g g,, is also calculated in the same way, but the calculation is rather complicated.

The second determinant g g,, = —%% is readily obtained by differentiate %ﬁ by A. O
Remark 5.3. Consider the differential equation
(5.14) (£ + at® + bE)F' (1)) + (¢ = \)F(t) = 0

with rational parameters a, b, A\, which is due to Beukers. When a = 11, b = —1 and A = —3, this equation (5.14)
is exactly the one for the generating function A(¢) of the Apéry numbers a,,. In [14], Zagier searches the triplets
(a,b, \) of integers within a certain domain such that (5.14) has an integral solution (i.e. solutions in Z[[t]]),
and presents a list of 36 such solutions. It is shown that the twelve solutions of them have parametrizations in
terms of modular functions. Zagier noticed and pointed out that our generating function ws(t) of Jo(n) is #19
in his list. |
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6 Closing remarks

In the final position of the note, we give several remarks for the future study.

6.1

In the discussions above, we see that the numbers Jy(n) arising from the value (o (2) acquire the I'g(4)-modularity
associated with the family of elliptic curves equipped with rational 4-torsion. However, at this moment, we have
no intrinsic explanation from the level of non-commutative harmonic oscillators why such things hold.

6.2

The Apéry-like numbers Ja(n) are arising in the expression (1.6) for (o(2) via the generating function

(6.1) g2(2) = i (_n;)Jg(n)z".

n=0
This function satisfies the differential equation D(g2) = 0 (see [8]). Here D is given by

a3 d? d
— Q2 2 2
(6.2) D=82(1+z2) 78 +24z(14+2)(1+ 2z)@ +2(44 272+ 27z )£ +3(1 + 22).
Does the function g2(z) have a modular form interpretation like wo(¢)? If this is true, then g(z) should be a
modular form of weight 2 from the result in [13]. We also note that g2(z) has the following explicit expressions
by hypergeometric functions [9]:

1 111 22 13 2
6.3 E—— 1N e T PRa— — A i, P
( ) QQ(Z) 1—|—Z23 2(272721 ) 71+Z2> 2 1(47477 Z)

6.3

The Apéry numbers a,, and b,, are corresponding to {(2), satisfying the same recurrence formula. Their gener-
ating functions satisfy the differential equations Lo(A) = 0 and Ly(B) = —5 for the same operator Ly but one
is homogeneous and the other is inhomogeneous.

Denote by «,, and (3, the Apéry numbers corresponding to ((3). They satisfy the same recurrence formula

(6.4) n3up — (34n® — 51n% + 270 — 5)uy 1 + (0 — 1)U, 2 =0

with initial conditions ag = 0, a1 = 6, F9 = 1 and 1 = 5. Their generating functions A(t) = > 7 j a,t" and
B(t) = > 07 But™ satisfy the differential equations L3(A) = 0 and L3(B) = 5 for the same operator

3 2
(6.5) L3 = t*(t* — 34t + 1)% + 3t(2t* — 51t + 1)% + (Tt? — 112t + 1)% +(t-5),
but one is homogeneous and the other is inhomogeneous. Thus the situation is exactly the same for the Apéry
numbers corresponding to ¢(2). It was proved in [2] that the differential equation L3(A) = 0 is the Picard-Fuchs
equation associated to a certain family of K3 surfaces.

In our spectral case, the situation seems similar at a glance, but it is different. The Apéry-like numbers
J2(n) are corresponding to the special value (g(2), while

(6.6) Js(n) =8 /0 1 /O 1 /0 1 <(1 a )_(?((zly_z ;4)54))” - fZ;Z;ZQZ o
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are corresponding to the special value (o (3) (see [8]). Let ws(t) be the generating function for J3(n) defined by
ws(t) =Y 0", J3(n)t". The generating functions wo(t) and ws(t) satisfy the differential equations

1
(6.7) D(w2) =0 and D(ws3) = §2F1 (17 1; 2;t>

respectively for the same operator

2
(6.8) D:t(l—tz)%—(l 3)(17t);§+(t72).

Notice that the former equation is homogeneous, but the latter is inhomogeneous. This fact shows that the
structure of ‘pairing’ in our theory is different from the case of the Apéry numbers.

6.4

From the expressions (1.5) and (6.6) of the Apéry-like numbers associated to (g(2) and {o(3), it is quite natural
to consider the numbers Ji(n) defined as

—(ht /2 (] em20) (] — g2ttt te) )\ "
// / 1— e (it +tk)< (1 — e~ (trt+tK))2 > dirdty - dty
:21@//._./ ((1—561)(1—56‘21 mi)>ndx1dx2~-~dxk.
0Jo 0 1_5”%"“% (1 -2 af)?
Note that the numbers Jy(n) are all positive. Their generating functions are
) 1,1 1 2.2
l—27 -z
z) = Jk(n)z":2k/// 1k dx1dxs - - - dzy,
by R e (B [ EE A
1—a2.. .22
=9k 1 k drrdee -+ d
(6.10) // / (el o =@ —a) (T —af ez
2]“ 1 // / dxidzsy - - - dxy,
(= a3ad - -a]) + 22l — a3 a])
// / dzidzs - - - dxy,
(1 —afad - af) — Z(af — a3 - o)

2. It is not hard to see the formula wy(0) = (2% — 1)((k). Then, we can ask the question; is

(6.9)

where Z =

it true that the function wy(z) (k > 3) satisfies a Picard-Fuchs type differential equation coming from certain
family of algebraic varieties?
We remark that the number Jj(n) has the double integral expression

(6.11) Jln) = 5 // 110‘(’?2;22((1(_1X2(21Y_2)}2/4))nd)(dy
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