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The Connes cyclic Hochschild
cohomology theory for algebras
involving derivations

Takahiro SUDO

Abstract

This is nothing but a reviewing study based on the cyclic Hochschild
cohomology part of Noncommutative Geometry invented by Connes, as
the basic theory.

Cohomology, cyclic cohomology, noncommutative geometry
46180, 46187, 46185

1 Introduction

Following Connes [13], with minor modification only, we would like to study
the basic part of the cyclic Hochschild cohomology theory for algebras with
derivations, as cHo-cho as butterfly look like. This is a sort of Yabu-Kogi
(paving) gardening or studying in (such) a jungle bush like, to understand the
contents to some extent by some considerable effort made.

Original notations are slightly changed by our taste.

It looks similar to the original contents, but not completely the same by our
sense.

Our understanding might be shallow, narrow, and pointed like a pencil
mightier than an apple.

We would like to figure it out the Connes theory by part by our interest.

Let us go to the symmetric world of cHo-cho.
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2 The cyclic Hochschild cohomology

Let A be an algebra over C the field of complex numbers. We denote by L (A)
the space of (n + 1)-linear functionals on A such that

LZ(A) = {90 : HnJrlA —-C | QD(CLl, T aanaao) = (71)n§0(a07 o aan)7 aj € A}

We consider the complex (L?(A),b) where b : L?(A) — L"T1(A) is the Hochschild
coboundary map defined by that for ¢ € L(A),

(b9) (a0, -+ s ant1) = Y (=1 plag, -+ ,a;a541,++ ant1)

7=0
+ (71)n+190(an+1a0, e aan)'

Definition 2.1. An (algebraic) cycle of dimension n is defined to be a triple
(Q,d, [), where Q = @7_, is a (differential) graded algebra over C, with d
a graded derivation of degree 1 such that d*> = 0, and [ : Q" — C is a closed
graded trace on Q.

A cycle over an algebra A over C is defined by a cycle (Q,d, [) with a
homomorphism p: A — Q.

A cycle of dimension n over A is essentially determined by its character,
which is the (n + 1)-linear function 7 defined by

(a0, ) = / plao)d(p(ar)) - d(p(an)), a; € A

Those functionals are exactly the elements of ker(b) N L7 (A), to be proved
later.

Given such two cycles (2, d, [) and (€, d’, f/) of the same dimension n, their
sum cycle of dimension n is defined to be the direct sum Q @ Q' of differential
graded algebras Q and €, with d @ d’ as a degree 1 graded derivation, and
[@ [ (ww)=[w+ [ forwe Qand o € Q as a graded trace.

Given two cycles (,d, [) and (@', d’, [") of dimension n and n’ respectively,
their tensor cycle of dimension n+n' is defined to be the tensor product Q®€Q of
differential graded algebras Q and €', with d®d’ as a degree 1 graded derivation,
and [@ [[w@w = (-1)" [w [ W forwe Qand o’ € Q as a graded trace.

Similarly, direct sums and tensor products of cycles over an algebra are
defined.

Example 2.2. Let M be a smooth compact manifold. Let ¢ be a closed
de Rham current of dimension ¢ on M, with ¢ < dimM = m. Let ¥ =
C>(M,NT*M) be the space of smooth differential forms on M of degree j,
for 0 < j < gq. Then Q = @?:Oﬂj becomes a differential graded algebra with
the usual product and (graded) differentiation, with [w = ¢(w) for w € Q9 as
a closed graded trace.



x May refer to [29]. Note that QY = C>°(M). For f € Q° we have the
derivation df = ZT:l aanjdxj € Q! = C®°(M,T*M) (locally). Any element
w of Q7 has the local form Yo [rdeg = Zkhm,kj fry,ooo kA2, - - - dxy, with
fry, kb, € C°(M). The wedge product w A w’ of forms w = 3~ ;- fxdrk and

W' =" [rdrg: in Q is the usual product

wAW =ww = Zdea:K ZfK/dJJK/ = Z Ik frrdrkdrp,
K K’ K,K'
so that Q7QF = Q7+F for 0 < j+k < m, and also Q% = {0} for j+k > m+1.
Because dr; A dx; = 0 and dz; A dry, = —dzi A dzj. It then follows that
wAW = (-1)F 0w for w € Y, w' € OF. For w =Y fxdrx € 7, we have
the derivation dw = )" df kdx . For instance, in the case of m = 2, we have
that for f = f(z,y) € Q°, with f, = &L,

0% > &f = d(f.dx + f,dy)
= (faodx + facydy)dx + (fyacdx + fyydy)dy
= foedrdx + (— foy + fyz)daxdy + fy,dydy = 0.
Thus, d?> = 0 on Q°. Also, d?w = 0 for w € Q! since d?w € Q3 = {0}. Similarly,
d?> =0 on Q2. O
x* We may have ¢ = m. Or assume that Q47 = {0} for j > 1. O
* Define ;M = Hom(Q'M,C) = (QM)* with QM = Q7 the continuous
linear dual of the space 7 of j-forms on M. Elements of Q;M are said to be
de Rham j-currents on M. In particular, elements of QoM = C*®°(M)* are

distributions on M as the usual integrals with the usual trace property. O
* Note that

/w/\w/:sp(ww/):w((_l)degwdegw'w/w):(_1)degwdegw’/w//\w. 0

* Why do we need to have dxdr = 0 and dxdy = —dydx? We have the
following answer by computing:

L _
0=d 5 = d(zdx) = dzdz,

0 = d*(zy) = d(ydx + xdy) = dydx + dxdy! O
* Note also as given in [29] that
dwAw) = (dw) A" + (—1)38“w A dy’. O

Example 2.3. Let M be a smooth oriented manifold. Let I" be a discrete group
acting on M by orientation preserving diffeomorphisms g, where the (right)
action is written as (z,9) € M x I' — xg = 94(x) € M.

* Note that for g1, g2 € I, we have

Vg1 gs () = 2(9192) = (g1)g2 = Vg, (zg1) = Vg, Vg, T



Thus, py = 9),~1 does make an action since pg, g, (z) = z(g192) ' = 295 '97 ' =
p!h pgz (CC) O
Denote by Ff(M) = C (M, N*T{(M)) the graded differential algebra of
smooth differential forms on M with compact support. The group I' acts on
EX(M) by automorphisms, where the (left) action is defined by that for w €
EFX(M) and g €T,
gw = Pyw =woy-1.
* Note that for g1,g1 € ', z € M,
(9192)0) (&) = (g, g0y 1 (1)) = (W, 18,1 ()
= g2w(¥ -1 (7)) = g1(gaw)(2). [

The algebraic crossed product F*(M) i+« I' by the action ¢* is a graded
differential algebra Q* in the following sense. As a linear space, for 0 < p <
dim M, QP is the space C°(M x I', APTEM) of smooth forms with compact
support on the disconnected manifold M x I'. Algebraically, such forms are
written as finite sums »_  pwgug for wy € F7(M), where u, as symbols are

automorphisms of F7(M) such that the covariance relation ugwiug—1 = Yjwi
for g,k € T holds. It then follows that

Z Wqllg Z whug = Z(Wq A w;“fc)ugk
g k g,k

as a product rule. Moreover, the derivation of F* (M) extends to Ff(M)x-T by
d(3>2, weug) = 3°,(dwg)ugy. The graded trace on Q* is defined by [ 37 wyu, =
f 1 We With e the unit of I'. It follows from the invariance under diffeomorphisms
preserving the orientation of the integral of top-dimensional forms that the triple

(2*,d, [) defines a cycle of dimension n = dim M over the crossed product
algebra C°(M) x T, with g = C*(M) x T.

* Check that
d(z Wqllg Z wyug) = Z d(wg A zp;“};e)ugk
g k

g,k
= d(wg) Nbgwitgr + > (—1)1Fwy A d(Piw) Jugr
g,k g,k

= d(z wgug) Z w;uk + Z(_l)deg wgwgug (Z d(lﬂ;(d;)@%)
g k g k
where it seems in a moment that the second term is not equal to

(—1)teE 20 ot (Y " wyug)d(Y  wiur)
k

g9

where deg > gy Wgllg may not be defined if not homogeneous. That equation itself
should be a graded derivation rule in this case. Moreover, it does not hold that

> dWiwp)ue = v3d(Y  whu).
k k



Indeed, as wj, for a simple form fw with f € C°(M) and some form w €
NTEM,

(g (fw)) = d((f o Yg-1)w) = d(f 0 thg-1)w

and the chain rule implies that along a local direction,

0 / 0Yg—1 v o OV
D (Fouy) = (f oty) 20 =y (1) 2o
a -1 8 -1
= vy (o) = o (1 (T 00,))
with f’ the differential on M. O

Example 2.4. Let I" be a discrete group and A = CI" the group ring of " over
C. Let Q*(T") be the graded differential algebra of the spaces Q"(I') = Q™ of
finite linear combinations of symbols godg; - - - dgy for g; € I', 0 < j < n, and
n > 0, with Q0 identified with A, where the product is given by

(90dg1 - - - dgn)(gnr1dgny2 - - - dgm) =

n

> (1" godgy -+ - d(g;gi+1) -+ dgndgn i1 -+ - dgm + (—1)"gogrdgs - - - dgm,
j=1
so that QPQ™ "1 = O™~1 and the derivation d : Q™ — Q"*! is defined by
d(godgi -+~ gn) = dgodgi - - - dgn.
x d(1) = 0. Hence it follows that d> = 0. Because d*(godg; - - -dgn) =
d(dgo - - - dgn) = dldgo - - - dgn = 0. O
* Note that (godg1)(g2dgs) = god(g192)dgs — gog1dgadgs, so that

d((g0dg1)(g2dgs)) = dgod(g192)dgs — d(gog1)dgadgs
= go2dgodgidgs + g1dgodgadgs — g1dgodgadgs — godg1dgadgs
= d(godg1)gadgs + (—1)1 9% godgyd(gadgs)

since d(gg') = (dg)g’ + (—1)*#gdg’ = g'dg + gdy'. O

Any normalized group cocycle ¢ € Z¥(T',C) determines a k-dimensional
cycle (Q*(T'),d, [) (cocycle and cycle corresponded!) with the following closed
graded trace [ on Q*(I") defined that [ godgs ---dg, = 0 unless (if not) n =k
and gog1 -+ gn = 1, and

/godgl--~dgk =c(g1, 5 9k), ifgo---gr=1

Recall that the group cohomology H*(T',C) is by definition the cohomology
of the classifying space BT'. Equivalently, H*(T',C) is the cohomology of the
complex (C*,b) of the spaces C? = CP(T) of all functions 7 : I'’** — C such
that y(gg0, -+ ,99») = (g0, -+ ,gp) for any g,g; €', 0 < j < p, with

p+1

(b’}/)(go, e agp+1) = Z(_l)']’y(gou T 7gj71agj+17 e 7gp+1)'
7=0



*x If v € CY, then v : T' — C with v(gg0) = v(go) for any g, go € T. It follows
that v(g) = v(g~'g) = 7(1) for any g € I', which means that any v € C° is the
constant function! Therefore, C° = C. O

% For 1 € C° as a constant function on T,

(b1)(g90,91) = 1(g1) —1(g0) =1 —-1=0.

Thus, the map b= 0 on C°. Hence H(T',C) = Z°(I",C) = C. O
* If v € O, then v(gg0, 991) = 7(g0, 91) for any g,go, g1 € T. Thus,

Y(90,91) = Y(95 "90: 95 " 91) = (1,95 " 91)-

Therefore, the function (g1, g2) may be identified with the function (1, g) for
g € T in this sense. O
x For v € C!, we have

(b7)(90, 91, 92) = (91, 92) — (90, 92) + (g0, 91). O

x For v € C?, we have

Y(90,91,92) = (1,90 '91, 95 "92)  (h1 =95 ' g1)
=5(1,h1,h1gy ' g2) = ¥(1, hy, hiha)  (he = g7 g2). O

The group cocycle associated to v € C* with by = 0 is given by

c(gr, - 9k) =v(1,91,9192, - ,9192 - Gk)-

The normalization required above is that c =0 if any g; =l orif g, --- g =
1.

Any group cocycle can be normalized without changing its cohomology class.
Because the above complex can be replaced, without altering its cohomology,
by the subcomplex of skew-symmetric cochains, such that

70(907 e ;gn) = V(ga(o)a e 7gU(p)) = Sign(a)'y(g(h e 7gP)

for g;j €' and 0 € Gp41.

The differential algebra Q*(I") is independent of the choice of the cocycle ¢
for [.

The construction of *(T") starting from the group ring A = CT is a special
case of the universal differential algebra *(A) associated to an algebra A (cf.
[1], [23]). Briefly recall it as in the following.

Proposition 2.5. Let A be an algebra over C, not necessarily unital. Let
A~ = A @ C1 be the unital algebra obtained by adjoining a unit 1 to A. Let
OYA) = A~ ®c A as a linear space. Then an A-bimodule structure on Q'(A)
is defined by x((a + A1) ®b) = (za+ Ax) ® b, ((a + A1) @ b)y = (a + A1) ® by,
and

z((a+ A1) @by = (xa+ \x) ® by — (zab+ Azb) @ y



for a,b,x,y € A and X\ € C, and a derivation d : A — QY(A) is defined by
da=1®a € QY(A) fora e A.

Let E be an A-bimodule and 6 : A — E a derivation. Then there ezists a
bimodule morphism p : Q*(A) — E such that § = pod, so that the following

diagram commutes:

A —2 . QlA)

H L

AL FE

in the sense that (Q'(A),d) is the universal A-bimodule involving a derivation.

* Check that

r1(r2((a + A1) @ b)y1)y2 = x1((z20 + Ax2) @ by1)y2 — x1((220b + AT2b) @ Y1)Y2
= (1220 + A\x122) @ by1ys — (T122a + Ax122)bY1 @ Yo

— (z122ab + Az122b) @ Y192 + (T1220b + AT1220)Y1 @ Yo
= (z122)((a + A1) @ b)(y1y2)! O

* Note that

d(al)ag + (lld(ag) = (1 ® al)ag + a1(1 ® ag)
=1® (ar1a2) — (la1) ® as + a1 ® as = 1 ® ajas = d(ajas). O

Let Q"(A) = @730 (A) be the n-fold tensor product of the bimodule Q! (A)
A~ ®cA. The universal graded differential algebra of A is defined to be Q*(A)
@22 Q" (A), with a square-zero graded derivation d : Q"(A) — Q" F1(A), whi
is extended uniquely from the differential d : A — Q!(A), where 4 = Q°(
may be assumed.

x Note that d?(a) = d(1 ® a) = d(1) ® d(a) = 0 for a € A, with d(1) =0
assumed. O

x For (ag + A1) ® a1 = ap(1® a1) + A1 ® a1) € Q1(A), we have

=2

d(((lo + )\1) & al) = dCLO ® da1 = daoda1 = d(aodal). O

Remark that there is a natural linear space isomorphism J from A~ ® (®™A)
to Q" (A) defined by

J((ap+ A1) ® a1+ ®ay,) = aoday - - - day, + Adaydas - - - day,

for ag, - ,an, € A, A € C.

Note that the cohomology HQ*(A) of the complex (2*(A),d) in all dimen-
sions are zero, including HQY(A4) = 0 if we set Q°(A) = A.

x Note that d : A — Q(A) is injective. Thus the kernel ker(d) is zero.
Hence HQ°(A) = ker(d) = 0. The image d(A) = 1 ® A. Also, the kernel
of d : Q1(A) — Q2(A) is 1 ® A. Hence HQ'(A) = 0. As well, the image



d(QY(A)) = (1 ®c A) @4 (1 @c A), which is the kernel of d on Q2?(A), so that
HQ?*(A) =0. O

The product in Q*(A) given in a way analogus to that in Q*(I") is defined
by

(agday - - - day)(apt1danss - - - day,)

= Z(—l)”‘jaodal c-d(ajajyr) - - dapdansy - dap + (—1)"agardas - - - day,.
j=1

* Note that (agday)(azdas) = apd(aiaz)das — agaidasdas. Thus,

d((aodal)(agdag)) = daod(alag)dag — d(aoal)dazdag

= agdaodaldag + aldaodagdag — aldaodagdag, — aodaldagdag

= d(aodal)a2da3 + (—1)ng “"dalaodald(agdag). ]
Proposition 2.6. Let 7 : A" — C be an (n + 1)-dimensional functional on
an algebra A over C. The the following conditions are equivalent:

(1) There is an n-dimensional cycle (2, d, [) and a homomorphism p : A —
0%, namely an n-cycle over A, such that

(a0, »an) = / plao)d(p(ar)) - d(p(an), ap, - an € A

(2) There exists a closed graded trace tr of dimension n on Q*(A) such that
7(ag, -+ ,an) = tr(apday - - - day), ag,- - ,a, € A.

(3) It holds that T(a1, - ,an,a0) = (=1)"7(ag, - ,an) and

> (=17(ag, - s aja551,-+ s ang1) + (=) r(antiag, -+ an) = 0.
§=0
Proof. It follows from the universality of Q*(A) that (1) and (2) are equivalent.
* Note that there is the morphism p’ by universality, for which the following
diagram commutes:
A2 014

H l»

AL . o

so that for the cycle (Q,d, [) associated to 7, the trace is defined by
tr(apday - - - day,) = /p’(dao)d(p'(dal)) —-d(p'(day)),

which shows that (1) = (2). Conversely, the triple ( ;‘ZOQj(A),d, T) with 7 as
a closed graded trace of dimension n is an n-dimensional cycle over A. O



Next show that (3) = (2). Given any (n-+1)-linear functional ¢ on A, define
a linear functional ¢” on Q"(A) by

(90/\ Oj)((ao + >\01) Ka &--- ®an) = 90(110’@1, e 7an)
= ¢"(apday - - - day, + Noday - - - day,)

for any Ay € C.
* This is defined mod ker(d) = Z"(A) € Q"(A). Indeed, if ag = 0, then
e (Aoday -+ -day) = ¢(0,a1,- -+ ,a,) = 0 by linearity. O
By construction, we have " (dw) = 0 for any w € Q"~!(A), which means
the closedness of ¢”.
* Note that dw € B"(A) C Z™(A). O
For 7 satisfying (3), we show that 7" is a graded trace in the following sense
that

n)

" ((apday - - - day)(ag1dago -+ dany 1))

= (—1)k(”_k)TA((ak+1dak+2 -+ ~dapy1)(aoday - - - day)).

By the product rule in Q*(A), the left-hand side is equal to

k
(_1)k_JT(a07 L, A5A540, 0 7an+1)
j=0

J
(with j from 0!), and the right-hand side is equal to

n—k

k(n—k)+n—k—j
E (-1) ( ) Ir(agyr, - ) Ak+145Ok+1+45+1, """ 30,01, * ,ak),
j=0

where we let a2 = agp at the (n — k)-term. The cyclic permutation o of
o(l) = k + 1 + 1 has signature £(o) equal to (—1)"**1 5o that

To-(a'07 e aan) = T(ao'(O)v e 7ao'(n)) = €(0’)T(a0, T aa/n)

by cyclic hypothesis. Thus, the right-hand side is changed to

n
- Z <_1)k_j7—(a07 e )a’ja'j+17 e )an+l) + (_1)k_n7(an+1a07 ag,: - ;an)
Jj=k+1

with &+ 1+ j replaced with 5’ from k+1 to n for j from 0 to n — k — 1, so that
(71)k(n7k)+nfk7(j'7k:71)(71)n(k+1) _ (71)(k+1)(nfk)fj'+(k+1)+(k+1)n
= (- )EEED S = () = ()t

since (—1)i’“2 = (1) because k? = k£ mod 2, and

(_1)k(n—k)+n—k—(n—k)(_1)n(k+1) _ (_1)2nk+n—k2 _ (_1>k—n



for the last term. Therefore, the above equality as a graded trace follows from
the second sum equality hypothesis on 7, converted to the both-hand sides.

Show that (1) = (3). We may assume that A = Q°, so that p is the identity
map. Then

T(ag, a1, ,a,) = /(aodal)dag <oday, = (—1)"_1 /dag -+~ day(aoday)
= (—1)”/da2 -+ dap(dag)a; = (=1)"7(a1,a2, - an,ap).

* Note that apgda; = ag(1 ® a1) = ap ® a1 and (dag)a; = (1 ® ap)a; =
1® apa1 — ag ® a;. Thus, agda; = —(dag)a; + 1 ® aga; = —(dag)ar + d(agpaq).
It does hold [ das - - da,d(apar) = 0 by closedness. O

To prove the second equality in (3), we use the equality that [aw = [wa
for w € Q™ and a € A.

* We have (day)as = d(ajas) — aydas. Also,

d(a1)d(az)as = d(a1)d(azas) — d(a1)azd(as)
= d(al)d(02a3) — d(alag)d(ag) + ald(ag)d(ag)
( )d(a1a2)d(a3) + (—1)2d( )d(a2a3) + ( 1)2a1d(a2)d(a3). ]

It then follows as a general case that

(day - --dap)an1 =

n

Z(*l)nijdal s d(ajajH) s dan+1 + (—1)"a1da2 cee dan+1.
j=1

Thus, the second equality in (3) follows from the above equality for ag(da; - - - day)an+1
as integrated with

/ao(dal cedap)any1 = /(aodal cdag)an 1 = /anﬂaodal - day,

and multipliying (—1)™ on both sides. (The end of the proof.) O

Recall now the definition of Hochschild cohomology groups H"™(A, M) of an
algebra A over C with coefficients in a bimodule M (cf. [8]). Let A ® A® be
the tensor product of A with the opposite algebra A® of A with ® as product
of A®. Any bimodule M over A becomes a left A ® A®-module.

xFora®@be A® A®, and m € M, define (a ® b)m = amb. Then

(a1 ® b1)(az ® ba)m = (a1 ® by)(aambs) = ajasmbab; = (a1a2 ® (b1 ® be))m
O

By definition, H"(A, M) = Ext’jg0(A, M) (What’s this?) where A is
viewed as a bimodule over A so that a(m)b = amb for any a,m,b € A.



Reformulate the definition of H™(A, M) using the standard resolution of the
bimodule A (cf. [8]).

Define the complex (C™(A, M),b) as follows.

(a) Let C™(A, M) be the space of n-linear maps from ®"A to M.

(b) The boundary bT' € C" (A, M) for T € C"(A, M) is defined by

(bT)(a1,- - sant1) = arT(az, - ,ans1)

+Z W T(ar, s ajajin, - anin) + (1) T (ar, - an)ant

Definition 2.7. The Hochschild cohomology of A with coefficients in M is
defined to be the cohomology H™(A, M) of the complex (C™(A, M),b).

x Note that C°(A, M) = M. The boundary bm € C1(A, M) for m € M is
defined as that (bm)(a) = ma — am for a € A. Check that

(b°m) (a1, az) = a1(bm)(az) — (bm)(araz) + (bm)(a1)az
= ay(maz — agm) — (m(ayaz) — (a1a2)m) + (may — aym)as = 0.

Therefore, b2 = 0 on M. Moreover, b> = 0 on C"(A, M). O
x Since the boundary image b(C" (A, M)) = B"(A,M) C C"(A, M) is
contained in the b-kernel Z™(A, M) C C"(A, M), then H"(A, M) is defined to
be the quotient Z™(A, M)/B™(A, M). O
The dual space A* of all linear functionals ¢ : A — C is a bimodule over A
in the sense that (apb)(c) = ¢(bca), for a,b,c € A.
* Check that

(a1(azpbi)ba)(c) = (az¢br)(b2car) = ¢(b1(bacar)az) = ((ar1az2)p(bib2))(c). O

Any n-cochain T' € C"(A, A*) is considered as an (n + 1)-linear functional
7:@""1 A — C by the following equality:
T(ao, a1, -+ ,an) =T(ay, -, an)(ao).
The boundary bT' € C"+1(A, A*) corresponds to the (n+2)-linear functional
br : ®"T2A — C:

(bT)(a(Lah e 7an+1) —
(bT)(al, R 7an+1)(a0) = alT(aQ, L. 7an+1)(ao)

n

+ Z 1T (ay,- - ,aja541, - ang1)(ao) + (1) T(ar, -+, an)(ao)an i1
=1

= T(a0a17a27 T 7an+1)

3

_l_

(—1)j7(a07 A1y 5 QQ541, ,an+1) + (—1)n+17(an+1a0, Ay, 7an)-
1

J



It then follows that the cyclic conditions of 7 : @' A — C by the two equal-
ities becomes that (a) 77 = ¢(y)7 for any cyclic permutation « of {0,1,--- ,n}
and (b) br = 0.

The Hochshild coboundary b does not commute with cyclic permutations.

x For T € CY(A, M), we have T7 = T with v trivial, and for 7/ = (2,1),

(bT)" (a1, a) = (bT)(as, a1) = asT(ar) — T(asar) + T(az)as,
(b(TV))(al, GQ) = alT(ag) — T(alag) + T(al)ag,
both of which look different obviously in general. O

The Hochshild coboundary maps cochains satisfying (a) to cochains satisfy-
ing the same.

x For T € C'(A, A*), assume that for v = (1,0) with e(y) = —1,

—7(ag,a1) = 77 (ag,a1) = 7(a1,a0) = T(ag)(a1).
Then, for v/ = (1,2,0) with e(y/) =1,
(b7)" (ao, a1, az) = (b7)(a1, a2, ao)
= 7(a1a2, a9) — 7(a1,azao) + 7(aoar, az)
= —7(ag, araz2) + 7(azap, a1) + 7(apa1, az) = (b7)(ag,a1,a2). () O
Define the linear map P, : C"(A, A*) — C"(A,A") by Pep =3 e . €(7V)¢",
where P 41 is the group of cyclic permutations of {0,1,--- ,n}. '
The range P.(C™(A, A*)) is the subspace C¥(A) = P7(A) of C™(A, A*) of

c
cochains satisfying (a), denoted so by us.
* Note that

P(p)" = > e =ev) Y. el =e(v)Pu(p).
YEBe,n+1 YEBe,nt+1

Also, if 77 = e(~)7 for any cyclic permutations v, then

P.(1) = Z e(y)r? = Z 17 O

YEPBe,n+1 YEPe,nt1

Lemma 2.8. Define the operator b' : C"(A, A*) — C"T1(A, A*) by

n
(b/@)(xo, e ,$n+1) = Z(_l)j(p(an R o R B ,$n+1)7
7=0

so that the following diagram commutes

on(A, A7) Y omtia, A%

e I

Cn(A,A*) —2— O FL(A, A%).



Proof. We have

((Peob)p)(xo, -+ Tny1) =

n+l n

Z Z(*l)”(”ﬂ)ksﬂ(ﬂ?k, S BTkt 1y To—1)

k=0 1=0

with sub-indices mod n + 2 = 0 as convention. In particular, k£ + ¢ is converted
to j (mod n+2). Also,

((bo Po)g) (o, s 2nt1) =

n

Z(_l)j (Pep)(zo, -+ yLjLjt1, ) Tnt1) + (_1)n+1(Pc<P)(xn+lea e Ty
=0

For 0 < j <mn,

j
(Pep) (o, s xjwjia, - s wngn) = Y (=1) p(an, -+ aywipn, o ap1)

k=0
n+1
n(k—1
+ E ) xka"' sy Tn41, L0y y TjLj41, """ 7xk—1)~
_]+2
As well,
(Pc(p)(xn—i-lea T 7xn) = Sp(xn—i-lea o 7xn)
+ E .’L']7"' y Tns L4120, " ° al'j71)~

We need to check equal the signs as coefficients of corresponding terms such
as (xg, -+ ,&;Tq1, - ,Tp—1) of both sides of P.b'¢ and bP.o. O

x For 7 € C1(A, A%),
(P.b'7)(z0, 71, 72) = P.(T(w021,22)) — Pe(T (0, T172)) =

T(zoT1,T2) + T(T122,T0) + T(T2T0, T1)

— T(l’o,l‘ll’g) — T($1,$2$0) — T(ZIZQ,IEQIEl).
Also,
(bP.7) (o, x1,x2) = (Po7)(wox1,x2) — (PoT) (w0, x122) + (Pe7) (2220, 21) =

= 7(xox1,T2) — T(x2, Tox1) — T(T0, T122) + T(2122, T0)

+ 7'(!1721'(), £C1) — T(l’l, £C2£E0).
Both of which shows that P. o b’ is just equal to bo P. on C1(A, A*). O

Corollary 2.9. (P*(A),b) becomes a subcomplex of the Hochschild complex
(C™(A, A"),b).



Proof. The above lemma implies that P"(A) = P.(C™(A, A*)) is mapped into
Pr1(A) = P.(C"T1(A, A*)) under the boundary map b. O

We may denote by cH™(A) the n-th cohomology group of the complex
(P?(A),b), which is called the n-th cycic cohomology group of an algebra A.

In particular, cHY(A) = P.(Z°(A, A*)) is exactly the linear space of traces
on A.

* Note that CY(A, A*) = A*. For ¢ € A*, we have (by)(a) = pa — ayp for
a € A. If bp = 0, then (pa)(c) = ¢(ac) is equal to (ap)(c) = p(ca) for any
a,c € A, which means that ¢ is a trace on A. It then follows that

Z%(A, A*) = ker(b on A*) = Tr(A)
which is the space of traces of A. Hence P.(Z°(A, A*)) = cZ%(A) = Tr(A). O
Example 2.10. Let A = C. Then for n > 0, cH*"*1(C) = 0, but cH?*(C) = C.

* Indeed, C* = C since any ¢ € C* is identified with the multiplication
operator by a p € C, so that p(z) = pz for z € C. Certainly, any ¢ € C* is a
trace on C. Therefore, cH(C) = Tr(C) = C* = C.

Moreover, C™(C,C*) = C since "C = C. Also, the boundary map by, is
the zero map on C, and bg,, 41 is the isomorphism on C, so that

bap—1=id bayn=0
—_——

C OZn(Cv(C*) 22n=", C2n+1(C’C*) bzn—+1:—1d_) C

Pclo Pclid P{o Pclid
C ban—1=id an(C) b2r =0 chn+1((c) ban41=id C
Because the orders of the groups . 2, and B¢ 2n41 of cyclic permutations of
{0,1,---,2n} and {0,1,--- ,2n + 1} are odd and even respectively. Therefore,
cH?"(C) = ker(bay,) /im(b2,_1) = C/{0} = C,
cH*(C) = ker(bgy41)/im(ba,) = {0}/{0} = {0}. O

It is so checked by [29] that H(C,C*) = C and H"(C,C*) = 0 for any
n>1.

It then follows that the subcomplex (P2(A),b) is not a retraction of the
complex (C™(A, A*),b).

Any homomorphism p : A — B of algebras induces a morphism p* :

P*(B) — P"(A) of complexes defined by

(p*@)(ao, -+ ,an) = w(plao), -+ ,plas)), ao, - ,an € A.

As well, the map p* : cH"(A) — cH™(A) is induced.
* Consider the following diagram:

PrY(B) = pr(B) —— Pri(B)



This diagram commutes, because for 7 € PI'(B),

(p*bnT)(a07 T 7an+1) = T(p(a0a1)7 p(a2)? t ap(an-l-l))_'—

n

Z(—l)jT(P(ao)a woyplajagin), o plant)) + (—1)"+1T(P(an+1ao)a o p(an))

= T(p(ao)p(al)7 p(a‘2)7 e ,P(an+1))+

M:

(_1)j7(p(a0)7 e ’p(aj)p(aj+1)v e ap(anJrl))

j=1
+ (=)' 7(p(ans1)p(ac), -, plan))
=bn(p*7)(ag, - ,ant1).

Therefore, ¢Z™(B) = ker(b,) is mapped into c¢Z™(A). As well, ¢B"(B)
im(b,—1) is mapped into ¢B™(A). Hence any class [7] = 7+ ¢B"(B) € cH"(B
is mapped to p*[r] = p*1 + cB"(A) € cH"(A).

For an homomorphism p : A — A, the induced map p* : cH"(A) — cH"(A)
depends only on the class of p modulo inner automorphisms of A, as shown
below.

[j\_/

Proposition 2.11. Let A be a unital algebra (which is stable under taking
tensor product with Ms(C)). Let u be an invertible element of A. Define the
inner automorphism Ad(u) of A by u to be Ad(u)(x) = uzu=! forx € A. Then
the induced map Ad(u)* : cH*(A) — cH*(A) is the identity map.

Proof. Let t € A and let 0 be the inner derivation of A by ¢ defined by ;0(x) =
tr —at = [t,z] for x € A. Given ¢ € cZ"(A), a coboundary ¢ € c¢B"(A) is
defined by

n

w(aof" 7a’n) = Z@(aof" 7t6(aj)7"' Ja’ﬂ)7

=0

as checked in the following. Let ¢:(ag, - ,an—1) = @(ag, - ,an—1,t) so that
Py € C" (A, A*). Compute bP.1); which is the equal to P.b'1); so that

n—1
(b/wt)(a'(% to 7an) = Z(—l)jtp(ao, R LT E S P 7a’mt) =
0

Jj=
(b@)(ao, o 7an7t) - (_1)n¢(a07 o aan717ant) + (_1)?7,%0(24:010, T aanflaan)-

Since by = 0,
Peblypy = (=1)" { (—1)"(tar, -~ ar—1) = Y (1) p(ar, - ’an+kt)}

k=
n n
= (_1)TL {ZSD(G/O’”' ,ak,]_,ta]g,"' 70/1’1) - Z 90(@0"' ,Clk;’t,"' aan)}



withn+k=%k—1=%k and k = k' + 1. Therefore, P.b'¢; = (—1)"%, so that
¥ = (=1)" PV, which is equal to b((—1)"P.;) € ¢cB™(A).

To prove that ¢ € ¢Z"(A) and ¢ o Ad(u) for an invertible element u of A
are in the same cohomology class, we may replace A by the 2 x 2 matrix algebra
M, (A) over A, u by the corresponding invertible matrix

- u 0
u~ = <0 u_1> € GLy(4),

and ¢ by ¢~ € cZ™(M3(A)) defined by

@N(ao ®bo,a1 @by, ,a, ® bn) = QO(CL(), T 7an)tr(b0 T bn)

for ag,- -+ ,a, € A and by, -+ ,b, € Ma(C). Now we have
B 0\ /0 -1\ (u"! 0 0 1
vz = 1)\ o 0 1))\-1 0
([0 —u\ (ut O 0 1
- 1 0 0 1 -1 0
(0 —u 0 1\ fu 0\ o
“\wt 0o )\-1 0)7\0 wt)T"

Moreover, v; = exp Fv; for j = 1,2. The result follows from the above discussion
(cf. [24] for a purely algebraic proof). O

o g

* The assumption of tensor product stability by matrix algebras over C is
satisfied if A is a stable C'*-algebra in the sense that A =2 A ® K, where K is the
C*-algebra of all compact operators on an infinite dimensional Hilbert space.
If the cyclic cohomology theory is stable invariant in such a sense, then such a
replacement is allowed.

* Check that

As well,

u 0 cosy —sing ul 0
= . T T = Ul.
0 1 sinf cosg 0 1

% It then follows that v = wvjvy (as well as v~!) and the identity ma-
trix of My(A) is connected continuously by a continuous path p defined by
p(t) = exptfvyiexptivs € GLy(A) for t € [0,1], as a homotopy. If the cyclic



cohomology theory is homotopy invariant, then the cohomology class equiva-
lence desired now follows.

* My(C)* is identified with M>(C) since any ¢ € M3(C)* can be defined by
o(x) = tr(zp) for any x € M3(C) and some p € My(C).

x For 1,02 € My(C)* given, p1 ® g2 € (®2M3(C))* can be defined by
(P01 @ p2) (21 ®@ 22) = 1 (21)P2(22).

Let us now characterize the coboundaries as the cyclic cocycles which ex-
tend to cyclic cocycles on arbitrary algebras containing an algebra A. In fact,
extendibility to a certain tensor product algebra C' ®c A would be enough.

Following Karoubi [20], [21], let us assume that C' is the algebra of infinite
complex matrices (a;j)i jen With a;; € C such that the set of complex number
entries a;; is finite, and the number of nonzero a;; per line or column is bounded.

For any (unital) algebra A, the algebra CA = C ®¢ A is algebraically con-
tractible in the sense that it verifies the hypothesis of the following lemma, so
that it has trivial cyclic cohomology.

Lemma 2.12. Let A be a unital algebra. Assume that there exists a homomor-
phism p: A — A and an invertible element x of My(A) such that

ra(a)e = (g p(oa)) 21 = Bla) = (8 p(oa)) , acA

It then follows that cH™(A) =0 for all n > 0.

Proof. Let ¢ € ¢Z™(A) and ¢~ = ¢ X tr € ¢Z™(M2(A)). By definition, a, 3 :
A — M3(A) are homomorphisms. Since a and § are similar by an invertible
element of GLy(A), then ¢~ o o and @™ o 3 are in the same cohomology class.

Since aa) =a® ((1) 8) +p(a) © <8 2) ;

@N(a(ao)a T 7a(an)) = me(a(a(])aov' o 10) +oee @N(Ov' o ,0,a(an))

1 0 0 0
—<P(a0>07"',0)tf(0 O>+@(p(a’)’07"'a0)tr<0 1>+

we have

1 0 0 0
+ (0, ,0,a,)tr (O 0) +¢(0,---,0, plan))tr <0 1)

= ¢lao, -+ an) + @(p(ao), -+, plan))-

Similarly,
@N(ﬁ(a’o)v e 7ﬂ(an)) = @(p(a0)7 e 7p(an))
Therefore, in cH™(A),

~

[p~oa] =[p]+[pop] =[p~ 0Bl =[pop].

Hence [y] is zero. O



Definition 2.13. We say that a cycle vanishes, or it is a vanishing cycle when
the algebra Q° satisfies the assumption of the above lemma.

For an n-dimensional cycle (2, d, [) and a homomorphism p : A — 0O, the
(n 4 1)-linear functional 7 on A as its character is defined by

(a0, - an) = / plao)d(p(ar)) -~ d(p(an))-

Proposition 2.14. For 7: A"*! — C an (n + 1)-linear functional on A,

(1) T € cZ™(A) if and only if T is the character of a cycle.

(2) T € ¢cB™(A) if and only if T is the character of a vanishing cycle.
Proof. (1) It is shown in Proposition above that 7 is the character of a cycle if
and only if 7 € P*(A) = ¢cC™(A) and br = 0.

(2) For (Q,d, [) a vanishing cycle, we have cH™(2°) = 0 for all n. It says
that ¢Z™(A) = ¢B™(A). Therefore, T € ¢B™(A) as a coboundary.

Conversely, if 7 € cB™(A), then 7 = by for some ¢ € cC"~1(A). Extend 7
to CA=C ® A as an n-linear functional ¥~ on C'A so that

wN(1®a07"' 71®an—1) = w(a()a"' 70/1'7,—1)7 ap, " ,Ap-1 € A

and that (™) = g(A\)y™ for any cyclic permutation A of {0,--- ,n — 1}. Let
p: A — CA be the homomorphism defined by p(a) = 1 ® a. Then b(¢)"™) is an
n-cocycle on CA and p*b(¢p™) = 7. Since b(yp™) € ¢Z™(CA), it is the character
of a cycle (Q*(CA),d, [) with Q0 = CA, so vanishing. Therefore,

a0, an) = b(W™)(plao), -+ plan))
- / plao)d(p(ar)) - d(p(an)).

Namely, 7 is the character of such a vanishing cycle. O

x Since ¥~ € cC""Y(CA), then b(y~) € e¢B"(CA) C cZ"(CA). Since

p* :cC"(CA) — cC™(A), then p*b(yp™) € ¢cB™(A). Moreover, b(y)™) = by =T,
P b(¥™) (a0, -+ an) = b(47)(plao), - -, plan))
= bw(a‘()a e 7an) = T(CLO, e ,Cln).

For differential graded algebras Q*(A) and Q*(B) of algebras A and B re-
spectively, the graded tensor product Q*(A4) ® Q*(B) is defined.

The universal property of 2*(A ® B) of the tensor product algebra A ® B
implies that there is a natural homomorphism 7 : Q*(A® B) — Q*(A) @ Q*(B).

In general, Q*(A ® B) is not equal to Q*(A) ® Q*(B).

* By the universality, the following diagram commutes:

A® B 1. Ql(4)® Q1(B)

H [

AoB —L— Q'(A®B).



Moreover, d ® d to Q'(A) @ Q(B) can be replaced with d ® id to Q!(4) @ B
and id ® d to A ® Q'(B) as well.

For cochains ¢ € C™(A, A*) and ¢ € C™(B,B*), define the cup product #
of ¢ and 1 by the associated equality

(p#Y)" = (" @y ) om

as a graded trace on Q*(A ® B), with ¢ and 9" on Q*(A) and Q*(B) respec-
tively.

Theorem 2.15. The cup product defined so above induces a homomorphism
from cH™(A) @ cH™(B) into cH"™™(A ® B).

The character of the tensor product of two cycles is the cup product of the
characters of the cycles.

Proof. Let ¢ € cZ™(A) and ¢ € ¢Z™(B). Let ¢" be the closed graded trace
on Q*(A) associated to ¢, and " on Q*(B) to ¥. Then ¢" ® ¢" is a closed
graded trace on Q*(4) ® Q*(B), and (p#v)" on Q*(A ® B). Hence p#1y €
cZ"M (A ® B).

Next, given cycles (Q,d, [) and (', d’, [") and homomorphisms p : A — Q
and p' : B — €, there is a commutative triangle to doubled square:

P~ ®(p")™
_

Q"(A® B) —— Q*(A) ® Q*(B) Qe
H [re [rer
* (P®P/)~ /¢ IN
C(A®B) 2, Qe — 5 C

so that the character [~ of the tensor product cycle Q®€ with p@p’ : AQ B —
Q ® ) is given by the cup product of the characters:

[wosr= e forn- e fr

It remains to show that if ¢ € ¢B™(A) as a coboundary, then @# is a
coboundary as p# € cB"t™(A® B). This follows from the above Proposition
and the trivial fact that the tensor product of any cycle with a vanishing cycle
is vanishing. O

* Note that as a possible sense,

(p#4)" (a0 ® bo)d(a1 @ b1) - - d(an @ bp)d(ant1 @ bpy1) -+ - d(@ntm @ bpgm))
= " (aoday -+~ d(an -+~ apim))" (bod (b1 -+ bns1) -+ dbpsm) +

= @(ao,al,"' 7an"'an+m)w(b07bl "'bn+17"' 7bn+m>+

= (p#) (a0 ® by, a1 ® b1, ,an @ bpy Ant1 @bty 5 Qg @ bgm).

* Note that M3(A) ® B = M3(C) @ A® B = My(A ® B). If there is a
homomorphism p : A — A such that z(ids @ p)x~! = 0@ p as a diagonal sum



for some x € GL2(A), then p®idp : A® B — A ® B such that

(x(ida @ p)z~ ) ®idg = (0@ p) ®idp
=2((ids ®idp) @ (p®@idp))z™' = 0@ (p®idp).

Is this correct?

Corollary 2.16. The cyclic cohomology cH*(C) is identified with a polynomial
ring with one generator o of degree 2.

Each cyclic cohomology cH*(A) of an algebra A is a (left or right) module
over the ring cH*(C).

Proof. Tt is checked that cH?"*1(C) = 0 and cH?"(C) = C for n > 0. Let
1 be the unit of C. Any ¢ € ¢Z™(C) is characterized by ¢(1,---,1), up to
multiplications by complex numbers, so that

90(20,217"' ’ZTL) = 2071 Zn@(l, 31), 205t ,%n € C.
For ¢ € ¢Z?™(C) and ¢ € cz2m’ (C), we would like to compute the cup product
@#1). Since 1 = 12 is an idempotent, we have
dl = d(1%) = 1d1 + (d1)1,
1(d1)1 = 1(d1)1 4+ 1(d1)1, 1(d1)1 =0,
and 1(d1)? = (d1)?1 over C. Similar identities hold for 1 ® 1 and (1 ® 1) €
Q*(C) ® Q*(C).
Namely,
dlel)=11)d(1lo1l)+d1le1)(1®1),
0=01e)d(lel)(1x1).
Then
(1@ 1)d(1®1)d(l®1)) = (1dldl) ® 1 +1® (1dldl) € 2* @ Q° + Q° @ O?

with 2=2-1and (*T') = 4 = 2. Thus,

(m+m')!

50(]-7 71)"/}(17 71)

* We have (mjnm/) — (mmO hats it! Note that

m!m’!

(p#) 1@, ,101) = (p#) (1o 1)d1e1)---d1le1))
:<pA(1d1~~-d1)1/)A(1d1~~d1)+-~-:<p(1,--- (L, ) 4

as a possible computation. In particular, p#¢ is identified with ¢ since p(1,--- ;1) €
C. Tt then follows that ¢cH*(C) as an algebra by the cup product is isomor-
phic to the polynomial ring C + Co = C[o] with 0? = o, although cH*(C) =
B ocH?*"(C) = ®°,C is infinite-dimensional as a vector space over C. O



Now let ¢ € c¢Z™(A). Let o be the generator of cH?(C) = C, where o
is the cyclic 2-cocycle of C with o(1,1,1) = 1 € C, identified with its class

[0] € cH?(C). The cup product implies the module action as the S-map (beyond
the night sky) by

S: cH2(C) ® cH"(A) —— cH"™2(C @ A) = cH"2(A).

This formula also holds when the power 2 is replaced with 0.
Check that o#¢ = p#o0c holds as follows.
* We check this that

(p#a)(ao, +  an, any1,ant2) = (" @ ") (a0 @ 1)d(a1 @ 1) -~ d(an42 ® 1))
Maoday - - d(anany1an12))o™(1dldl) + - -,

)

"

(a0, ,@n, ny1, Gnya) = (U/\ ® ‘PA)((l ®ag)d(l®ay) - d(1® ani2))

14
(o#e
o (1d1d1)¢" (apday - - - d(anani1ani2)) + -+ O

For ¢ € cZ"(A), define Sp = o#p = p#o € cZ"2(A). Then we have
S(cB™(A)) C sB""2(A). (The end of the proof.) O

We do have a definition of S as a morphism of cochain complexes as follows.

Lemma 2.17. For any cochain ¢ € cC™(A), define Sp € cC"2(A) by Sp =
%HPC(U#QD). Then Sy = oftp for ¢ € cZ™(A), so that this map S for cyclic
cochains extends the S-map for cyclic cocycles of A.

Also, bSp = Z—iéSb(p for ¢ € cC™(A).

Proof. If ¢ € cZ™(A), then (o#p)* = e()\)(c#¢) for any cyclic permutation A
of {0,1,--- ,n+2}.
* Thus,

Poo#o)= > e((o#e) = (n+3)(c#e).
YEBe,n+3
We have
(bPep)# = bP.(p#).
* If so, it follows that if ¢ = o, then

1
bSp = bP, bP,.
S n+3 (p##o) = = (bPep)#o
n+4 1 n+4 1 n+4
= ——P. = 4 bp).
nianpalcbete = o Pl belte) = mste)
There is the one term difference between b’ and bep. O

For Hochschild cocycles ¢ € Z"(A, A*) and ¢ € Z™(B, B*), we have the
Hochschild cocycle o) € Z*"t™(A® B, A*® B*), and the corresponding prod-
uct [p#1] of cohomology classes is related to the other product V, so that

[o#] = ZE (o] v [9]) (ct. [8]).




Proposition 2.18. For any cocycle ¢ € c¢Z™(A), the Sy is a Hochschild
coboundary by € B"2(A), where ¢ € C"F1(A) is given by

n+1

Y(ag, -+ ant1) = Y (1) "¢ (ao(day - - daj_1)aj(dajyy - danyr)).
j=1

Proof. Tt is checked that the coboundary of the j-th term in the sum above is
equal to
¢"(ao(day -+ daj—1)ajaj1(dajiz - danya)).

O

A chain of dimension n + 1 means a quadruple (Q,09,d, [) where Q and
0N are differential graded algebras of dimensions n + 1 and n, with a surjective
morphism r : Q — 99 of degree 0, and f : Q"+l — C is a graded trace such
that [dw = 0 for any w € Q" such that r(w) = 0.

d Qn+1 J

o 4 SN

% T

@O)" —— 0 — 0.

The boundary of such a chain means the cycle (99, d, [ ’), where the following
diagram commutes
Qr —1— (0)"

1| L
Qn+l L)

so that ['w' = [dw for w € Q" with 7(w) = w’ € (9Q)". The surjectivity of r
implies that [ "isa graded trace on 0f2, which is closed by construction.

*xIfw' € (0Q)" 1, then there is w € Q"1 such that r(w) = w’ by surjectivity
of r. Then r(dw) = d(w’) since r is a morphism. Hence

[ = [ = [o=0

which shows that [ is closed. Graded traceness of [ implies that of [” by
definition.

Definition 2.19. Let A be an algebra, and let p: A — Q and p' : A — Q' be
two cycles over A. We say that Q and € are cobordant over A if there exists
a chain 2" with boundary Q @ ()™, and a homomorphism p” : A — Q" such
that 7 o p” = (p, o), where (')~ = Q with [* = — [ the sign changed.



* Note that the following diagram commutes:

A ——— A
p”l l(ﬂ,p’)
Qs 9" = Qe ()

In this case, we may write  ~.p .

Using a fiber product of algebras, it is checked that the relation of cobordism
is transitive. Namely, Q ~.op Q' and Q' ~y, Q" implies that Q ~ ., Q.

It is symmetric. Namely, Q ~., ' implies ' ~qp Q.

It is checked that any cycle €2 over A is cobordant to itself. Namely, Q2 ~,, Q.
Example 2.20. Let Q0 = C°°([0,1]) = A. Let Q' = C>([0,1],7%[0,1]) be
the space of smooth 1-forms on [0,1]. Let d be the usual differential, so that
df = %dw for f € A. Set 90 = C@ C. Let [ be the usual integral, so that

/ df = [f @)Ly = £(1) - F(0) € C.

Let r be the restriction of functions of A to the boundary set {0,1}, so that
r(f) = (f(0),f(1)) € C? for f € A. Then Q = Q° ® Q! becomes a chain of
dimension with boundary 02 = (C & C, d, ), where ¢(a,b) = a — b.

* Note that the following diagram commutes:

(9RO ¥

d [
N=CepC —<— C

so that [od = —por.

Tensoring a given cycle ' over an algebra A’ with the above chain (2, 09)
gives the desired cobordism.

* It says that

A, __—— A/
p"l l(ﬂ',p')
V=000 — 5 90" =000 =C>Q =0 Q.

Equivalently, smooth functions in the above chain may be replaced by poly-
nomial functions.

It follows that cobordism is an equivalence relation.

Lemma 2.21. Let 11, 7o be the characters of two cobordant cycles Q1 and Qo
over a unital algebra A by a chain Q with p: A — Q and [ : Q"' — C. Then
there exists a Hochschild cocycle ¢ € Z"TH(A, A*) such that 11 — T2 = By,
where

(BOQD)(GO7 T aan) = @(176107 o 7an) - (_1)n+1§0(a/0a crtyGny, 1)



Proof. For ag,--- ,a,11 € A, let

p(ag, -+, ans1) = /P(ao)dl)(al)"'dp(an+1).

Let w = p(ag)dp(a1) - - - p(an) € Q™. By hypothesis we have

(71— 1) (@0, a1, - 1) = /dw.

Since p(1)p(ag) = p(lag) = p(ag), we have

dw—(dp(l))( 0)dp(ay)---dp(an)
+ p(L)dp(ag) - - - dp(an).

The tracial property of [ implies

/dw = (_1)n<p(a07a17"' aanal) +<p(1,a0,- T 7an)-

It is checked as checked before that ¢ defined in that form above is a
Hochschild cocycle so that by = 0, using the tracial property of |[. O

Lemma 2.22. Let 71,72 € c¢Z™(A) such that 1 — 7o = Boy for some ¢ €
Z"HL (A, A*). Then any two cycles over A with characters 71 and T2 are cobor-
dant.

Proof. Let p: A — Q be a cycle Q over A with character 7. It is shown that the
cycle is cobordant with (Q*(A),7"). In the cobordism of Q with itself above,
with restriction maps r¢ and ;1 both to 2, considered is the subalgebra

{weQ®C™([0,1],C?) |r(w) € Q'}

where ' is the graded differential subalgebra of 2 generated by p(A). This
defines a cobordism of © with Q.
Now the homomorphism p~ : Q*(A) — ' is surjective, and it follows that
~)* [ = [op™ =7, so that

o) ¢

b

a-ao - . ¢

Modifying the restriction map in the canonical cobordism of (Q2*(A), ")
with itself we obtain a cobordism of (Q*(A),7") with Q'.

It is shown that (Q*(A), ") and (2*(A),75') are cobordant. Let p be the
linear functional on Q" *1(A) defined by

plaodar - - - dany1) = wlag, -+, ant1),
plday -+ dani1) = (Bow)(a, -+ ;ani1).



It is checked that u is a graded trace on Q*(A). By the Hochschild cocycle
property of ¢, as the tracial character of a cycle, it is obtained that

pwla(bw)) = p((bw)a), a,b€ Ajwe QL
It is checked that
wlaw) = p(wa), w=day- - daps1.
The right hand side is computed as
(wa) = p((day -+ dag41)a)

n

= M(Z(_l)n+1_jda1 T d(&jdaj+1) -+ dapt1da)

j=1
+ p(dardas - - - dand(an11a)) + (—=1)" M u(ardas - - - day, +1da)
n+l—j
= Z (Bop)(ar, -+ ,a;a511, -+ ;any1,0)
j=1

+(Bow)(ar,az, -+ s ant1a) + (1) o(ar, az, -+ aps1,a)
= (=1)"((t'Bop) — ¢)(a1, a2, , an+1,a).
It is checked that for an arbitrary cochain ¢ € C"1(A, A*),
Bobg + ' Bop = ¢ — (=1)" "%,
where A is the cyclic permutation defined by A(j) = j — 1. If ¢ is a cocycle,
then by = 0, and then ' By — ¢ = (—1)"¢?*, so that
pwa) = pMar, az, -+ ani1,0) = p(a, a1, - - ap) = plaw).

It remains to check that for any a € A and w € Q"

u((da)w) = (~1)" p(wda).

If w € dO™ 1, then this follows from the fact that Bop = 7 — 72 € cC™ with
1 = By on w, and characters as signed traces. If w = agda; - - - da,, then that
is a consequence of the cocycle property of Byp. Indeed, we have bByp = 0.
Hence

b/BOQO(U'Oa A1, Gn, 0,) = (_1)nB0w(aa07 Ay, .-+ 7a’n),
and since b’ By = ¢ — (—1)"*1p*, then
QD(Clo, crt, Qn, Cl) - (_1)n+1<)0(a’7 agp, - aan) = (—l)n(BogD)(aao, A1, 7a’n)7
and therefore,
p((da)w) = p((da)apday - - - day,)
= p((d(aag) — adag)da; - - - day,)
= p(d(aap)day - - - ady) — p(adagday - - - day,)
- (BO(,D)<G/GO,G1, e 7an) - 90(%@07@17 o ;an)
= (=1)"v(ag, -+ ,an,a) = (—=1)"u(agday - - - danda) = (—=1)" p(wda).



To end the proof of this lemma, modified is the natural cobordism between
(Q*(A), ) and itself, given by the tensor product of Q*(A) with the algebra
of differential forms on [0, 1], by adding to the integral the term p o 7y, with 7y
the restriction map to the point {1} in [0, 1]. O

Corollary 2.23. Two cocycles 11,70 € c¢Z™(A) as characters correspond to
cobordant cycles over A if and only if 71 — 1o belongs to the subspace cZ™(A) N
Bo(Z7+1(4, A7),

Since we have P.7 = (n + 1)7 as cyclic anti-symmetrisation for any 7 €
cC™(A), the subspace above is contained in B(Z"*1(A, A*)), where B = P.oBy :
crtt — on,

Lemma 2.24. (a) We have bB = —Bb.
(b) It then follows that

cZ™(A) N Bo(Z" (A, A*)) = B(Z"T1 (A, AY)).
Proof. For any cochain ¢ € C"F1(A, A*), we have
Bobg + ' Bop = ¢ — (=1)" "1

where A is the cyclic permutation defined by A(j) = j — 1 (mod n + 2). It then
follows that P.Bgbp + P.b'Bop = 0, with P.By = B and P.b' = bP,, so that
P.b/By = bB.

* Note that
Bobp(ag, -+ ;ant1)
= (b(p)(l, ag, - .- aan-‘rl) - (—1)n+2(b<ﬁ)(a0’ RN ¢ 7O 1)

n+1
=p(lag, -+ ans1) + > (=1L, ai—1ai,-+  ang1) + (1) 0(anial, -+ an)
i=1
— (=1)"[¢(aoar, -+, 1)+ > _(=1)'p(ao, -+, aiit1, - 1)
i=1
+ (_1)71—&-1@(@0’ e 7a‘n+11) + (_1)n+290(1a/07 A1, 7an+l)]-
Also,

b/BOSO(G/Ou e 7an+1)

=3 (=1 (Bop)(ao, -+ ,ajaj1, + ,ans1)
j=0

= Z(_l)j{w(lv L o 7an+1) - (_1)n+1§0(a07 A 41,0 Ao, 1)}
j=0
n+1

=) (1" He( a0, saj-1a5, -y anga) = (1) (ao, - ,a5-1a5,- -+ ang1, D}
j=1



It then follows that

Bobgp(ag, -+, ant1) — b’ Bow(ag, -+ ny1)
= ¢(lag, -+, anp1) + (=1)"Pp(anial, - ap)

— (=D)"[(=1)"p(ag, -, antal) + (=1)"p(lag,ar, -+ ani1)]
= QO(GO, T 7an+1) + (_1)n+29‘7(an+17 S, Op)

+ Qo(aOa e 7an+1) - Qp(a(),al, e ;an+1)
= (80 - (_1)n+190)\)(a07 o 7an+1)

checking completed!

(b) By (a) we have BZ"t1(A, A*) C cZ"™(A).

% Note that B = P.By : C™t! — O™, so that the image is in ¢cC™. Thus,
bB = —Bb: Z"t! — —B{0} = {0}. Hence BZ""! is contained in ¢Z"(A).

It is shown that BZ"T1(A, A*) C BoZ" (A, A*). Let 8 € BZ"1(A, A*),
so that 3 = By for some ¢ € Z"T1(A, A¥).

Constructed in a canonical way is a cochain ¥ € C™(A, A*) such that %_Hﬁ =
Bo(p — by).

Let 8 = Byp — %ﬂﬁ. Then P.0 = 0.

* P = Bp— 25 Pf=0—725(n+1)8=0.

It then follows that there exists a canonical 1 such that 9)—e(\)y* = 0, where
A is the cyclic permutation generator of {0,1,--- ,n} defined as (i) =i — 1.

* It seems to have that P.(1) —e(\)1*) = 0. The kernel of P, may have such
elements canonically. The converse is also true?

It then holds that Byby = . We use the equality Boby) — b’ Bot) = 1) —eAp?,
so that we need to show that b’ By = 0. We have

Boy(ag, -+ ,an—1)
=9(1,a0, ,an-1) = (=1)"¢(ao, - ,an-1,1)
(=1)" (¥ = e(NY)(ao, -+ s an-1,1)
= (=1)""(ag, - ,an_1,1)
(D" He(L a0, -+ yan-1,1) = (=1)" p(ag, -+, an-1,1,1)}

- a1, 1).
+7l ,6(0,0, , 1 )



It then follows that

b/BO¢(a07 e 7a”ﬂ)

= ’“Z Ylo(Lao, - ajajer, - an, 1) + (~1)"p(ao, -, ajaji1, -

n—1
n—|—1 2:;) jﬂao’.”’aﬂ'aﬂrl’”'aanal)
= (7 ) {b¢(17 ag, "+ ,0an, 1) - (p(aov crr 5, 0n, 1)}
- {b@(a(), sy Qp, 17 1) - (_1)n§0(a05 crt Ay, 1)}
1
+ ?( 1)"b5(a0, oty Qg ].) =0
since by = 0, cancellation, and b3 = bBy = —Bbp = 0. O

Corollary 2.25. (1) The image of B : C"*! — C™ is equal to cC™ = P.C™.
(2) eB™(A) C BoZ" (A, A).

Proof. (1). Let ¢ € ¢C™. There is a linear functional pg : A — C with
wo(1) = 1. Let

Y(ag, + ,ant1) =
wolao)p(ar, -+ ant1) + (=1)"0((ao — @olao)l), a1, ,an)Po(ani1)-

Then we have ¥(1,ag, -+ ,a,) = p(ag, - ,a,) and
1/’(110» crt, Gn, 1) = 900(00)90(@1, crryOn, 1)

+ (_1)n90<a07a17 e 7a'n) + (_1)n+1()00<a/0)90<17 ag,--- 7an>
= (_1)n<»0(a0’ T 7an)
by the cyclic property of ¢ and cancellation. Thus,
Bow(aﬂa e 7a‘n) = ’(/}(170'07 T aa’n) - (_1)71—&-11/}(%, cr, Qp, 1)
= Sa(a()v the van) - (_1)n+1(_1)n90(a0’ T 7an) = 290(0“07 T 70'71)'
(2). By (1), by for ¢ € cC™ has the form b(Bv) = —Bby for some ¢ € C" 1.
Then —Bby € BZ"T2(A, A*), which is equal to cZ"T1(A) N BoZ"2(A, A*) by

the lemma above. It then follows that cB"1(A) is contained in BoZ"t2(A, A*)
(certainly corrected slightly). Hence, cB"(A) C BgZ" (A, A*) obtained. O

Corollary 2.26. We have a well-defined map B from the Hochschild cohomol-
ogy group H" (A, A*) to cH"™(A).

y Qs ]-7 ]-)}



Proof. Note that H"*1(A.A*) = Z"t1 /B! with B"T! = bC™. For any [p] =
@ +bC™ € H™, we have

B([¢]) = B(¢ + bC™) = By + BbC™ = By + bBC™ C By + b(cC™ ™),
with By € ¢Z™(A). Therefore, B([p]) = [By] € cH™(A). O

Theorem 2.27. Two cycles over a unital algebra A are cobordant if and only if
the classes [11],[m2] € cH™(A) of their characters differ by a class of the image
BH""(A, A*) C cH™(A).

Proof. 1t is shown above that such characters 7 and 7 have the difference
T — T2 = By for some p € Z"1 (A, A*). Thus, P.ry — P.t2 = P.Boyp = Bep.
Then

[Peri] — [Per2] = [By] = B([¢]) € cH"(A)
with [P.7;] = [r;] for j =1,2. O

The direct sum 2 @ Qs of two cycles over A is a cycle over A. Cobordism
classes of cycles over A make a group M*(A) by the direct sum.
* Note that the following diagram commutes:

A _— A
) | [orst sty
WY —— 00 o =0 ® ()™ Q@ ().
The tensor product 21 ® Q5 of cycles over A and B gives a natural map from

M*(A) x M*(B) to M*(A® B).

* Note that the following diagram commutes:

AR B —— A®B
p’1’®p§¢ l(m,p’l)(@(pmﬂé)
W @0 —— 9 @00 = (0 @ (2)™) @ (2 & (25)™).

Furthermore, more restriction to be continued seems to be needed.

The group M*(C) is identified with ¢cH*(C) = C[o] as a ring.

* Because the map B is zero in this case.

Thus, the groups M*(A) are M*(C)-modules, C[o]-modules, and so vector
spaces. It follows from the theorem above that the vector space M*(A) is

isomorphic to the quotient space cH*(A)/im(B).
Moreover, the group M*(A) has the following interpretation related:

Theorem 2.28. There is an isomorphism of cH™(A)/im(B) with the quotient
of the space of closed graded traces of degree n on the differential algebra Q*(A)
by those of d'p = pod for u graded traces on Q*(A) of degree n + 1, where d*
denotes the natural differential induced on graded traces.



Proof. 1t is shown that for 7 € ¢Z"(A) given, we have 7" = d'u for some

a graded trace p if and only if 7 belongs to the image of B containing c¢B™.
Assume that 7"\ = d*u. Then we have 7 = Byp, where ¢ € Z"T1(A, A*) is the
Hochschild cocylce defined by

W(a(h Ay, aan+1) = ,U(a()dal s dan+1)

as shown that 7 — 72 = [od = Byy. Thus, 7 = %_HPCB(]QO = %_HBw € im(B).
Conversely, if 7 € im(B), then we have 7 = By for some ¢ € Z"T1(A, A*)
since BZ"t! is equal to ByZ"*! N c¢Z™. Define the linear functional x on

QHL(A) by
u(aoday - - dan 1) = @(ao, -+, any1), plday---danyr) = (Bop)(ar, -+, ani1)
as before. Then, obtained is a graded trace such that
wu(daogday - - - day) = 7(ag, -+ ,an)
so that p(dw) = d'p(w) = 7" (w) for w € Q™ (A). O

It follows that M*(A) is the homology of the complex of graded traces on
Q*(A) with the differential d* = od. This theory is dual to the theory obtained
as the cohomology of the quotient of the complex (2*(A), d) by the subcomplex
of commutators. It also appears independently in the work of M. Karoubi [22]
as a natural range for the higher Chern character defined on all the Quillen
algebraic K-theory groups. Therefore, the theorem above and the analogous
dual statement imply that the pairing with K-theory group of degree zero and
one is extended to all the algebraic K-groups by applying results of Karoubi,
and as well, the cohomology of the complex (2*(A)/[*,*],d) is computed by
applying results below.

The Connes complex (¢cC™(A), b) is by construction a subcomplex of the Hochschild
complex (C™(A, A*),b) with the indentity inclusion map I as a morphism of
complexes, so that there is an exact sequence of complexes

I

0 — cO™ cr —4— C"/eC" = Q, — 0.

There corresponds to this a long exact sequence of cohomology groups.

It is proved that the cohomology H™(C/cC) = H™(Q,,) of the complex C/cC
is equal to H"~1(cC) = cH" }(A).

Therefore, the long exact sequence takes the following form:

0—cCo(A) —1— HO(A,A*) —L— HYQy) =cH YA) —2—  cHY(A)

— L HY A A —T s HY Q) =cH%A) —2—  cH2(A)
_r _a _9 cH™(A)

—L H"(A, A7) —— H™(Q,) = cH" 1 (A) —2— cH™1(4A)



On the other hand, constructed above are morphisms S and B of cochain
complexes inducing morphisms of cyclic cohomology and H cohomology

cH" Y (A) —5 cH"L(4), H™(A,A*) —Z— cH1(A).

It is proved that the long exact sequence above is changed into the following
form by B and S:
I 1 " B S
- ——— H" 14, A*) —— cH"(A) —— cH"™(A)
L omvA A B eantA) —2 s cHnY(A)

There corresponds to the pair (b, B) of morphisms of complexes a double
complex defined by C™™ = C™" "™ (A, A*), where the first differential is given
by the Hochschild coboundary b

b . Cn,m _ Cn—m _ Cn—m+1 _ Cn+1—m _ Cn+1,m
with b2 = 0, and the second by the operator B
B:CO™mM™ =™ Cn—m—l — Cn—(7n+1) — Cn,m+1

with B2 = 0.
* Because the image of C™™ = C™ ™ by B is cC™ ™!, so that BycC" ™! =

{0}.
Thus, since we have bB = —Bb, the graded commutative exact diagram is
obtained so that for n > m, with (n,m) as the coordinate in the plane,

omn = CO

dl
Cm,m+1 — Cmfmfl b Cn+1.m+1 — Onfm
5| s
b b

cmm — (0. .. cnm — gmn—m cntlm — om+l-m

By construction, the cohomology of this double complex depends only on
the parity of n even or odd. It is proved that the sum of the even and odd
groups is canonically isomorphic to

cH*(A) ®cpr-(c) C = H*(A),

where ¢cH*(C) acts on C by evaluation at o = 1.



* Note that even and odd groups are located on the anti-diagonal from top
left to down right.

o2n—1 b o2n

al IE

o2n b O2nt1 b O2n+2

5] 5]
O2n+2 b ¢2n+3

The second filtration of that double complex by

9 — Z oM — Z o™ — on—4 ® Cnf(qul) DD (C«nfn — CO)

m2q m>q

yields the same filtration of H*(A) as the filtration by dimensions of cycles.
The associated spectral sequence is convergent, and coincides with the spec-
tral sequence coming from the above exact couple.
These results are based on the next two lemmas.

Lemma 2.29. Let ¢p € C"(A, A*) such that byp € cC"t1(A). Then By €
cZ"1(A) and SB = n(n + 1)by in cH"L(A).

* Note that it says that

Cn(A,A*) — 2 cCntl(A)

(assumed)

| Jos

CZ”fl(A) L} cHnJrl(A)
Proof. We have By = P.Byy € cC" . Since bip € cC™"*1(A), we have
b(Bvy) = —Bby) = —P.Bob) = —P.0 = 0.

Thus, By € ¢Z" 1. Also, by € cZ™* 1 since b(by) = 0.
Let ¢ = By € ¢Z"'. Then we have S¢ = by € B"! as shown above,
where

P (ag,  ,an) = Z(—l)jflgﬂ(ao(dal <--daj_1)aj(dajqq - - day)).
j=1

It is shown that there exists ¢ € C™ such that ¢" — 1) € B™ and
W =M@ =n(n+ 1) —N)(")*)

where \(i) =i —1for i € {1,--- ,n} and A(0) = n.



It is checked that

W =@M (a0, an) = (=1)""H(n+ Dp(anag, a1, -, an_1).
We have

()M ag, -+ an) = Z(*l)Fl@A(an(dao <-daj_g)aj_q(daj - - - da,_1))

j=1

Z ] 140(n—2) /\((dao dajfg)ajfl(daj o 'danfl)an) (] -1= ./)

,_.»—A

: M

Z dao daj/_l)aj/ (daj/+1 cee dan_l)an).

Let Wy = ao(da1 s daj_l)aj (daj+1 s dan_l)an. Then

dwj = (dao s daj,l)aj (daj+1 s dan,l)an
+ (=1 ag(day - - - daj---dan_1)a,
+ (=1)"ao(day - - - daj_1)aj(dajiq - - - day).

Thus, for j € {1,--+ ,n — 1}, by closedness we have

0= ¢"(dw;) = @A((dao rdaj_1)aj(dajy - dag—1)an)
(=1) Yo" (ao(day - - - da; - - - day_1)ay)
( 1)"@ (ao(da1 daj,l)aj (daj+1 e dan))

Therefore, multiplying e(A\)(—=1)7~! = (=1)"(-1)7~1

+ o+

0= 6(/\)( l)J ! /\((dao daj_l)aj (daj+1 R dan_l)an)
( 1) (ao(da1 -da j s -dan,l)an)
( 1)j L A(ao(dal tee daj_l)aj (daj+1 R dan))
It then follows that
(~)" L (~1)" M (aqag(day - - day - - - dag—1))
= (=1) "¢ (ao(dar - - - daj_1)a;(daj i - - - day))
—eN(=1)¢"((dao - - - daj—1)aj(dajs1 - dag—1)an)

as a part of 1’ — e(\)(¢')*. Taking into account the cases j = 0 for (¢/')* and
j = n for v’ gives checking completed.
Now determined is the desired ¥ such that " — 1 € B"(A, A*) and

@ = s a0, ) = T p(aan, - o).

n



Let 0 = Botp. Write 6 = 6 + 6, with P.f; =0, 6, € cC™"~*(A) so that 6, = Lo,
* Let 6y = LPO = %Bt/} = %cp € cC" 1(A) and let 6, = 6 — 0. Then

0 = 6, + 0 with P8y = Pof — Py = 1y — nfls = 0.

Since P.#; = 0, there exists a canonical ¥y € C™~! such that §; = Dy,
where Dy = 11 —()\)(¢01)*, which is certainly constructed and obtained above.
As shown in the proof of bo P, = P, o/, checked is that Dob =" o D.

x Check indeed that for f € C1(A, A*), with £(\(0,1,2)) =1,
(D ob)(f)(ao, a1, az) = (bf —(A)(bf)*)(ao, a1, az)
= flaoai,az) — f(ag,araz2) + f(azxao,ar) — (bf)(az, ag,ay)
= f(aoay,az) — f(ao, araz) + f(azao,ar)
— flazap,a1) + f(az,apa1) — f(araz,ao)
= flaoai,az) — f(ag,araz2) + f(az,apa1) — f(araz,ao).
On the other hand, with £(A(0,1)) = —1,
(b o D)(f)(ao,a1,a2) = (D f)(agar,az) — (Df)(ag, arasz)
= flaoai, a2) + f(az,apa1) — f(ag,ara2) — f(aiaz,ap).

Therefore, D ob = b’ o D in this case.
It then follows that D(bpy) = b/ (D) = b'6;.
Let v" = 1) — bpy. It then follows that ¢” — 1 = —bip; € B™.
As checked before, we have D = Byb + b’ Byg. Hence

Dy = Bobtp + V' Boyp = b' Bop = 0 = 1'01 + b0
since byp € cC™T1(A) so that Boby = 0. Therefore,
Dy = D) — Dby =001 + V05 — b6, =05 = %b’gp.
Since by = b(B1) = 0, we have
b= (~1)"""p(anag, ar, -+ an—1)
since
(bp)(ao, -+ an) = (V'¢)(ao, -+ an) + (=1)"p(anao, ar -+, an).
Thus,
Dy = (—1)"_1%90(61,1(107(117 e p_1).
Summing up we obtain
W] =+ @" — )]
2[0y'] = (b — (V) (W)Y

]
=n(n+ )b —e(A)(@"))]
= 2n(n + 1)[by"] = 2n(n + 1) [by)]

[¥"],



(possibly in this sense). Therefore, it follows that

[SBy] = [Se] = [y'] = [n(n + 1)by)] € cH"(A).

* Note that

(bT))\(G/Oa ai, a2) = (bT)(U‘Qa ap, al)
= 7(asa0,a1) — 7(az, apa1) + 7(araz, ag),
- b(T))\(am ar,az) = —T/\(CLOCM,CQ) + T)‘(aoﬂlaz) - T’\(a2ao, ar)

= —7(as,apa1) + 7(aras, ag) + 7(azag, ay)
if 7 has graded traceness as does 1)’.

Corollary 2.30. The image of the map S : cH" 1(A) — cH"t1(A) is the
kernel of the map I : cH" 1(A) — cH" (A, A%).

Proof. Since BC™ = cC"~ !, we have S[BC™] = S[cC"™~!] the image of S, which
is equal to b[C™] by the lemma above. By exactness of the long exact sequence
with respect to C*(A, A*), we have b[C"] zero in H""1(A, A*), which is viewed
as [bC™] in cH™ "1 (A) mapped to zero by the map I, namely the kernel of I. [J

Lemma 2.31. There is the natural bijective map

im(B) N ker(b) . ker(B) Nker(b)
b(im(B)) b(ker(B))

at cZ" T A) as well as Z" (A, A*), as cH"T1(A).

* Note that
Cr+2(4, A7) —E s contl(4)

| K
Cr+3(4, A7) —E s cont2(4)
Proof. Let o € im(B) Nker(b). Let p € cZ"T1(A). Assume ¢ € b(ker(B)), say
@ = by with ¢ € ker(B). Since n(n + 1)byp = SBy = S(0) = 0 in cH*, then
¢ € eB"1(A), so that ¢ € b(im(B)), with this B : C"*1 — ¢C™ onto. Thus,
the injectivity is shown.
Let ¢ € Z"H1(A, A*), By = 0 and a canonical 1 € C™(A, A*), with ¢ —
e(A\)Y* = Byp. As above, we have Boby) = By since 3 = By = 0. It follows
that ¢’ = ¢ — by € cZ"T1(A) since by’ =0 — 0 =0 and

DQD/ = nggo/ + blBogO, = Boo + b/(B()(p - Bob(p) =0

which implies cyclic property.



It is shown that B € b(cC™~2). Since
Dy = — e(\)y* = Bow = Boby,

with D = Byb + o' By, we have b’ Boy) = 0.

It is checked that (b')? = 0 and that the cohomology on C™(A, A*) by b’ is
trivial.

If b1 = 0, namely, o1 € Z", then ¢ (ag, - ,an,1) = 0, that is, p; =
b’ o, namely ¢, € B™, where

wa(ag, + yan—1) = (=1)""tpi(ao, - ,an_1,1).

* Note that

0= bl@l(a()a crt, Gn, ]-) = Z(_l)jSOl(aof A4, 71)

7=0
= 901(0’00‘17 Tty 1) — -+ (71)"1801(&07 crt,An, 1)
On the other hand,

n—1

bl@?(a@a e 7an) = 2(71)3@2((10, L, A5A541, 0 aan)
j=0

n—1
=) (—D)/(-1)"Yei(ao, - ,a5a541, 5 an, 1)

J
= (=1)""Ypi(agar, -+ yan, 1)+ +p1(ag, -+ ,an_1an,1).
It then follows that
@1(@0, ce,Qp, 1) = b/QDQ(CLO, e 7a'n.)~

Thus, since b'(Bgy) = 0, then By = b'6 for some § € C™~2 by b’ cohomol-
ogy triviality, and

Bty = P.Byp = P.V'0 = bP.O € b(cC"™?).
Since ¢C"~? = im(B), we have By = bB6); for some 0; € C"~!. Hence,
B(y + b0,) = By + Bbd, = Byp — bBb; = 0.

Thus, ¥ + bf; € ker(B), so that by € b(ker(B)). As ¢ — b € cZ™ 1, this shows
the end of the proof for surjectivity. O

Corollary 2.32. We have S = n(n + 1)bB~! as the map from cH" 1(A) to
cH™ 1 (A). Namely, S(Bv) = by up to constant.



Proof. Given ¢ € cZ"1(A), we have ¢ € im(B), and thus ¢ = B for some ).
This uniquely determines

ker(b) Nker(B)

by e b(ker(B)

= cH"T1(A).

1

Moreover, by is equal to n(nt1)

S by choosing ¥ as
1 - -
an) = n(n+1) > (=17 N ag(day - - dajv)aj(dajiy -+ - day)).

j=1

w(ao, .

Hence,
S =SBy =n(n+ 1)bp = n(n+1)bB Le.

Theorem 2.33. There is the long exact sequence involving B, S, and I

C B eHYA) — 2 cHM Y (A) —L s HP(A, AY)
— B eHMA) —Z— cH"?2(A) —L— H2(4, AY)
Proof. It is shown above that im(S) is equal to ker(I) at cH*. As well, ker(S)
is equal to im(B) at cH*~2,
* If bip = 0, then ¢ € Z™, and then Bty € im(B) and S(By) = 0 = by.
Next, B oI = 0 since B is zero on ¢C. Thus im(]) is contained in ker(B).
If p € Z"(A, A*) and By € ¢B" !, then By = bB for some § € C"~ !, so that

v+ bl € ker(B) Nker(b) C im(I) + b(ker(B))

by the above lemma.
* We have
B(p+b0) = Bp + Bbd = By —bB6 = 0.

As well, b(p +b0) =04+ 0=0.
Note that im([I) is identified with ¢Z", which may be identified with im(B).
O

Corollary 2.34. For

0—cC —— C —% CfeC —0.

the exact sequence of complexes, the morphism 0 : C/cC — C of complexes
induces an isomorphism from H™(C/cC) to cH" 1(A) and identifies the long
exact sequence derived by the exact sequence of complexes with that by B-S-I.



Proof. This follows from the Five Lemma applied to

H"(cC) ——  H™C) —L— H™C/cC) % H+l(eC) —s  H™Y(C)

H o H H

cH"(A) —1— H"(A,A*) —Z— cH"Y(A4) —5— cH"1(A) —L— H"1(A, A*)

H"1(cO)

with a consideration as for 0~ as the boundary map of degree —1. O

Corollary 2.35. (a) Two cycles with characters 7 and 1o are cobordant if and
only if Sti = S1o in cH*(A).

(b) We have a canonical isomorphism M*(A) ®@p+(c) C = H*(A).

(¢) The canonical filtration F™"H*(A) corresponds under that isomorphism
to the filtration of the left side by the dimension of the cycles.

Proof. (a) % We have
H*(A,A*) —2— cHF1(A) —2— cHM1(A).
It is shown by cobordism that [r1] — [re] € BH*(A, A*) C cH*~!. Hence,
S[r] = Slra] = [S71] — [S7a] = [0] € SBH"(A, A*) C cH*"'(A).

(b) Both sides are identical with the inductive limit of the system (cH™(A), S).

* We have M*(A) is isomorphic to cH*(A) /im(B), as well as M*(C) is equal
to cH*(C) = Clo]. Since S =n(n+ 1)bB~! as o, then it follows.

(¢) x Note that

FIH"™™(A)= > H" ™(A)=H" ‘@ H" " g...(H"" = H).

m>q

Also,

FIM™™A) =Y M (A)=M" e M .. (M = M?),

m>q
L

We may normalize the differentials b and B (b-B) to the following differen-
tials dy and dy of the doubled complex C** so that the S map is given by dldgl
simply. Define

(a) C™™ = C"~™(A, A*) for n,m € Z, with C~% = {0} k positive.

(b) dip = (n —m + 1)bp € C™T1™ for p € C™™.

(c) dap = —1-Bp € C™™*+1 with as zero if n = m.

n—m

Note that didy = —dad; follows from Bb = —bB.




* We check that for ¢ € C™™ with By € C™™FL bp € Ontlm,

1
By = (n—(m+1)+1)bBy = bBy,
n—m n—m

d1d290 =d;

dadip =da(n —m+1bp=(n—m+1) Bbyp = Bb.

n+1l—m
Therefore, didy+dad; = 0 follows. As well, for Bo = ¢ € C»™m+l = Ccn—m~1 =
Okfl,

dvdy ' = di(n —m)p = (n—m)(n —m+ 1)by
= (k+1)(k+2)bB™ " = Si.

Theorem 2.36. (a) The initial term Ey of the spectral sequence associated to
the filtration F,C = anp C™™ in the first variable n by b is equal to zero.

(b) For the second filtration FI1C =Y C™™ by B, we have HP(F1C) =
cH"™(A) forn=p—2q.

(¢) The cohomology of the double complexr C = C** is given by

m2>gq

HeV"(A) = H®V(A), if nis even,

H™(C) =
©) {Hodd(A)Hod(A), if n is odd.

(d) The spectral sequence associated to the second filtration is convergent,
and it converges to the associated graded

> FIH*(A)/FITH*(A)

and it coincides with the spectral sequence associated with the exact couple by
B, S, I. In particular, its initial term Es is given by

ker(I o B)/im(I o B).
Proof. (a) We consider the exact sequence of complexes of cochains
0 — im(B) —— ker(B) —— ker(B)/im(B) — 0

where the coboundary is given by Hochschild b. As shown above, the first map
from im(B) to ker(B) induces an isomorphism in cohomology. Thus, the b
cohomology of the complex ker(B)/im(B) is zero.

(b) Let p € (FIC)P =32, 5 imep O™ satisty dp = 0, where d = dy +da.
Then it is cohomologus in F4C to an element 1) of CP~94 = CP~24 by (a). Then
di = 0 means ¢ € ker(b) Nker(B), and ¢ € im(d) means ¢ € b(ker(B)). Thus,

(ker(b) Nker(B))/b(ker(B)) = (im(B) Nker(b))/b(im(B)) = cHP~24(A).
(c¢) By the computation of S as d1d; *, the map from H?(FIC) to HP(FI~1C)

with p — 2(¢ — 1) = p — 2¢ + 2 is given by the map —S from cHP~24(A) to
cHP=29%2( A).



* For n = p — 2q, if p is even, then so is n with ¢ any, and if p is odd, then
so is n with ¢ any.

(d) The convergence of the spectral sequence by the second variable is ob-
vious, because C"™™ = C"~™ = 0 for m > n, with n — m < 0. The filtration
of H"(C) given by H™(F1C) coincides with the natural filtration of H*(A),
as given in (¢). Therefore, the limit of the spectral sequence is the associated
graded

>, FIH(A)/Fat H*(A), for n even,
Zq FiH°Y(A)/FIH L H°(A), for n odd.

x Note that FIC/FIH1C = C™1 = C" 4.

* As well, that means F'? Zl>q Hn=2 patl Zl>q+1 H"=2l = F"~24 in this
sense (possibly).

The initial term F5 by B is given by ker(I o B)/im(I o B). It is checked that
it coincides with the spectral sequence of the exact couple by B-S-1.

* Note that H®"(A) and H°d(A) are invariant under S, so that I oS o B can
be shorten as I o B. O

Remark 2.37. For n = p — 2q, the cyclic cohomology cH™(A) is identified
with H?(F4C) in the (dy,ds) bicomplex by the following sign convention by S
or —S that ¢ € ¢Z"(A) corresponds to (—1)[3lp € CP~99 = CP=2¢, This sign
is used in comparing the expressions for the pairing of cyclic cohomology with
K-theory.

There is the following product of Cartan-Eilenberg [8]

Vo Hn(A,Ml) & Hm(A,Mg) — Hner(A,Ml ®A MQ)

It then follows that H*(A, A) becomes a graded commutative algebra by using
A®4 s A=A as an A-bimodule, and it acts on H*(A, A*) since A ®4 A* = A*.
In particular, any derivation § of A defines an element of H'(A, A), denoted as
[0]. The explicit formula for the product V of [8] gives

(90 \ 6)(0,0, Ay, 7an+1) = @(5(0‘77«4-1)0’03 Ay, 7an)a pe Zn(Aa A*)

at the cochain level. It is checked that the class of ¢ V § coincides with that of

(6#9‘7)(0'070'17 T aan+1)

1 n+1 )
= Z(_1)J¢A(a0(da1 covadj_1)0(a;)(dajiy - - dans))
j=1

at the level of cohomology. It then follows that

n

(T‘SD(G(),"',an):ZSD(ao,"',(5(@2‘),"',@”) aleA

i=1

= (I o B)(0#p) + 0#((I o B)p) € H"T1(A, A*).



This is the natural extension of the basic formula in differential geometry such
that 0x = dix +ixd, expressing the Lie derivative with respect to a vector field
X on a manifold.

Let A be a unital algebra, B a locally convex topological algebra, and ¢ €
cZ"(B) a continuous cocycle. Let (pt)iepo,1] be a family of homomorphisms
pt + A — B such that the function p(a) for ¢ € [0,1] and a € A, defined as
t — pt(a), belongs to the algebra C1([0, 1], B) of C'-maps from [0, 1] to B. Then
the cocycles pfe = ¢ o pg and pje = ¢ o p; has the images by .S coincide.

To prove this, the Hochschild cocycle p# on B ® C*([0,1]) giving the
cobordism of ¢ with itself, where ¥(fo, f1) = fol fodfy for fo, f1 € CH([0,1]) is
extended (identically) to a Hochshild cocycle on C'([0,1], B). Then the map
p:A— CY[0,1], B) defined as (p(a))(t) = p¢(a) defines a chain over A giving a
cobordism of pi¢ with pjp, and thus, the same mod the image of B, and hence
the same class by S, since S o B is zero, with B = P.By. It then follows that
py = pi H*(B) — H*(A) if restricted to continuous cocycles.

The cyclic cohomology theory ¢cH*(A) is defined as the cohomology of a
complex (cC™b). Also, for pairs of algebras A and B with a surjective homo-
morphism 7 : A — B, a relative cH* theory cH*(A, B) can be developed. To
the exact sequence of complexes:

0 — cC™(B) % cC™(A) —L— cC"(A)/cC™(B) = cC"(A,B) — 0
corresponds a long exact sequence of cohomology groups. Using the Five Lemma,
the statements on the absolute cohomology groups can be extended to the rel-
ative cohomology groups, provided that the Hochschild theory H*(A, A*) is
extended up to the relative version.

Characterized by M. Wodzicki [30] are non-unital algebras which satisfy
excision in Hochschild homology and cyclic homology by the property H-U.

An algebra over C is defined to be H-unital if and only if the ¥’ complex is
acyclic.

Also, it is shown by J. Cuntz and D. Quillen [14] that excision holds in full
generality in periodic cyclic cohomology.

3 Examples

The first example («)

Let V be a compact smooth manifold and A = C°° (V) the algebra of smooth
functions on V', endowed with the natural Fréchet space topology. The topology
of A is given by the semi-norms defined by py,(f) = supy <, [0%f| using local
charts in V.

We consider only continuous multilinear forms on A with respect to the
topology. As a locally convex vector space, C*° (V) is nuclear, namely, its topo-
logical tensor products are uniquely defined. Therefore, the n-fold topological
tensor product ®C*°(V) is isomorphic to C°(V™).



In particular, the algebra B = A® A°PP is isomorphic to C°°(V2) by commu-
tativity. Thus, A viewed as an A-bimodule corresponds to theB-module given
by the diagonal inclusion A : V — V x V|, A(p) = (p,p), p € V. A projective
resolution of the diagonal in V' x V is used to obtain that [10]

Proposition 3.1. Let A = C®(V) be the locally convex topological algebra of
smooth functions on a smooth compact manifold V.

Then there is a canonical isomorphism of the continuous Hochschild coho-
mology group H*(A, A*) of classes [p] with the space Dy of k-dimensional de
Rham currents Cy, on V., defined by

(o fodfs Ao N dfi) = 37 @)oo oty » Fow)

foeB),

for fo, -+, fr € C=(V).

Moreover, the operator
ToB:HF(AAY) —2— cH(AF! —L . gh-1(4, A%)

is given by under the isomorphism the de Rham boundary d* = (-)od for currents
k times multiplied.

The analogous statement for the algebra of polynomials on an affine variety
is due to Hochschild-Kostant-Rosenberg [19].

The de Rham complex of the manifold V' is recovered from that proposition.

If A is replaced with the matrix algebra M,(A) = M,(C)® A of matrices over
A, then commutativity as well as the exterior algebra are lost, but the cohomol-
ogy groups H¥(A, A*) make sense, using the Morita invariance of Hochschild
cohomology to yield the same result, as for £ = 1. In this case, the Hochschild
cocycle class associated to a current C' € Dy, is given by the following formula:

oo (fo® po, fr @ pas -+, fr @ pr)
=(C, fodfr N - Ndfi)tr(po - px),  fj € CF(V), py; € My(C).

Theorem 3.2. [10]. For A = C*(V) the locally convex topological algebra, we
have
(1) For each k,

cH*(A) =2 ker(b) @ Hy_»(V,C) @ Hy,_4(V,C) @ --- @ Hy(V,C)
where H,(V,C) is the usual de Rham homology of V', and b is the de Rham
boundary, with ker(b) C Dy,.
(2) With filtration by dimension,

H*(A) = H,(V,C).



Proof. Let ¢ € cH*(A). Then the current C' = Cy(,) associated to I(p) €
HF(A, A*) is given by

(. fodfy A Ny = 25 32 P foys i)

ceBy,

* Because ¢ = P.p as well as cyclic property to do.
That is closed since B(I(y)) = 0. Thus, the cochain ¢~ defined by

0~ (fos f1,- -5 fu) = (C, fodft A+ N dfi)

belongs to cZ*(A). The class of ¢ — ¢~ in cH*(A) determined is in the kernel
of I by construction. Then there exists by exactness ¢ € cH*2(A) such that
S = ¢ — @™, and ¥ is unique modulo the image of B. Thus, the homology
class of the closed current C(I(%))) is well determined. Moreover, the class of
Y — 1~ in cH*=2(A) is determined, similarly. Repeating this process we obtain
the sequence of homology classes w; € Hi_9;(V,C) for j > 1. By construction,
¢ is in the same class in cH*(A) as O~ +2 251w (with STwy = C™ corrected),

w3 (fo, f1,0 5 fe—2i) = (wj, fodft A+ A dfi—2j)

for any closed current w; in the class. This shows that the map constructed so
is injection of cH*(A) to the direct sum as in the statement.

Surjectiveness of the map is obvious.

* For w=C+3_ 5, w; in the direct sum, we define

Yo =PC+3,5,w; = PC + Z Pw;
Jj=1

where each term may have cyclic property by composing with P. (Pc-zation) if
necessary, and as well have extended trivially to by the domain of C.

By the construction of the isomorphism for (1), the map S : cH¥(A) —
cH**2(A) associates to each C € ker(b) its homology class. Thus the inclusion
for (2) follows. In this example, the spectral sequence by B-S-I is degenerate.
Its F9 term is the de Rham homology of V. O

It follows from the theorem above that the periodic cyclic cohomology of
C*°(V) with natural filtration is the de Rham homology of the manifold V.

Let [S'] be the fundamental class of the circle S'. The image S*¥[S'] €
cH?kT1(C*(S1)) under the peridicity operator extends to the algebra C*(S!)
of Holder continuous functions f of exponent o > ﬁ, so that

|f(x) = f(y)] < Cd(x,y)*

where d is the usual metric on S*.

Proposition 3.3. Let C&(R) be the algebra of Hélder continuous functions of

exponent o > ﬁ, with compact support.



(a) The following cyclic cocycle 71, € cH***1(C2(R)) is defined:

Ti(fo, fr,0 0, fars1)
/[jy fi(@1) — fi(@o) fa(we) — fa(@1)  for(wor) — for(@2r—1)

1 — o T2 — 1 T2k — T2k—1

far41(zo) — f2k+1($2k)1—[2k0d
To — T2k

(b) The restriction of 71, to C°(R) is equal to cS*7y in cH***1, where 1y
is the homology fundamental class of R defined by 70(fo, f1) = [ fodf1, and
(27Ti)2k B (_2)k7r2k
282k +1)(2k —1)---3-1  (2k+ 1)1

C =

The multiple integral in the statement above makes sense since each of the
gradient terms has the large O form

files) = filwja) _

O(|z; — i1 *7).

Tj— T
* Note that
(MW—E%A)_QM—%AP:QM_%Awy
T;—Tj-1 lzj — 51
Also,

‘/ fo(zo)Cilm1 — 0|* ™ Copsrlzo — wor|* " dag
< / MoC1Copqrlwy — xo|* Hao — o] day.
supp(fo)
It seems that the integral certainly exists when o > 1. As well,
/Cl|l’1 - $0|a7102|1'2 - £L'1|a71d$1
< /ClCQL’L'% — (1‘0 + CC2)$1 + $0$2|a_1dx1.
It is checked that 74 as in (a) is a cyclic cocycle, satisfying (b).
A similar formula for S¥[S'] € cH?**+1(C*(S')) is also obtained.

Using this formula, the following explicit formula for the push forward 1. [S?]
by the map 1 : S! — V, Holder continuous of exponent o > 2k g

U [SY(fo,+ , forr1) = T (W™ fo, 0 fr, - -+ s " farnt1)

for fo, -+, fak41 € C°(V), where ¢* f; = f; o 9.
This gives a cyclic cocycle 1, [S1] € cH?+1(C>=(V)).



The formula fsl Y* fod(¥* f1) may make sense if the functions g; = ¥* f; on

ST belong to the Sobolev space Wz by the finiteness of 3 n|g” (n)|2, where "
is the Fourier transform of g. Thus, it may not for ¢* f, for f € C*(V), only
Holer continuous of exponent o < %

In the periodic cyclic cohomology of C*°(V'), the above cocycle coincides
with S¥’[S'], where ¢’ is smooth and homotopic to .

Remark 3.4. Let A = C°°(V) and assume that the Euler characteristic of V
vanishes, to simplify. Let Tt(V') be the complexified tangent bundle on V. Let
p2 : VXV — V be the second projection and p3Tc (V') the pull-back of T¢(V') by
p2. Let X be a non-vanishing section of the vector bundle on V' x V, such that
X (a,b) coincides with the real tangent vector exp; '(a) for (a,b) € V x V close
enough to the diagonal of V' x V| where exp, : T,(V) — V is the exponential
map associated to a given Riemann metric on V.

Let Fj be the complex vector bundle on V' x V defined as the pull-back
of the exterior power AFT, ¢(V) by the second projection ps. The contraction
ix by the section X gives a well-defined complex of C*°(V x V)-modules, as
C*°(V)-bimodules, such that

Co(V) <2 O®(V x V) 2 O®(V x V, )

(-)oAr (X,°)

where n =dimV and A : V — V x V the diagonal map.

This gives an explicit projective resolution M’ of the A-bimodule A, and as
well a proof for the first proposition ([10]).

Let M be the standard resolution of the bimodule A, by My = (A ® A®) ®
(®kA), with the boundary by : My — Mjy_1 given by

b(l®a®@-- Qag) =(a1®1)® (a2 ® - @ ag)
k—1 '
+Z(_1)J(1®1)®a1 Q- RQajaj4+1 Q- Qay
=1
+(-DFae )@ (a1 ® - ®ak_1).
+ Note that

b3(1®a1 ®a2®a3):(a1®1)®(a2®a3)
—(1®)®@aa®a+(1®1)®a ®aas — (1®a3”) ®a; @ as.

As well,

b2(1®a1 ®a2) = (al ®1)®042
—(1®1l)®@aa+ (1®a’)®a.



Therefore,

(baob3)(1®a; ®ax® ag)
=(ma2®1)®az — (a1 ® 1) @ azaz + (a1 ® a3”) ® as
—(a1a2®1)®az+ (1 ®1) @ ajazas — (1 @ a3”) @ aras
+ (a1 ®1)®azaz — (1® 1) ® ar1aza3 + (1 ® (az2a3)") ® a1
(a1®a3 )®az + (1®as’) ®araz — (1 ® (a3® ®ag”)) @ ay

by cancellation.
The explicit homotopy of the resolutions M’ and M is given by F : M' — M
defined as

(Fw)(a,b,z1, - ,x) = (X(z1,b) A+ - AN X (2, b),w(a,b))

for w € Mj = C®(V? Ey) and a,b,z1, -+ ,x, € V, so that Fw € M), =
(C=(A) @ C=(V)?) @ C=(VF).
For any given cyclic cocycle ¢ € cH4(C*°(V)), the following formula

p=wo+ ) _wj € cHI(CE(V))
j=21
with wg = S7w; (corrected), is yielded by explicit closed currents w; of dimension
q — 27, by working out the homotopy formulae explicitly.
Let W be a submanifold of V.. Let i* : C°°(V) — C'*°(W) be the restriction
map by the inclusion map ¢ : W — V. There is the corresponding exact sequence
of algebras:

0 — ker(i*) — C=(V) ——n C=(W) — 0.

For the ordinary homology groups, we have the long exact sequence:
o Hy(W) —=— Hy(V) — Hy(V, W) —>1 g-1(W) — -

with the connecting map 0 of degree —1.
As well, from a cochain complex:

0 ——  concew)) cC™(C>=(V))

cCM(C>(V))[eCm(C=(W)) =0

— cC(C=(V), C=(W))

there is the long exact sequence

o = cHY(C™ (W) @ cHI(C>®(V))

s cHI(C™(V), O (W) % cHITL(C=(W)) —

with the connecting map 0 of degree +1.



On the other hand, the connecting map for the long exact sequence of
Hochschild cohomology groups is zero, since any current on W (such as in
C*(W)*) mapped to zero in V (as in C*°(V)*) is zero. Thus, im(9) = ker((i*)*)
is zero. Then the zero im(d) may be contained in cHI~1(C>(W)).

Only trivial cyclic cocycles on C*°(V) extend continuously to the C*-algebra
C(V) of continuous functions on a compact manifold V. In fact, for any compact
space X, the continuous Hochschild cohomology of 2 = C(X) with coefficients
in the bimodule 2[* is trivial in dimension > 1. Therefore, the cyclic cohomology
of A is given by

{cﬂ2n(c<x>) = cH°(C(X)),
cH?(C(X)) = 0.

This remark is extended to arbitrary nuclear C*-algebras.
* Note that for A = C(X),

%)

HYAA) =0 —2— cHy(A) —>— cHp(A) —— 0= H2(A,A*)

IR

and for any n > 0 and in particular n = 2j and n = 2j + 1,

%))

H WAL A) =0 —2— cH,(A) —2— cHyppo(A) —— 0= H™F2(A,2A)

R

Moreover,
cH_1(A) =0 S—ON> cHy () —1— 0= H (A, 2%),

which should hold in this sense with S~ or another, only by I.

The next example ()

Let X be a topological space and G a compact group acting continuously on
X.

The G-equivariant cohomology H} of X is defined as the cohomology of
the homotopy quotient Xg = X x¢g EG, where EG is the total space of the
universal principal G-bundle over the classifying space BG.

In particular, H}(X) is a module over H (point) = H*(BG) in a natural
manner.

Example 3.5. Let G = T = S! the 1-dimensional torus. Then BS* = P.,(C)
and HY, ({p}) = H*(BS') = H*(Px(C)) is a polynomial ring in one generator
of degree 2.

The formal analogy between cyclic cohomology and S*'-equivariant cohomol-
ogy is given by the equality BA = BS', where A is the small category which
governs cyclic cohomology by the equality cH*(A) = Ext} (A% C%) where the
function § from algebra A to A-modules A gives the appropriate linearization
of the non-abelian category of algebras (cf. [11]).

* The cyclic category A is the small category with one object A, for each
n € N and with morphisms f € Hom(A,,A,,) as the homotopy classes of



continuous increasing (in some sense) maps ¢ from S! to S!, of degree one and
such that ©(Zn+1) C Zpm+1, with Z,, = Z/nZ.

* There is a covariant functor from A to k-vector spaces. Let A be a unital
algebra over a field k. For each f € Hom(A,, A,,), the action f, is given by

fi@o®: - @xn) =40 @+ @ Ym

for 2o ® -+ ® x, € ®" 1A = A%, where y; = Iljcy-1(jyz. This covariant
functor defines a k(A)-module whose underlying vector space is ©52, A%, which
is denoted by A"

Let I' be a countable discrete group and A = CI" the group ring of I" as an
algebra over C.

It follows from the following theorem of D. Burghelea [7] that there is a
natural S'-space, the S'-equivariant cohomology with complex coefficients for
which is the cyclic cohomology of A.

Recall that the free loop space Y5 "ofa topological space Y is defined to be
the space C(S',Y) of continuous maps from S! to Y with the compact-open
topology.

x The compact-open topology for C(S',Y) is generated by the subsets
V(K,U) of functions f of Y5 for compact subsets K of S* and open subsets U
of Y such that f(K) C U, as sub-open-basis for the topology, as N}_; V (K}, U;)
as open subsets in which.

This map space is an S'-space by the natural action of the group S* on the
domain S! by rotations.

Theorem 3.6. ([7]). Let ' be a discrete group and A = CT.

(a) The Hochschild cohomology H*(A, A*) is isomorphic to the cohomology
H*((BI‘)Sl,(C) of the free loop space (BF)S1 of the classifying space BT.

(b) Thy cyclic cohomology cH*(A) is isomorphic to the S'-equivariant coho-
mology H;l((BF)S1 ,C).

Moreover, the isomorphism in (b) is compatible with the module structure
over H*(BA) = H*(BS'). As well, the long exact sequence by B-S-I under the
isomorphism in (a) and (b) becomes the Gysin exact sequence relating coho-
mology H* to equivariant cohomology Hg .

As the following corollary, obtained is that the cyclic cohomology of CT is
computed in terms of the cohomology of the subgroups of I' as follows.

For any g € T, let Cy = {h € I'| gh = hg} be the centralizer of g in T".

For any g € T, let N, = Cy/g” be the quotient of C, by the central subgroup
g% = (g) generated by g.

Let (T') be the set of conjugacy classes of T.

* Namely,

(T') =T /Inn(T)

where Inn(I") means the group of inner automorphisms of I' defined as ad(h)(g) =
[h,g] = hgh~* for g,h € T.



Let (I') ; be the set of conjugacy classes of elements of T' of finite order and
(I')§ its complement in (I').

The groups Cy and N, only depend upon the conjugacy class [g] € (I') of
gel.

x Note that if k € [g], then there is z € " such that k = xzgz='. If h € C,,
then k(xhx~!) = zghz™! and (zhx~ ')k = xhgr~!, and thus zhz~! € C.
Hence, h € ad(z™1)Cy.

Corollary 3.7. ([7]). It is obtained that
H*(CT, (CI')*) = IigemyH*(Cy, C).
Moreover,
cH*(CT) = H[g]€<p>f (H*(Ng, (C) ® CH*((C)) X H[g]eaﬂ);H*(Ng, (C)

The structure of cH*(C) as an ¢cH*(C)-module is the decomposition over the
finite conjugacy classes, with the operator S on ¢cH*(C), and another structure
is the decomposition over the ininite conjugacy classes, with the operator S the
product given by the 2-cocycle w, € H*(N,,C) of the central extension:

0—Z=(g) = Cy— Ny —1

where there are the inclusion Z C C and the map H?(N,,Z) — H?*(N,,C) used.
In particular, the infinite conjugacy classes may contribute non-trivially to
the periodic cyclic cohomology H*(CT).
For the proof of the theorem above, with A = CI', the associated cyclic
vector space ¢(A) is defined to be the linear space of the following cyclic set
(Y,,d t,), whose faces, degeneracies, and permutations are given respec-

nsy Yns n’

tively by the maps of which,

Y, =T" = {(g0, 91, +9n) [ g0, - 1 gn €T},

(g0, +9n) = (905 1959541+ +Gn) € Yuo1, 0<j<n—1,
dn(905-+ 1 9n) = (9ng0; 91, 1 gn—1) € Y1

s0(90, 1 gn) = (90, 195 1. gj41,++ » 9n) € Ynga,

tn(90s s Gn) = (gns 905+ s gn—1) € Yn.

It then follows that the Hochschild and cyclic H cohomology of A = CT is
the cohomology and S!-equivariant cohomology of the geometric realization Y|
of Y. Namely,

H™(A,A") = H*([Y],C), cH"(A)=Hg (]Y])
where the cyclic structure of Y allows |Y| endowed with a canonical action of
St
* The geometric realization |X| of a simplicial set X = Up>0X, is the
quotient of the topological space X x A:

X xa A= UnZO(Xn XA, An)



by the equivalence relation which identifies (x, a.(y)) with (a*(z),y) for any
morphism « of A, where A is the small category whose objects are the totally
ordered finite sets {0 < 1 < --- < n} = A,, n € N and whose morphisms are
the increasing maps.

The S'-space |Y| is S!-equivariantly homeomorphic to the space Cgi (") =
cf(S',T) of I'-valued configurations of the oriented circle.

A T-valued configuration on S! is a map « : S — T such that a(f) = 1r
except on, a finite subset of S, called the support denoted by supp(c).

The topology of the configuration space cf(S,T) is generated by the open
sets

U(Ih e 7Ik7g17' T 7gk:)

— {a € cf(S,T) [supp(a) € UE_, I, Tlyer,a(6) = g; € (1 < j < K},
where I; are open intervals of S', and the product is the time-ordered product
of the values of o at the times 61 < --- < 0, where supp(a)NI; = {61,--- , 0k}

There is the natural homeomorphism A : [Y| — ¢f(S1,T) defined as follows.
At the set theoretic level, we have the decomposition

Y] =UnZo(Yn \ deg(Yn)) x int(Ay),

where the degeneracy deg(Y,,) is the union of the images of the maps s’ _; :
Y,-1 —Y,, and int(A,,) is the interior of the n-simplex

Ap =05 ) [N 200 <i<n), Y N
=0

* Note that Ag = {1}, int(Ag) = 0, and
Al = {(AOa)\l) | A07>\1 > Oa)\o + >\1 = 1}7

which is homeomorphic to the closed interval [0, 1], so that int(A;) = (0,1) the
open interval. As well, As is homeomorphic to 2-dimensional closed ball, and
hence int(Az) ~ (0,1)2.

For ((g:)1—o, (Mi)F—g) € (Y \ deg(Y,)) x int(A,), the image under h is the
configuration a with support contained in the set

0,20, 20 + A1, Ao+ Apon }

and such that
i—1
a(0) = go, (M) = g1,0(Y M) = g:(2 < i <n).
k=0
Since (g;) € Y, \ deg(Y;,), we have g; # 1r for i # 0, but go may be 1p. This is
the case where the cardinality of the support of the configuration « is equal to
n.
It is then checked that the map h : |Y| — cf(S',T) is an Sl-equivariant
homeomorphism.



Proposition 3.8. (due to J. Milnor and G. Segal). The configuration space
cf(SY,T) is S*-equivariantly weakly homotopy equivalent to the free loop space
(BI)S" = C(S*, BI).

That theorem above follows from this proposition.

Let I = S*\ {0} c S' = R/Z be the open interval. Then cf(I,T) is
canonically homeomorphic to BI'.

The above weak homotopy equivalence J associated to a configuration « €
cf(S',T) the loop B = J(a), where 3(6) for 6 is equal to the restriction to I of
aoRy, thatisin c¢f(I,T") &~ BT, where Ry is the rotation defined by Ry(t) = t+6
for t € S' = R/Z.

The classifying space BT is defined to be the geometric realization |X| of
the simplicial set X = U,>1X,,, given by

Xn:Fn:{gl

(915 y9n) [ 915+ gn €T},
(g1, 1 gn)

)

)

= (927"’ 7gn)a d?L(gla agn) = (gla"' >gn—1) S Xn—l
:(917"’agigi+1;"'agn)€Xn—1, ].SZSTL—L
:(glv"'7gi71Fagi+1a"'agn)eXnJrla Oélgn

d;(gla ydn
s;,(gla s 9n

The natural homeomorphism cf(I,T") & | X| associates to a configuration «
on I = (0,1) with supp(a) = {t1, -+ ,tn} with ¢; < t;31 and a(t;) = g, the
following element of (X, \ deg(X,)) x int(A,):

(91, gn) X (t1,ta —ti,t3 —to, -ty —tp_1,1 —1y).
* Note that t; >0, t;41 —t; >0,1—1¢, >0, and
ti+(te—t)+ (s —ta)+ -+ (tn —th—1) + (1 —1t,) =1

For the proof of the proposition above, we compares the two row fibrations
in the following diagram:

r —  cf(SLT) =|Y]| = ef(I =5\ {0},I)

! /| !
Q(BT) = (Br)l0:101x ___, (BT)S' = (S, BT) —— BT ~ |X|
a’ arn
where for a € cf(S!,T), its restriction res(a) to I determines o up to the value
a(0) € T, as the first row fibration. In the second row fibration, QBT is the loop
space of BT, that is, C([0,1], BT')g 1,4 of all continuous closed paths on BI" with
the same point * at 0 and 1 fixed. The vertical side arrows ¢f(I,T') — BT and
I' —» QBT are weak homotopy equivalences, and thus so is the middle arrow J.

The last example (¢)

Let V be a smooth manifold and I' a discrete group acting on V' by dif-
feomorphisms. Let A = C°(V) x I' the crossed product algebra. The cyclic
cohomology of A is described in the following.



The analogues of the above results of Burghelea are obtained by Feigin and
Tsygan [15], Nistor [26], and Brylinski [5], [6]. It is obtained by Connes [12]
the periodic cyclic cohomology H*(A) contains the twisted cohomology groups
H*(V,C) as a direct factor.

Let Vr be the homotopy quotient V' xp ET', where ET" — BT is the universal
principal I'-bundle over the classifying space BT', with I' as fibers. Let 7 be the
real vector bundle on Vi associated to the I'-equivariant tangent bundle TV of
V.

The crossed product algebra A = C°(V) xT is defined to be the convolution
algebra C°(V x I')* of smooth functions with compact support on V' x I'. The
convolution product is defined by

(fif2)(m,.q) = (i = fo) (@, 9) = > filz, g1)falzg1,92),
9192=4g
for f1,fo € A, (x,9) € V xT.
* Note that since go = g; g and g; = h € T is arbitrary,
(fr* f2)(x,9) =Y _ fi(w, h) fa(xh, h ™' g).
her

Associativity is checked as

(1% f2) * fa)(w,9) = Y (f1 % fo)(w, h) fa(xh, b~ g)

hel’
=3 " fi(@ k) fa(xk, k7 h) f3(xh, b~ g),
heTl kel
(fr* (fax fa))(@,9) = Y frlw, k)(fa * f3)(xh, k™" g)
kel
=" Az k)Y folak, h) fa(xkh, h "'k g), kh=1€T,
kel heTl
=3 fila, k)Y falak, kM) fa(xl,17g),
kel leT

so that (f1 * f2) x f3 = f1 * (f2 * f3) holds.

The group T acts on V from the right so that the action V x T' 3 (z,g) —
xg € V satisfies that x(g1g2) = (xg1)g2. The action is free if each action by
g €T, g # 1 has no fixed point. The action is proper if the map from V x IT" to
V' x V defined by (z, g) — (z,zg) is proper.

If T acts on V, to be free and proper, then the quotient space X = V/T'
is Hausforff and is a manifold of dimension equal to dim V. In this case, the
crossed product C*-algebra Co(V) x T is strongly Morita equivalent to Cp(X),
due to Rieffel [28].

When V' is compact, for g € G, define the element u, € C°(V x I')* by

ug(x, k) = 0. k79, xreVkeTl.
g 1, k=g

— 72 —



When V is not compact, this element is not defined in A, but in a multiplier of
A.

In both cases, any element f of A can be uniquely written as a finite sum

F=Y " foug, fa€CE(V).

* Since I' is a discrete group, then a compact subset of I" is a finite set.
There is the following algebraic rule

(ughug-1)(x) = h(xg), heCX(V),zeV,gecT.

* Note that for h € C(V x T),

ug(hug-1)(x,s) = Z ug(x, h)(hug—1)(zh,h™'s)

hel
= ug(x, g)(hug-1)(xg,97"'s)

= 1) h(zg, kyug— (xgk, k" g7"s), kg ls=g7",
kel

= h(zg,g "sg)ug—1(zsg~
= h(zg, g~ "'sg).

Lo

Since the homotopy quotient Vi is the geometric realization of a simplicial
manifold, the twisted cohomology H*(Vr) can be described as the cohomology
of a double complex [2, Theorem 4.5].

More explicitly, the space ET' can be viewed as the geometric realization of
the simplicial set I'>°, where I'>® = I'"*+! with

oo

di<g07"' ;gn) = (go,"' 3y 9i—159i+1, 7gn) € Fn—l?
S](907 )gn) = (90,"' ag]mgj? 7gn) S Fiﬁkl'

The group I' acts on both V' and I'*° from the right. It then follows from [2,
Theorem 4.5] that the 7-twisted cohomology H*(Vr,C) is the cohomology of
the bicomplex of I'-invariant simplicial 7-twisted forms on V' x I'*°.

A twisted form on V' is now viewed as the same thing as a smooth de Rham
current in the following sense. To the twisted form w, associated is the smooth
current C' with values

C(a) = /V aAw, deg(a)+deg(w)=dimV

for any differential form « with compact support and degree condition above.
The double complex (C*, dy, dz) is used in computing H*(Vr,C) in terms of

currents on V rather than twisted forms, to be more convenient to describe.
Let C™™ = {0} for n < 0 or m > 0 or m < —dimV. Otherwise, let C™™

be the space of totally anti-symmetric maps v from I to ', (V) the (dual)



space of de Rham currents of dimension —m on V, 0 < —m < dim V, which
satisfy

v(909,919: "+ 9ng) = ¥(90," "+, 9n)g, 9,91, - . gn €L
The coboundary d; : C™™ — C™*tL™ ig given by

n+1

(dl’Y)(QOa o 7gn+1) = (71)771 Z(fl)j'y(g(h 9515954150 0 ,9n+1)~
=0

* Note that for v € Ct™,
di(d17)(g0, 91,92, 93) = (=1)"(d17)(91, g2, g3) — (=1)"(d17)(g0; g2 93)
+ (=1)"(d17)(g0, 91, g3) — (—1)""(d17) (90, 91, g2)
= (=1)"v(92,93) — (=1)"v(g1, 93) + (=1)"v(91, g2)
= (=1)"(g2, g3) + (=1)"v(g0, g3) — (=1)"7(g0 g2)
+ (=1)"v(g1,93) — (=1)"v(g0, 93) + (=1)"(g0, 91)
) —

= (=1)"y(g1,92) + (=1)"v(g0, 92) — (—=1)™ (g0, 91)
=0!

The coboundary dy : C™™ — C™™*1 is the de Rham (dual) boundary
(d27) (905~ »9n) = d*(7(g0, -+ +9n)) = (g0, -+ gu) 0 d,
where d is the usual differential boundary as
d:Q (m1)(V) = Q_miny+1(V) = Qm (V).
* Note that for v : "+ — Q' (V),
Y(go,- - s gn) 0od € QL (V) = Q/_(m+1)(v)~
It then follows that

Proposition 3.9. The twisted cohomology H*(Vr,C) is isomorphic to the co-
homology of the bicomplex (C*,dy,ds) above, with da as a shift in dimension of
dim V', and with di as an alternative degeneration on I'*, where we may let

C* = C** = Map,,, (T*, (V).

This holds without regard to the regularity imposed on the currents.

Note that the filtration of the cohomology of the bicomplex, given by the
maximal value of n —m on the support of cocycles 7, , € C™" does depend
on the regularity.



Example 3.10. Let V = S, T" = Z, and that I acts on V by a diffeomorphism
¢ € Dif"(S!) (preserving the orientation), with a Liouville rotation number,
but not C'*°-conjugate to a rotation (cf. [18]). The homotopy quotient Vi is the
mapping torus, that is, the quotient of V' x R by the diffeomorphism ¢~ defined
by

¢~ (2,8) = (p(a),s +1), zeV =5 seR.

By construction, it is a 2-torus with S* as fibers over BI' = R/Z. Its cohomotopy
group 7!(Vr) has another generator given by a continuous map Vp — V = St.
There is the corresponding cocycle in the bicomplex (C*, dy, d2) to be computed.
Since the group I' preserves the orientation, then the twisting by 7 is ignored.
Thus, there is a canonical map from 7!(Vr) to H(Vr,C). By using arbitrary
currents, the corresponding cocycle is described as follows. It is given by the
following element of C%° = Map,,, (T, (V)), that is, 7o € € the unique I'-
invariant probability measure on V' = S!. This measure is zero dimensional,
with d1y = doy = 0.
* Note that
(d17)(90, 91) = 7(91) — ¥(90)-

Moreover, it holds by the invariance that

Y(g1) = v(g91)91 " 90 = (9197 " 90) = ¥(90)-

Also, (d277)(go) = v(go) od = 0, because of the zero dimensionality killing forms
with dimension more than zero.

Since ¢ is not C*°-conjugate to a rotation, the current g is not smooth. We
have to describe a smooth cocycle 4/ in the above bicomplex belonging to the
same cohomology class.

Let 74 € Qf be any smooth O-dimensional current such that (1,~)) = 1. It
is not -invariant, but the equation

e — v =dy =) od

is solved by 7] a smooth 1-dimensional current on V = S'. This yields the
desired smooth cocycle +'.

The current vy gives rise to a trace on the crossed product A = C(V) x T,
while the cocycle v/ gives rise to a cyclic 2-cocycle on A, with the same class in
periodic cyclic cohomology.

Described in full generality is a morphism ® of bicomplexes from (C*,dy, d2)
to the (b, B) bicomplex of the algebra A. This implies the desired map from
H*(Vr,C) to the periodic cyclic cohomology of A.

The construction of the morphism @ is applied also to smooth groupoids for
which the maps r and s are étale, but in the case of G = V x T, there are special
features due to the total anti-symmetry of the cochains v(go,- - , gn)-

Let us introduce an auxiliary graded differential algebra exploiting. As an
algebra, that is the crossed product B X, I', where B is the graded tensor
product

B=A*(V)® AN'CI" = B; ® By



of the graded algebra A*(V') of smooth compactly supported differential forms
on V by the exterior algebra A*CI" of the linear space CI” with the basis of d,
for g € ', with §, = 0 for e the unit of I, as CI” = CyI'. The action o of I on B
by automorphisms is defined by the tensor product such that oy = a1, ® as g
forgeT.

The action ay of T on By = A*(V) is the natural action commuting with
the differential, defined as

ary(f)(@) = fzg), feCX(V),zeV,gel

and extended.
* For g1, g0 €,z €V,

a1,g, (1,6, () (@) = 1,4, (f)(z91)
= f((zg1)g92) = f(2(9192)) = a1,g,4,(f) ().

The action ap of T' on By = A*CIY is given by the equality
a27g(5k = 5kg—1 — 59—17 g, kel

and it preserves the subspace CIV = A'CI”.
* For 917927k € F,

Qz,g, (2,9, (0k)) = az,g, (5k9;1 - 5g;1)
= Opgrgrt — Oyt = Ok(g1g2) 1 ~ O(grga)—t = 2,995 (O:)-

Also, if g = e, then ag () = o — de = O for any k € T'. If g = k, then
2.5 (0k) = 0e — Op—1 = —0p—1. If ag 4(0x) = 0, then kg=! = g='. Thus, k =e.

Since the action @« = a3 ® az of ' on B = B; ® By preserves the bi-grading
of B, the crossed product B X, I' has a canonical bi-grading.

Any generic element of B %, I' is written as a finite sum >
by € B.

The algebra B is endowed with the differential d = d; ® do defined by

ger byug for

dw®e)=dv®e, we By =A"(V),e¢€ By,

where dw = djw is the usual differential of forms, and By is endowed with the
zero differential dy = 0.
The differential d of the crossed product algebra B x, I is defined by

d(bug) = (db)uy + (—1)%°€bbu,é,, be B,geT,

where this is defined for b homogeneous in B and extended by linearity with
degrees.

Lemma 3.11. The crossed product B x4 I' is a graded differential algebra by
the differential d above.



Proof. By the construction above, B x,, I' is a bigraded algebra.
It is shown that the two components ds and d; of d given by

da(bug) = (~1)*5buyd,,  di(bug) = (db)u,
for b € B (homogeneous), g € I" are derivations of B x,, I such that
d3 = d? = dydy +dydy =0

so that d* = 0.
It is clear that d; is a derivation with d3 = 0, since d3(buy) = (d?b)uy = 0.
* For b,b' € B and g,h €T,

di((bug)(b'up)) = di (b(ugb'ug—1)ugn)
= d(b(ugb'ug—1))ugn
= d(b)(ugb'ug—1)ugn + bd(ugh'uy—1)ugn
= dy (bug)b'up + bugug—1d(ugh ug—1)ugup.
Moreover, as a possible equation,

ug-1d(ugh ug—1)ugup = d(b )up = di(b'up).

Namely, Ad,-1 odo Ad, = d is required. That is, Ad, = a; commutes with d,
as a question? But it seems that oy 4(d(f))(x) = d(f)(zg) and d(o1 4(f))(z) =
d(f(-g))(x) are slightly different?
To check that ds is a derivation, we need to show that for ¢g;,¢92 € T,
d2(tg,g,) = (daug, Jug, + ug, datig,.
* This means that

Ug, g20g1g, = Ugy Og, Ugy + Ugy Ugy g, -

On the other hand,

Ug, 0g, Ug, = Ug, g Ug—1 Og, Ug,
= Ug, g5 9*15 = Ug, g, (59192 - 6g2)a
which shows the derivation rule of ds above.

Since 42 = 0, we have d3 = 0.
* Note that

d3 (bug) = da((=1)" bugdy)

do
(—1)8 dy (b (ugdgg—1)ug)
(=
(=

1)degbd2(b(5g971 — 5971 )ug)

1)1+degb( 1)deg(b6g—l)bag_lug(§g,



Moreover,

0

gflugdg = 5971ag(59)ug = 5971 (59971 — 5971)’&9 =0!
Finally,
(da 0 di)(bug) = da((db)ug) = (—1)"€ ¥ (db)u0,
= (—1)4E " (db)ag (6 )ug = (—1)98" 2 (db)dy-1ug,
(d © do)(bug) = di((—1)" bugdy) = (—1)"# a1 (barg (5, )uy)
= (_l)degbalb(égg*f’ —bg-1)ug) = (_1)degb+1a1(b59*1ug)
= (=1)%8"H 1 (db)§,-1uy,
which implies dody + dids = 0. O
Let v € C™™ = Map,,, (""", Q_,,(V)’) be a cochain in the bicomplex
(C*,dy,dy). We associate to v a linear form v~ on B X, I' defined by
’YN(W ® (591 T 5977,) = <W,’Y(1,gl, t 7gn)>a g5 € Faw € Aim(v) = Q_m(V),

and v~ (bug) =0for g #Ipor for bg A=™(V) @ A™.
The relation between the coboundaries d; and ds of C* and the derivations
dy and dy of B x,, I' that are replaced by co and ¢; is given by,

Lemma 3.12. For v € C™™, the following holds that for ai,a2,a € B x4 T,
(a) ¥~ (arag — (—1)d8 0 de8 290, ) = (—1)9°8 21 (dyy)~ (a1c2(az)),
(b) v~ (da) =y~ (c1(a)) = (day)~(a), where d can be replaced with cy.

Proof. (a) We may assume that a; = bju,, with b; € B for j = 1,2, and that
g1g2 = 1, so that g2g; = 1.
* Note that

(brug, ) (b2ug,) = b1(ag, (b2))ug, g, -

If g1g92 # 1, then its value under ~™ is zero.
Then ajas = biag, (be) and

(_1)dcg a1 deg a2a2a1 — (_1)dcg ay deg as b2agz (bl)

= Qg (blagl (bQ)) = Qg (bl)aglgz (b2) = Qg (bl)b2

by using graded commutativity of B, with dega; = degb; in this case.
On the other hand,

aicz(az) = blugl(_l)dega2b2ugz5g2 = (‘Ddegazblagl (b2)dg,
Thus, with b = b1, (b2)), it is enough to show that for g € ', b € B,
(b= ag(B)) = (—1)25 (dy)(b3,).

We may assume that b = w®dg, - - 0,4, withg; €T, w € A7™(V) = Q_,,,(V),
so that degb =n — m (not n + m).



We have ag(b) = a1 4(w) ® ag g(dg, - - dg,) and

Oég’g((sgl ce 6971,) = (6g1g*1 — 59—1) e (5971!]71 — (ngl) =

which can be expanded term by term. The equation claimed above follows from
the invariance of v by I'-action and the definition of d;.
* Consider the case of b = w ® dg4,. Then, with —m =1 = degb,

Y7 (b= ag(b)) =77 (w ® by, — ag(w) ® (Gg,g-1 — Gg-1))
= (W, (1, 91)) = {og(w),¥(1, 9197 ") = (1,97 1)),
(d17)~ (bdg) = (d17)™ (w ® 64,64) = (w, (d17)(1, 91, 9))
= (w, =(91,9) +v(1,9) = (1, 91))-

Moreover, it should hold that

(ag(w),(Lg1g™") —v(1,97")
= (w,7(L, 197 g — (1,9 1)g>
= (w,7(9,91) —7(9,1)) = (w,7(91,9) — (1, 9))

by the symmetry. Hence the case is proved.
(b) We may assume a = bu, with g # 1. Then

7~ (da) = 5~ ((db)ug + (~1)*% bugdy) = 7~ (c1(a)) + 77 (c2(a))
7~ ({(db) + (=1) bag(34) bug) = 0 =0 +0.

On the other hand,

(d27)~ (a) = (yod)™(a) = v~ (da).
Note that d = ¢; on B, while ¢co = 0 on B. O

Theorem 3.13. (A general construction of cyclic cocycles of A = C°(V) x T' [12]).

(a) There is the following morphism ® of the bicomplex (C*,dy,ds) to the
(b, B) bicomplex of A. For v € C™™ = Map,,, (I, Q" (V)), with | =
n—m+ 1, the ®(v) is the l-linear form on A given by

l
() (w0, »x1) = A Y (=1 (dajyr - - dwzoday - - darj)
=0

forxzj € A, with Apm = 7y = eyt

(b) The corresponding map in cohomology groups gives a canonical inclusion
map O, : H*(Vr,C) — H*(A) of HX(Vr,C) as a direct factor of the periodic
cyclic cohomology of A.



Proof. (a) We compute b(®(y))(xo, -, T141)-
Consider the functional p;

(o, 1) =y (dxjpr - - - (day)zodz - - - dxy).
The Hochschild coboundary of this functional gives
(=1 y~(ajzj41 — Tj410;), a; =dzjig- - (dri41)T0dey - - - day.
* Note that for j =1, 1 =1 for py,
(bp1)(z0, 21, 2) = p(To1,22) — p(T0, T122) + p(T2T0, T1)
=" (zoz1dz2) — v~ (Tod(2122)) + 7~ (T220d21)

= =" (wo(dz1)72) + 7~ (T270d21)

= (=1)y~((wodz1)ze — o (w0d1)), With zodz; = ay.
Therefore, it follows from the lemma (a) above that

l

b((I)(V))(‘TOv e 71'l+1) = (*l)l)\n,m Z(*l)j(lijJrl)(dl’Y)N(ajCQ(Ij+1)).
j=0

Since d? = 0, (d1y)™ is a graded trace on B X, I' by the lemma above.
We can rewrite the equation above as

l

bO(Y) (20, @131) = Anm Y (1Y)~ (wod - - dajea(wji1)dwyps - dwiga).
=0

By using dxy = ca(zx) + c1(zk), consider the product
zodzy - - dxipr = wo(ca(w1) + cr(z1)) -+ (ca(wig1) + e1(wi41))
and the terms with co appearing n + 1 times. Then
bO(y)(xo, -+, xi41) = (N + D) Ap,m (d1y)™ (wodzy - - - dzig1).

* Note that

(d17)™ (wodz1) = (d17)™ (zo(c2(w1) + c1(1))
= (d1y)™ (wo(cz(z1)) + (di7)™ (woca (21)).
Since (d17y)™ is a graded trace on B X, I', we have
(diy) (o, @ig1) = Ang1,m (U4 2)(dry) ™ (wody - - dagy1).
% With I =n —m +1,

(n+1)! B n!
D) —myz M3 =+ )y

)\n+1,m(l+2) = = (n—|— 1))\n,m



It then follows that ®(dyvy) = b®(vy).
* Note that it is shown above that the following diagram commutes:

cnm N Cl:n—m—i—l

. !
Cn—i—l,m @ Cl+1:(n+1)—m+1
We next compute B®(v). We have

l

Bo®(y)(zo, " ,&i—1) = Aym Z(—l)j(l_j)'yN(dmj codryqdag - dzioq).
j=0

* Recall that
Bo® () (w0, -+ y21-1) = ®(7)(1, 20, -+ y1-1) — (=1)'®(y) (0, - -+ , 211, 1).

Hence, the second term is zero since d1 = 0, and z is replaced by 1 in the first
term for ®(v).
Thus we have

-1
B(y) (w0, 1 1-1) = (L+ DApn D (109 (day - di_ydwy - diy_y)
=0

since B = P_.By.
By the lemma (b) above, we have the above equation equal to

-1
1+ DAnm Y (1) (dyy)™ (dy -+ - (davy—y )woday -+ - daj_y ).
j=0

Therefore, B®(y) = ®(dy7y) is obtained.
* Note that it is shown above that the following diagram commutes:

Cn,m Cl:nferl

| s

Cn,erl @ lelznf(erl)Jrl

(b) A natural retraction X : H*(A) — H*(Vp,C) using localization may be
described in the context of foliations.

The conclusion then follows from the equality A o &, = id.

* Note that the following is commutative:

H:(Vp,C) —2— H*(A)

o] H

H*(Vp,C) «—2— H*(A)



Remark 3.14. (a) In the case of V as a point, the above construction gives
a cycle ((A*CIY) x I';d,~v~) on the algebra A = CI', for any group cocycle
v € Z™(T',C) represented by a totally anti-symmetric right invariant cochain
v : Tt — C with dyy = 0. The algebra (A*CI”) x T is a non-trivial quotient
of the universal differential algebra QCT.

(b) There is the analogue of the above construction to be explained below,
in the general case of smooth groupoids G such that r and s are étale maps.

The bicomplex (C*,d1, ds) is now the bicomplex of twisted differential forms
on the simplicial manifold Mr(G) which is the nerve of the small category G.

* The nerve Mr(C) of a small category C' is a simplicial set, elements of
which are the composable n-tuples of morphisms belonging to C', where the
faces d; and the degeneracies s; are obtained by using composition of adjacent
morphisms and the identity morphism. Namely,

dO(fla"' 7fn) = (f27"' 7fn)’ dn(fl; ’fn) = (fla"' 7fn—1)7
di(fi, - fu) = (fro s fifirr- o fn), (1<i<n—1), and
5i(f1;"'7fn) (f17"'7fia]-7f7i+17"'7f71)‘

The classifying space BC of a small category C' is defined to be the geometric
realization of the simplicial set Mr(C).

This is applied to discrete groups viewed as small categories with a single
object.

Described is the bicomplex in terms of currents, so that C™™ is the space
of de Rham currents of dimension —m on the manifold

GM = {(n,-- ) € Q" [s(v) = (i), 1<i<n—1}.

The first coboundary d; is given by the simplicial d; = (—1)™ Z?:O(—l)jd;,
where

dO(’Yl,"' ﬁn) = (’72,"' a’yn)v dn(’)/h a’yn) = (717"' ,’Ynfl);
dj(717 afyn) = (717"' s ViVi+1, 77”)’ (1 S.] S’n’_l)

Note that in the formula above, currents are pulled back. This is possible
because of only using étale maps.

The second coboundary ds is the de Rham d* = od, transposed as in the
formula before.

We may restrict to the normalized subcomplex of currents which vanish if
any -, is a unit of G the groupoid, of if v; - - -y, is a unit.

There is the analogue of the bigraded differential algebra (B x, T, ¢, ¢1).

As a linear space, the space C™™ of elements of (A*CI”) x ' of bidegree
(n,m) corresponds to the quotient space of the space of compactly supported
smooth differential forms of degree m on G("*t1) by the subspace of such forms
with support in the set

{(70,"++ »yn) € G™ |, is a unit of G for some j # 0}.



The differential ¢; in this case is given by the ordinary differential of forms.
The product is given by

(wle)(’YOa RS (P 7'7n1+n2)

= > w110 YN Aw2(Y s i1 Ynann)

VY =Yny
n172

+ Z (_1)7L1—J—1 Z (,d1(')/0, e ’7j—1a7;7/7 e a')/’rn—l) A w2(7n15 e a,}/nl-‘rnz)a
Jj=0 YY' =75

where the étale maps 7,5 : G — G(© are used to identify the corresponding
cotangent spaces and perform the wedge product.
The differential co is given by

0 unless 7y is a unit of G groupoid,

(c2w)(Y0, s Yng1) = { '

WY1, s Yng1)s  if yo is a unit.

For «y a cochain of C™™ in the bicomplex (C*,d;, ds) as a current, associated
is the linear map v~ on C™"" obtained from the push-forward of the current
by the map

G(TL) > (717"' ar}/n) = ((71 ""771)_1”}/17"' ar}/n) € G(n+1)~

Then the lemma above for the relation under ™~ holds, but the part (a) only
holds for as € C%Y = C°(G) as an important difference. This is because of the
loss of the total anti-symmetry of cochains.

The map @ is defined as in the theorem above, and this theorem still holds
because its proof only uses the weaker form of the lemma above.

Many concrete examples of cyclic cocycles on C2°(G) may be constructed
by using the map ®.

For a complete description of the cyclic H cohomology for crossed product
algebras, we may refer to [15], [26], [6], and [16].

4 Groupoids and the more somepoids
A few or some added below to remember the dream.

A groupoid is a set G with a distinguished subset G(©) as the set of units of
G, two range and source maps 7,5 : G — G(© and a law of composition o:

0: G ={(31,72) €Gx Gls(n) =r(1)} - G

such that



(1) s(more) =s(r),r(ioye) =r(1), (n,72)€ G(Q),
2) s(z)=r(z)==z zecGO,

(3) yos(y)=v.r(v)oy=7, 7vEG,

(4) (’Yl 0Y2) 0Y3 =710 (72 ©73),

(5) yoy t=r(v),7 oy =35(v)

where each v € G has a two-sided inverse v~ € G.

——— s(7) = s(12) —— r(72) = s(n) —— r(y) =r(n).

T=71072

Let X be a set and R C X x X an equivalence relation so that it holds that
(z,x) € Rforany (z,z) € X?,if (z,y) € R, then (y,z) € R, and if (x,y), (y,2) €
R, then (z,2) € R. A groupoid by an equivalence relation is obtained by letting
G = R, G the diagonal of X x X contained in R, r(x,y) = z (identified with
(2,2)), 5(z,y) = y for any 7 = (z,y) € R C X2, and

(1‘,y) © (y,z) = (JZ,Z), (xvy)il = (y,.]?)
* Check that

(1) s((@y)o(y,2) =2=3(y,2), r((x,y)o(y,2)) =z =r(z,9),
(2) s(z,2)=2=r(z,7) = (z,7),

(3) (@yoy=(v,y)o(y,y) = (z,y), zo(z,y)=(2,y),

4) ((,y)o(y,2) o (2,w) = (z,0) = (x,y) o ((y,2) © (2, w)),

5) (z,y)o(y,z) = (z,2) =71(z,y), (y,z)o(x,y)=(y,y) = s(z,y).

A groupoid by a group T is defined by taking G =T, G(© = {e} the unit of
I', and the law of composition by the group law.

* Check that for g,g1,¢92,95 € T,

(1) s(g192) = e = s(g2), r(9192) = e = r(g1), (2) s(e) = r(e) = ¢, (3)
ge=g=c¢eg, (4) (9192)93 = 91(g293), (5) g9~ ' =e=g"'g.

Suppose now that a group I' acts on a set X by an action « such that
a: X xT' = X, a(z,g9) = zg, and (zg1)g1 = x(g192) for v € X, g, 91,90 € T.

A groupoid by a group action on a space is defined by taking G = X x T,
GO = X x {e}, and r(z,g) = z, s(x,g) = g for (z,9) € X x T, and

1

(z,91)(291,92) = (z,9192), and (x,9)"" = (zg,97").

This groupoid is said to be the semi-direct product of X by I', and is denoted
by X xT.



* Check that

(1) s((z,91)(zg1,92)) = s(z,9192) = 29192 = 5(x g1, T2),
r((z, g1)(zg1,92)) = r(x, 9192) = x = 1(x, g1),
(2) s(z,e) =z =r(x,e),
(3) (z,9)zg = (z,9)(zg,e) = (z,9),
z(z,g9) = (z,e)(z,9) = (2, 9),
4)  ((z,91)(z91,92)) (29192, 93) = (v, g192) (29192, 93) = (7, (9192)93),
(z,91)((wg1,92)) (29192, 93)) = (2, 91) (791, 9293) = (T, 919293),
(5) (z,9)(x,9)"" = (x,9)(xg,97") = (x,€) =z =r(x,9),
(x,9) " (x, 9) = (29,97 )(2,9) = (vg,€) = xg = s(x,9).

There is a natural locally compact topology for all such groupoids G given
above such that the fibers G* = r~!(z) for z € G(©) as the inverse images by
the map r are discrete.

This what allows us to define the convolution algebra of certain functions
f,h on G with convolution defined as

(fxh)) = > fr)h(r)

Y107Y2=Y

We may refer to [27], [3], [4] for the general case of locally compact groupoids.

A smooth groupoid is defined to be a groupoid G with a differential structure
on G and G such that the maps 7,5 : G — G© are submersions, and the
inclusion map G(© — G is smooth, as is the composition map G — G.

The general notion is due to C. Ehresmann.

The specific definition is due to J. Prodines. It is proved that in a smooth
groupoid G, all the maps

5:G*={yeG|r(y) =z} - GO

are subimmersions.

* Recall from [25] some basic for manifolds in the following.

A C7"-class (Kyu) map f : M — N of manifolds is said to be immersion if for
any p € M, the differential linear map (df), : T,(M) — T, (V) is one-to-one
(or injective).

Let f : R — R? be defined by f(6) = (cosf,sin@). Then the Jacobi matrix
for f is

Jp = ( C(S)lsna9> , dfg(vdd ) = —vs1n0% —|—vcost9(%
Since sin? 6 + cos?§ = 1, then J; # (0,0)*. Thus, dfy is one-to-one and onto.

A C"-class map f : M — N of manifolds is said to be submersion if for
any p € M, the differential linear map (df), : T,(M) — Ty, (V) is onto (or
surjective). In other words, by definition, any point of M is regular, so that
there are no critical points of M.



Let f : R? — R be defined by f(p) = f(x,y) = 2% + y?. Then the Jacobi
matrix for f is J; = (fz, fy) = (22, 2y), and the differential df is given by

U1

2 9 9 dfp
T,(R?) 9v1$+1}28fy J—f> Jr (UQ

) % = 2(1‘7}1 + yvg)% € Tf(p)(R).
It then follows that any nonzero point (z,y) # (0,0) of R? is regular, but the
origin (0, 0) only is a critical point.

A subimmersion may be defined to be a map which is immersion and sub-
mersion.

A continuous map f : M — N of manifolds is said to be proper if compact
is the inverse image f~!(K) for any compact subset K of N. O

The convolution algebra of a smooth groupoid G is defined by the notion of
a %—density on a smooth manifold.

Let Q2 be the line bundle over @, with the fiber Q% at v € G with r(y) ==
and s(y) =y, given by the linear space of maps

p: (/\kT’y(GI)) ® (/\kT'y(Gy)) —-C
such that p(Av) = |A|2p(v) for A € R, where

Gy ={v€G|s(yv) =y},

and k = dim T, (G*) = dim T, (G,) is the dimension of the fibers of the submer-
sions 7 : G — G and s: G — GO,

The linear space C2°(G, Q%) of compactly supported smooth sections of Q2
over (G is then endowed with the convolution product

(axb)(7) = / abbn), abe OG0,

where the integral makes sense since it is the integral of a 1-density, for a(v1)b(y; ')
on the manifold G* with x = r(y) = r(71 0 y2) = r(y1).

Example («). Let M be a compact manifold and G = M x M the groupoid
where r and s are the two coordinate projections

G—-M=G"={(z,2) e G|z e M},

and the composition is given by (z,y) o (y,2) = (x,2) for z,y,z € M. The
convolution algebra is then the algebra of smoothing kernels on the manifold
M.

Example (3). Let G be a Lie group, as a groupoid with G trivial, in a
trivial way. Then the convolution algebra C°(G,Q2) is of smooth 1-densities
on G.

* In this case, G* = G¢ = Gy = G. = G since 1,5 : G — G = {e}.



Proposition 4.1. Let G be a smooth groupoid and let A = C°(G, Q%) be the
convolution algebra of compactly supported smooth %—densz’ties, with involution

defined by f*(7) = F(y~1) for f € A.
Then for each x € G, an involutive representation T, of A in the Hilbert
space L?(Gy) is defined by

(MMMF/MMWW,%%éd%M

The completion of A by the supreme operator norm || f|| = sup,eqo ||7(f)]|
over G defines a C*-algebra, denoted by C*(G), named as the reduced groupoid
C*-algebra of G.

We may refer to [9], [27] for the proof.

As well, as in the case of discrete groups, the full groupoid C*-algebra C*(G)
of a smooth groupoid G is defined to be the completion of the involutive algebra
C>(G,02) by the maximal norm

| fllmax = sup [|7(F)]l, 7 :CZ(G, Q%) — Hy,

involutive representations on Hilbert spaces H.

There is the canonical surjective homomorphism from C*(G) to C}(G).

The coincidence between the full and reduced groupoid C*-algebras is related
to the notion of amenability for G. We may refer to [27] on this topic.

The tangent groupoid G of a manifold M is defined as follows.

Let G = (M x M x (0,1]) UTM, where T'M is the total space of the tangent
bundle over M.

Let G© = M x [0,1] with inclusion of G defined by

M x (0,1] 3 (z,¢) — (z,x,6) € M x M x (0,1],
M x{0}> (z,0)—2xeMCTM

where the last inclusion is given as the zero section (z,0) on M. The range and
source maps are given by respectively

r(z,y,e) = (x,¢), r(z,X;)=(x,0), X,e€T,(M),
8($7y75) = (y,e), S(Z,Xm) = (lL’,O)

The composition is defined by

($7y’ E) © (y’ 278) = ('7;’ Z)E))
(r,Xg)o(x,Yy) = (2, Xy +Ys), X5, Y, €T, (M).

The groupoid G is the union

G1UG2:(MXMX(O,1]))UTM



as a union groupoid of groupoids, with G; the product of the groupoid M x M
of Example () by the set (0,1] as a set groupoid such as H = H(® and with
Gy =TM = Ugepy T, M the groupoid as a union groupoid of the tangent spaces
T, (M) as groups.

The decomposition G = G1 UG5 is a disjoint union as true set theoretically,
but not at the manifold level.

Let G be endowed with the manifold structure by its identification with
the space obtained by blowing up the diagonal A = M in the cartesian square
M x M.

The topology of G is defines as that G is an open subset of G and a sequence
(ZnyYn, €n) of elements of G; = M x M x (0,1] withe — 04+ 0 as n — oo
converges to a tangent vector (x, X,), X, € T,,(M) if and only if both z,, and
Yn converge to x, and % — X,.

The last limit makes sense in any local chart around = independently of any
choice. In this way, a manifold with boundary is obtained, and a local chart
around a boundary point (z,X,) € TM is provided by a choice of Rieman
metric on M and the following map of an open subset of TM x [0,1] to G,
defined as

Y(x, Xpe) = (x,exp(—eX),e) € M x M x (0,1], >0,
P(z, X,0) = (z,X,;) € TM.

Proposition 4.2. The groupoid G with the the above manifold structure is a
smooth one on.

* Note that

1 0 0 0 1 0
Jr<xay75):<0 0 1)7 Js(xayvg):(o 0 1)

U1 v U1 v
J’(‘(xvyag) V2 = ( 1), Js(x,y,e) V2 = ( 2>7

U3 U3
U3 U3

and

which implies that r, s : G — G©) are submersions (locally).

The tangent groupoid of the manifold M is denoted by G s s

The algebraic structure of the C*-algebra of this groupoid Gz, is ob-
tained from the inclusion of G5 = T'M as a closed subgroupoid of G s,y With
complement G7 = M x M x (0,1].

Proposition 4.3. (1) To the decomposition Gy oy = G1UGse as a union of an
open subgroupoid and a closed subgroupoid corresponds the short exact sequence
of C*-algebras

0 — C*(G1) — C*(Gmrm) —72— C*(Gy) — 0.

(2) The groupoid C*-algebra C*(G1) is isomorphic to Cy((0,1]) ® K, where
K is the elementary C*-algebra of all compact operators on a Hilbert space.



(3) The groupoid C*-algebra C*(G2) is isomorphic to Co(T*M) on the dual
tangent bundle T*M over M, by the group Fourier transform from C*(T,M)
to Co(TEM) for each x € M by the duality.

Corollary 4.4. The grouppoid C*-algebra C*(G1) is contractible to zero.

Proof. The C*-algebra Cy((0,1]) is contractible in the sense that there is a
pointwise norm continuous family €, of endomorphisms for A € [0, 1] such that
0o is the identity map and 6, is the zero map. It then follows that the tensor
product of Cy((0,1]) with any C*-algebra is also contractible. O

Corollary 4.5. There are the K-theory isomorphisms
K;(C*(Gurm)) = K;(C*(Ga)) = KI(T*M), j=0,1.

Proof. There is the six-term exact sequence of K-theory groups as in the follow-
ing:
Ko(C*(Gh)) —— Ko(C*(Gumrm)) ——— Ko(C*(Ga))

I l

K1(C*(Ga)) «——— K1(C*(Gurm)) —— Ki(C*(Gy))

with K;(C*(G2)) = 0.

As well, the K-theory K; (of stable equivalent classes of projections and
unitaries of matrix algebras) of the C*-algebra Cy(T™* M) of continuous complex-
valued functions on 7*M vanishing at infinity is identified with the topological
K-theory K7 (of stable isomorphism classes of complex vector bundles) of the
dual tangent (or cotangent) space T*M. O

Let C*(Gprm) — K= C*(M x M) be the transpose of the inclusion map
from M x M to G defined by sending (z,y) € M? to (z,y,1) € M? x(0,1].
Lemma 4.6. The Atiyah-Singer analytic index map is given by

—1

index, = py 0 (0,)"' s KOT*M) —=— Ko(C*(Gprrn)) —=— Ko(K) = Z.

The quotient map o : C*(Gar,rar) — C*(Ga) = Co(T* M) is the same as the
symbol map of the pseudodifferential calculus for asymptotic pseudodifferential
operators (cf. [17]).
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