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¢-DIFFERENCE EQUATIONS FOR
¢-HYPERGEOMETRIC INTEGRALS OF TYPE G,

MASAHIKO ITO AND YAMATO TAKUSHI

ABSTRACT. We provide a simpler proof for an infinite product expression of
Gustafson’s g-beta integral of type G2 with 4 parameters. We extend Gustafson’s
g-integral to a g-hypergeometric integral of type G2 with 6 parameters. Under
a constraint of the parameters called the balancing condition, we obtain two ex-
plicit forms of g-difference equations satisfied by the g-hypergeometric integral
of type G2. Taking limit for a parameter, the ¢-hypergeometric integral of type
G2 degenerates to Gustafson’s g-integral, and one of two g-difference equations
becomes that satisfied by Gustafson’s g-integral. Using this we consequently have
an alternative proof for the infinite product of Gustafson’s g-beta integral again.

1. INTRODUCTION

The beta integral

1
(1.1) B(a, p) = / 271 —2)’"ldz (Rea >0, Ref > 0)
0
satisfies the formula
_ P(I(B)
(1.2) B(a, ) = W,

where I'(a) is the gamma function given as
INa) = / 2 te dr (Rea >0).
0

The formula (1.2) has a great significance in classical analysis and is applied variously
not only limited to Mathematics. For instance, the orthogonal polynomials associated
with the integrand of (1.1) as weight functions are called the Jacobi polynomials, and
their properties are studied precisely from the view of their theories and applications.
As a generalization of (1.2), the Selberg integral as a multivariable beta integral can
be written as the product of gamma functions, i.e.,

1 ! "I a—1 1 \B—-1 ) 27 dr+d d

m/o.”/o le (1—x) H |z; — zx|*" deidxs - - - dzy,

i=1 1<j<k<n
_ ﬁ Fla+ (G -D7)LB+ (- H7)I(T)
o Tle+pt+m+i-2n)ir)

where Reaw > 0, Ref > 0 and Rer > —min{l/n,Rea/(n — 1),Rep/(n — 1)}.
This formula coincides with (1.2) if n = 1, and is also fundamental to the theory of
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multivariable orthogonal polynomials. (See the recent reference [3] for topics relevant
to the Selberg integral.)

Using Jackson integral fo z)dgr = (1 —q) Yic, f(q')q", g-analogues of the beta
integral and the gamma functlon are given as

1 : . .
Bq(a,ﬂ):/o x((”)“d Iyla) = (L9 () gyiva

°r;q)oc @ (4*;9)oo
where |g| < 1. Here we used the symbol (u;¢)s = [[;oo(1 — ¢*u). For simplicity
we also use the symbol (w1, U2, ..., Un)oo = (U1;q)00(U2; @)oo "+ * (Unjq)oo- AS ¢ —

1, By(r,8) and T'y(a) become B(a, 3) and I'(«), respectively. In 1980 Askey [1]
established a g-analogue of the Selberg integral given as

/ / / " [ a0
21=0 J z2=0 zn,=0 qﬁzla oo

= 1

(13) % H 27— 1 (@' 72/ 23 0) o0 (Zl_zk)dqzn,”dq@dqzl
. J

1<j<k<n (q Zk/zjv ) ’ Zn 29 21

_ qar(3)+ar?( H (a+ U =DN(B+ (G = D))
Lgla+ B+ (n+3j—2)7)lg(7)

)

where Rear > 0 and Rea + (n — 1)Re7 > 0. (In [9] an explanation for the formula
(1.3) supporting this paper is provided.) After (1.3) appeared, with a great deal of
researches developed in the 1990s for the Macdonald orthogonal polynomials associ-
ated with root systems, g-beta integrals possessing Weyl group symmetry associated
with root systems were studied. The most typical one associated with root systems
is the complex integral given as

(¢:9)oo / (2%, 2% @)oo dz (410203043 9) o0
2(2my/=1) J)

zl= 1Hk (akz, apz 1) # a H1§i<j§4(aiaj;Q)oo

where |ai| < 1 (k=1,...,4). We call the left-hand side of (1.4) the Askey-Wilson
integral (or ¢-beta integral of type BC; [8]), which gives the orthogonal norm of the
Askey—Wilson orthogonal polynomials [2]. Nassrallah and Rahman [13] established
an extension of (1.4) given as

(¢ 9)oo / (=%2,905 " @)oo dz T (906 a7 '3 0)o
22mv/=1) Jzi=1 [hicy(aez®50)0 2 Thcicjcs(@ias; d)oo

under the balancing condition ajaz---a¢ = ¢, where |ag| < 1 (k =1,...,5). Here
we used the symbols (u?;q)oe = (U2, 472 q)0o and (cu®™;q)oo = (cu,cu™';q)oo. By
taking limit a5 — 0 the Askey—Wilson integral (1.4) is obtained from the Nassrallah—
Rahman integral (1.5) as a special case. Although the Nassrallah-Rahman integral
does not give a norm for specific orthogonal polynomials, it has higher symmetry than
the Askey—Wilson integral, and consequently the proof of the formula (1.5) become
simpler than that of the formula (1.4). The formulas (1.4) and (1.5) can be extended
to the multidimensional case (¢-Selberg contour integral of type BC,,), which gives
the norm of the Macdonald—Koornwinder multivariable orthogonal polynomials, and
topics around the integrals of type BC,, are still much actively researched area. We

(1.4)

(1.5)
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note that in the last two decades, several elliptic extensions (p, g-analogue) of the ¢-
beta integrals have been studied, especially for those of type BC), by van Diejen and
Spiridonov [17], Spiridonov [15], Rains [14] (see also [11] for explanation supporting
this paper).

On the other hand, compared with the development of the g-beta integrals asso-
ciated with classical root systems, research on those associated with the exceptional
root systems seems to be not fully studied yet at present. For the root system Go
Gustafson [5, 6] showed the following.

Proposition 1.1. Suppose that a;, € C* (1 < k < 4) satisfy |ax| < 1. Then,

(:9)% / hcicyes@imy o ay wiay ' a7 273 @)oo day dvy
12(27/—1)2 Hf’ e (arzs, arzy 5 q) oo Ty Ty
(1.6) ) .
= (afa3azai; q) H (@i q)oo v _
(a1a2a304; q)os 1 (075 9) o0 1<idj<a (@ia;; q)oo 1<i<j<k<4 (aia;a1; q)oo”

where x5 = x7 x5 " and T? is the 2-dimensional torus given as
T? = {(z1,22) € (C)* | |as| =1 (i = 1,2)}

In spite of its simple appearance no short proofs for the formula (1.6) are known.
One of our aims is to give a simpler proof for (1.6). The other aim is to investigate a
generalized integral of Nassrallah-Rahman type for the case of G defined as

+ -1, .+
(17) (4:9)% / [licicjes (@i 2y a05 ' 05053 @)oo dary diy
12(2mv/—1)? Hi:l szl(akxi 5 Q)0 r xp’
under the conditions xyx2x3 = 1 and ajas - - - ag = —q. For simplicity here we use the

symbol (cutv?;q)e = (cuv,cu™v,cuv™, cu™ w71 q)s. Gustafson’s integral (the

left-hand side of (1.6)) is included in (1.7) as the limiting case a5 — 0. Although the
integral (1.7) no longer has product expression by gamma functions as the right-hand
side of (1.6), it satisfies two independent g-difference equations of rank 2. We provide
the explicit forms of these two equations (see Theorems 7.1 and 7.2). As a corollary of
the theorem we can understand that, when as — 0, one of the g-difference equations
degenerate to that of rank 1 satisfied by Gustafson’s integral. This consequently gives
another alternative proof for the formula (1.6).

This paper is organized as follows. After defining basic terminology in Section
2, we explain in Section 3 a way to derive the formula (1.4) for the Askey—Wilson
integral (BC} case), before proving the formula (1.6) for Gustafson’s integral of type
(5. Since the arguments for both BC; and G cases are completely parallel, this
section for BC case would be instructive to understand the strategy of two steps for
G4 case. The first step is to derive the g-difference equations (two-term recurrence
relations) for the integral with respect to its parameters by using ¢-Stokes’ theorem.
Once we had these recurrence relations, using them repeatedly we see that the integral
can be expressed as a product form up to a multiplicative constant. The next step
is to determine the indefinite constant using a special value of the integral at some
specific point. We enumerate several special values for the integral of type BC}
which are simply computed at the corresponding specific points. In Section 4 we
explain the derivation of the formula (1.5) for the Nassrallah-Rahman integral (BCy
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case with a balancing condition). The argument of this section is almost parallel
to that of Section 3 except the treatment of the balancing condition. In Section 5
we recall terminology of the root system G5 and its Weyl group W. In addition to
this we introduce two C-vector subspaces F» and Fy in the C-vector space of W-
invariant Laurent polynomials, and define the C-bases of F;, (i = 2,4) that consist of
Lagrange interpolation polynomials associated with some specific points. These bases
are important and necessary to apply ¢-Stokes’ theorem to the integrals of type Go
when we derive g-difference equations for the integrals of type G in the succeeding
sections. Section 6 is devoted to a derivation for the formula (1.6) of Gustafson’s
integral of type Go. This is one of our main results. Although calculation we need is
more complex than the BC; case, the strategy of two steps is still the same as the
BC} case. In Section 7 we define Nassrallah-Rahman type integral for G5 case (the
integral of type G2 with a balancing condition). We compute the explicit forms of
two g-difference equations which the Nassrallah—Rahman integral of type G2 satisfies
(see Theorems 7.1 and 7.2). This is the other result of ours.

Lastly we note that the contents of this paper is fundamentally based on the thesis
of the second author [16]. We remark that the elliptic version of Gustafson’s integral
(1.6) was recently proved in [10].

2. PRELIMINARIES

Throughout this paper we fix ¢ € C* with |¢| < 1. We use the ¢-shifted factorials
for x € C as

oo

(#30)00 == [ (1 = ')
i=0
and
o (T
(B0 = e
(1—-2)1—qz)(1—¢*x) - (1 —qg"tz) if n=1,2,...,

_J1 if n=0,
1
(1—g )l -q2x)--(1-q"x)
We also use the symbol

(1,22, Tmi Qoo = (215 0) 00 (223 @)oo * * * (Tm @) oo-
By definition we have
(2.1) (2% q) 0 = (&, —7,q3 2, —q7 5 Q)oo-

In particular, if z = ¢2, then we have (¢;9)00 = (q%, —q%,q,—q; q) oo, SO that

(22) 1= (q%a _qéa —q; Q)oo
For u,v € C* we set
(2.3) e(u,v) :=u+ut —v—vt=u1 1 —w)(1 - u/v),
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which satisfies

e(u,v) = —e(v,u), e(u,v)=e(u?

0), - e(u,v) +e(v,w) = e(u, w),
and

e(u,v)e(w, x) — e(u, w)e(v, z) + e(u, x)e(v,w) = 0.
For z € C* we define ¥(z; ¢) by the bilateral series

o0

(2.4) Izg) = > (—2)7ql),

v=—00
which converges uniformly on compact sets of C* and satisfies
(2.5) 0(z:9) = (2,427 4 @)oo

The identity (2.5) is called Jacobi’s triple product formula [4].

3. ASKEY—WILSON INTEGRAL

The aim of this section is to provide a way to prove the following identity.
Proposition 3.1. Suppose that a;, € C* (1 < k < 4) satisfy |ag| < 1. Then, we have

2%, 27% Qoo dz 2 (a1a2a3045q) oo

1 (
(3.1) / ,
2ryv/ =1 Jr Hizl(akz,akz—l; Qoo ? (@ @)oo [T1<icjcalaiaz; @)oo

where T is the unit circle {z € C||z| = 1} traversed along the positive direction.

The left-hand side of (3.1) is called the Askey—Wilson integral [2, 8]. Throughout this
section, we define the function ®(z) on C* by

(22,273 @)oo
3.2 O(z) =
(32 ) i (ar2 axz™"5 )00

and also denote by I(a1,as,as,as) the left-hand side of (3.1), i.e.,
1 dz
3.3 I(ay,as,as, = —— [ ®(2)—.
(33) (@ az,a5,00) = = [ 8(:)%
On the other hand, we define P(a1, az,as,aq) by the infinite product

a1a2a304;
(34) P(a17a27a37a4) = ( 25 q)oo )
H1§i<j§4(aiajvq)00

so that the identity (3.1) is rewritten as

2

7P ai,az,as, a4
(¢ @)oo ( )

I(a1,a2,a3,a4) =

for ar € C* (1 < k < 4) satistying |ai| < 1. Before proving this identity, we state the
g-Stokes’ theorem in the following section.



3.1. g-Difference operator V, . and ¢-Stokes’ theorem. For an arbitrary func-
tion f(z) on C* we define the ¢-shift operator T, , by Tj, . f(z) = f(gz).

Lemma 3.2. Let F(z) and F_(z) be functions specified by

4 4
(3.5) Fi(z):= %Hk:i&l ;sz) T H 1—as)
k=1
(3.6) F,(z) = F+(Z_1) Hk 11(17—2 azkz 1).

Then, it follows that

(3.7) Sha LIS

Proof. By the definition (3.2) of ®(z) we have

— 4 —
®(qz) _ (¢°2%, ¢ 222 7q H (arz,ax2"1;q) 0o

D(z) (2227 (qarz, g tarz=1; q) o

(11— q_2z_2)(1 —q127?) ﬁ 1—ayz

(1-22)(1—-¢g2?) Pt g lagz=t

—-2,-2

4
1-—- z 1—agz F,(z
— g2 q : H - k = 4+ )’

1-2 L= gz F_(qz)

which completes the proof. O
For an arbitrary meromorphic function ¢(z) on C* we define the symbol

1 dz

(3-8) (p(2)) =

In particular, from (3.3) we have (1) = I(a1, a9, as,aq). The following is a technical
key lemma of this paper.

Proposition 3.3 (¢-Stokes’ theorem). For an arbitrary meromorphic function p(z)
on C*, let V, . be operator specified by

(3.9) (Va,:90)(2) = F_(2)p(2) + F1(2)Ty,.0(2)-

Suppose that |ai| < 1 (k=1,2,3,4). For an arbitrary holomorphic function p(z) on
C*, it follows that

(3.10) (Vyep(2)) = 0.



Proof. By the definition of V, . we have

(V@) = [ 9:)V0000)F = [ 96)(F-(2)ee) + Filholas)

— [ o) (P e - TE P (@2)0009) £ (from (3.7)

(3.11) (2) d’z
- [ (2P0 - 2 P-(0a2)
— [P0 - [ ela)F-(aelan) T
T T

By variable change w = ¢z for the second term of the last line of (3.11), we have
dw/w = dz/z, and the integral over T changes to that over T, := {w € C||w| = |g|}.
Thus, from (3.11) we have

dz dz
ol = [ S@F-e) T - [ SF- (o) .
T Z T, z
By the Cauchy theorem, in order to complete the proof, it suffices to show that the
function ®(2)F_(z)¢(z)2z~t is holomorphic on the annulus {z € C||q| < |2| < 1}.
From (3.5) and (3.6), we have

_ 4 _
(%2 %) 1 [Ty (1 —apz!)

D(2)F_(2)p(2)z 7" = e —p(2)

[T (arz, a2t )0 2
(e tow ()
[Ty (arz,qarz"t ) oo

Since ¢(2) is holomorphic on C* by assumption, poles of the function ®(2)F_(2)p(z)z~*

coincide with zero points of the denominator of (3.12). The set of solutions z of
(arz,qarz"1;q)oo = 0 are expressed as

{¢"a; In=0,1,2,---}U{¢" " ar | n=0,1,2,---}.
Since |ax| < 1 and |g| < 1 by assumption, we have

1

_ - > 17 1+n
|a["|ax]

¢ " ag| = g ax] < |ql.

" eyt =
This implies that no poles of the function ®(z)F_(z)p(z)z~! are included in the
annulus {z € C||q| < |z| < 1}. This completes the proof. O

3.2. g-Difference equations for the Askey—Wilson integral. For the proof of
Proposition 3.1 we first show the ¢-difference equation for I(aq, as,as, as) as follows:

Proposition 3.4. Suppose that |ag| < 1 (k=1,2,3,4). The integral I(ay, az,as,as)
satisfies
I(qalaGQaai’naél) (1 —&1a2)(1 _CL1G3)(1 —a1a4)

3.13 - .
( ) I(alaa2aa3aa4) 1-— a1a2a304




Proof. Setting ¢(z) =1, V, .¢(z) is calculated as

1 Hi——l(l agz 1) 1 Hi——l(l akz)
- + —
z 1—22

1
= — {22(17a12,71)(17a2271)(17@3271)(17%271)
z—z
—272(1 —a12)(1 — a22)(1 — azz)(1 — a4z)}
1
(314) — — |:2:2(1 _ Z_lEl +Z_2E2 _ Z_3E3 + Z_4E4)
z—z

- 272(1 — 2By + 2°Ey — 23F5 + z4E4)}
(2 =27 (1 = Ey) — (2 — 2 ")(E1 — E3)

z—2z"1

= (z+27)(1 — E4) - (B1 — Ey),

where E,. (r =0,1,...,4) is the rth elementary symmetric polynomial of ay, ..., a4.
From (3.14), using e(a1, z) defined by (2.3), V,,.¢(2) is expanded as
(3.15) Vq.:0(2) = Cie(ar, 2) + Co

where the coefficients Cy and C; are independent of z. We now determine Cy and C.
Comparing the highest degree polynomials of (3.14) and (3.15), we have —C; = 1—FEy,
so that C; = —(1—ajazazaq). On the other hand, since e(ay, a1) = 0, if we put z = ay
in (3.15), then Cy = V, ,¢(a1). From F_(a1) = 0 we also have V, .p(a1) = F1(a1).
Therefore we obtain

Co = Vgp(a1) = Fy(ar) = ;W
=a; (1 - araz)(1 — araz)(1 — araq).
From (3.10) of ¢g-Stokes’ theorem we have
0= (Vg.:0(2)) = Ci{e(ar, 2)) + Co(1),

so that
(1 — a1a2)(1 — a1a3)(1 — CL16L4)
a1(1 — ajazazay)

(e(ar,2)) = —=-(1) = (1).

Here we have I(ay,as,a3,a4) = (1) and I(qaq, as,as, aq) = {ar1e(ay, 2)) = ai{e(a, 2))
because

TQJMCI)(Z) _ (a1Z7 a’lz_l; q)oo

(z)  (qa12,9a127 15 ¢)0

=(1—a12)(1—a127") = are(ay, 2).

Therefore we obtain

(1 —aqaz)(1 —ara3)(1 — aray)
1-— a1a20a304

I(qay,az,a3,a4) = I(ay,az,a3,a4),
which completes the proof. (|

By repeated use of Proposition 3.4 we have the following.
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Proposition 3.5. I(ay,as,as,as) coincides with P(ay1,as,as,as) up to a multiplica-
tive constant, i.e.,

(3.16) I(ay,as,as3,a4) = ¢ Play,ag, as, aq).
where ¢ is some constant independent of ay,az,as,ay.

Proof. From (3.4) P(ai,az,as,as) satisfies the same ¢-difference equation as (3.13),
and (3.13) is symmetric with respect to ai, as,as, as. This implies

(3 17) I(a1;a2;a3;a4) _ I(qalvqa27qa37qa4) — 1 I(qNalanaQanQquNa4)
P(ay,az2,a3,a4)  P(qai,qaz,qas,qas) N—oo P(qNa1,qVaz,qNas, q¢Nay)

From (3.4) we have

(3.18) lim P(qVay,q"az,¢Vas, ¢ as) = 1.
N—oc0
On the other hand, if we set ¢ as
1 d
(3.19) c= I\}gnoo (qNathaquas,qNﬂu) = r\/_—l /T(ZZ’fQ;(J)oo?a
then, using (3.17) and (3.18) we obtain (3.16). O

In order to compute the constant ¢ in (3.16) as ¢ = 2/(¢; ¢)so We want to know a
special value of the integral I (a1, as,as, as). In the following section, we show several
special values of I(ay,as,as,as) at specific points.

3.3. Special values of the Askey—Wilson integral. In this subsection, we show
special values of I(ay,as,as,as) at four specific points

(a17a27a'37a'4) = (anaovo)v (Oa _Lf]%»—q%)» (

The evaluation at (a1, as,as,a4) = (1, -1, q%, —q?) is the most simplest case.

_17 q%v _q%) and (03 quéu _q%)

|

Lemma 3.6.
1 1 dZ

1
I(1,-1,¢%?,—q?) = —— | —
( =) == |
Proof. Using (2.1) we have

I(la _17q%a _q%)

(45 9)oo

:17 P(la_laqia_q%): 2

B 1 / (2%,27% @)oo dz 1 dz
B 27TV -1 T (Z,Z_l, —Z, _Z_lvqézaq%2_17_q%27 _q%2_17Q)00 Z B 27TV -1 T Z ’
which is equal to 1 due to Cauchy’s residue theorem. On the other hand, by definition
(3.4) we have

14) oo 2(¢;9)
P(L_laq%v_q%): 1 1(q’ )1 1 = (1q q)l
(-1,¢2,—q%,-¢2,92, ;@) (—1,9%,—q%;9)%
= (% 9)eo _ @9 (from (2.2)),
2(_%(]57 _qé,Q)go 2
which completes the proof. O

Using (3.19) we can actually compute the constant ¢ in Proposition 3.5 directly as
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Lemma 3.7.
dz 2

1 / 2 -2
P 25,2 Qoo = T
2my/—1 T( L CH)ES
Proof. Using Jacobi’s theta function ¥(z;q) defined as (2.4), we have

(¢; @)oo 2 -2 dZ / —1/.2 -2
q)oo— 1- , 105 q)ood

1 -1 — 2, _ _1_2_ —22" n ;
:m/qr(z _Zg)ﬁ(zmdz—m/qr(z Y (=223 dz,

n=—oo

1(0,0,0,0) = ., P(0,0,0,0) =1

For the integrand of the above expression, the point z = 0 is the unique essential
singularity, and its residue is calculated from the Laurent expansion

() 3 ) = T ) P g L g )
=— :(...+q3z*5_qz*3—|—z’1—z+q23—-~-)
—(-~-—|—q3z_8—qz_6+2_3—z_1+qz—~--),

whose residue (coefficient of 271) is 2. Therefore Cauchy’s residue theorem implies

(@ Do [0 2 d2
. £ _9
27T /_1 T(Z 72 7q)oo z )
which shows 1(0,0,0,0) in Lemma 3.7. From (3.18) we have P(0,0,0,0) = 1. O

The evaluations at (a1, as,as,as) = (0, —1,q2,— %) and (0,0, gz, — %) are almost
the same as that at (0,0,0,0).

Lemma 3.8.

1

(3.20) 1(0,-1,9%, —q%) =

= [t

- 22 iq9)oo— )

27'[' —1 T z (qvq)oo
P(Oaflaq%af %) =1

Proof. From (2.1), (0, —1,q2, —q%) is expressed as

(22,27 @)oo dz

il
2my/=1 Jr (=2, —271,q72,q2 271, —q7 2, —q2 271 Q) oo #

1

I(Ov _laq%a _qi) =

/ 2, =% QQZ _Q2Z < 17_2_17(1%2'_1’_61%2_1;(1)00 dz
27rV —Z,—Zz 17q22;7q2z*17—q%z’—qézfl;q)m z
dz

-1, az
—% — /Tw DL

From (2.5) we have

gfr;j)% (val;q)ood?z 2mﬁ/ O R CN E N
29z q)dz = ) 2 ez,

27rr 2w\/jl



whose integrand has the unique essential singularity at z = 0, and is expanded as

oo

(=2 Y () = e P g F L2 g )
- =( 4¢P —gr P+ =1 tgr—--)
—(---+q32_4—qz_3+z2—z_1+q—---).

The residue of the above expansion is 2 and the Cauchy’s residue theorem implies

(4:9) 1 dz
a_ = ) ; o — 2a
or /1 T(Z 7 0o
which is equivalent to (3.20). Besides, P(0, —1,q%, —q%) = (O;q)oo/(—q%,q%, ~;q)oo

=1. O
Lemma 3.9.
1 1 1 dZ 2
3.21 1(0,0,¢%, —¢7) = 227 e — =
B2 e > T
1 1
3.22 P(0,0,q2,—q?) = ————,
(3.22) ( ) (=4 @)oo
and 1(0,0,q%,—¢*)/P(0,0,q%,—¢%) = 2/(¢: ¢)sc
Proof. From (2.1), 1(0,0, 2, —q?) is expressed as
1 1 (ZQ,Z?QEQ)OO dz
1(0,0,¢%, —q%) = dz
(007 —at) 27f\ﬁ/ (022,422~ =22, —q2 2 1 q)os 2
B / 2, —2,q3 2, —q22 i —grr ) dz
; 27T\/ (q22,q227 Y, —q22,—q3 2711 q)oo z
dz 1 dz
—1 —1 2 -2, 2
= 2, T2, % y TR 5 coT  — 2,z ) oo -
27r\/71 A Voo = 50 /T /T( @)oo

Using (2.4) for 9(x; ¢*) we have

(q2§q2)oo o —o. oy dz _ 2 2 -2 2. 2
, 3 oo 1 - s » 43 ool
2/ —1 T(Z 2 5a) z Qﬁr & (z T2 )l
1 -1 -1 -3 = 2\n 2(%)
s P z2 T —z —z 2)dz
= | = | )3 =

_ 1 -1 -3 2\n , n(n—1)
Comy/—1 T(Z -z )n;w(*z )"q dz,

whose integrand has the unique essential singularity at z = 0, and is expanded as

3)19(22;q2)dz =

(1) 3D (R
n=—oo
= =)+ P L= g )
= F P P )
(ot P e ).



The residue of the above expansion is 2 and the Cauchy’s residue theorem implies

(qQ;qQ)oo (22 272'q2) % —9
o0 /7_1 T ’ ) 0o P ’

which is equivalent to (3.21). On the other hand, by definition we have (3.22). Thus,

100,0,¢2,—q%) _ 2/(6% 0% _ 20 Doo(6: @)oo _  200%0%  _ 2
P(0,0,q7,—q2) /(-G (0%0*)(@G D (6%6D)oc(@ Do (6:0)c0’
which completes the proof. O

We conclude this section with the following.

Proof of Proposition 3.1. Since the constant ¢ of (3.16) in Proposition 3.5 is
independent of a1, as, as, a4, for any case of Lemmas 3.6-3.9 the constant ¢ equals

1(0,0,0,0)  I(0,—1,q%,—¢q%) I(1,—1,¢2,—q*) 1(0,0,q3,—q%) 2
P(0,0,0,0)  P(0,-1,q2,—q2) P(1,—1,q2,—q2) P(0,0,q2,—¢2) (&%)
This was the claim of Proposition 3.1. (|

4. NASSRALLAH-RAHMAN INTEGRAL

The aim of this section is to provide a way to prove the following identity of the
Nassrallah—-Rahman integral.

Proposition 4.1. Suppose that ap € C*(1 < k < 5) satisfy |ax| < 1. Under the
condition aiasaszasasag = q, we have

5 — —
(4.1) (22,2~ 7qa6 20052 ) dz 20 T (ga5 0] @)oo

277\/ Hk 1 akz apz~ ,q)oo z (q;Q)oo H1§i<j§5(aiaj§Q)oo

Throughout this section, we define the function ®(z) on C* by

)

(12) b(z) e (2 D08 20005 2 )
[Ti—i(arz, arz™0) o0
and also denote by J(a1,as9,as, a4, as,ag) the left-hand side of (4.1). i.e.,

(43) J(a17a27a37a47a57a6) =

21/ —1

On the other hand, we define Q(a1, as, as, a4, as, ag) by the infinite product
5 -1 -1

Hz 1(qa’6 a; 7q)

Hl<z<]<5(a’1a37 7)o

4.1. Definition of g¢-difference operator V, ..

Lemma 4.2. Let Fi(z) and F_(z) be functions specified by

(44) Q(alaaQaa3aa4aa5aa6)

6 —anz 6
(4.5) Fy(z):= 2—12 Hk:i(i = £2) = _1271 273 H(l —agz),
6 —apz !
(4.6) F_(2):=F (z"") =22 Hk:ll(l_ z*éf ).



Then, it follows that
L,.0() _ Fi(2)
P(z) Ty-F_(2)

Proof. By the definition (4.2) of ®(z) we have

1

_o__ - -1 - 5 —
0(g2) _ (2472 % q)o(d®ag ' 205 2 @)oo TTies (an2, anz ™5 0) o0

o(z) (22,272 @)oo (005 ' 2,005 2 @)oo TTey (qanz, ¢ Lanz =15 0)oo
C(l-q )1 —g e ) 1 —ag 2! ﬁ 1—agz
(1—-22)(1—¢2?) 1-— qaglz pie 1—g lagz=1
9.9 6
_ —(q_lz_Q)Ql —q2%z7? l—apz  Fi(2)

1—22 2 1—g lapz™! F_(q2)’

which completes the proof. O

For an arbitrary meromorphic function ¢(z) on C* we define the symbol
1 dz

_-— B(2)Z

0 = 5 [ o8

Proposition 4.3. For an arbitrary meromorphic function ¢(z) on C*, let V, , be
operator specified by

(4.7) (Vg,20)(2) 1= F_(2)(2) + F1(2)Ty,2(2).
Suppose that |ax| < 1 (k=1,...,5). For an arbitrary holomorphic function ¢(z) on
C*, it follows that

(4.8) (Vg,200(2)) = 0.
Proof. The argument of the proof is paralleled with that of Proposition 3.3 and we
omit the details. O

4.2. g-Difference equations for the Nassrallah—Rahman integral. In this sub-
section we explain a derivation of the g-difference equations for the Nassrallah—
Rahman integral given as follows:

Proposition 4.4. Suppose that |ax| <1 (k=1,...,5). Under the condition
10203040506 = (,
the integral J(ay,...,aq) satisfies
5

. 1,442,043, 04, 45, 6 1,042,043, 04, 45, dg
(4 9) J(qa a a a a q a ) J(a asz, a3, 04,05, a )
k=2

1—ajay
1-— qalzlagl '
This proposition is equivalent to the following.
Proposition 4.5. Suppose that |ax| <1 (k=1,...,5). Under the condition
a1a263a4a506 = 1,
the integral J(ay,...,aq) satisfies

5

(410) J(qa17a27a37a47a57a6) = J(a17a27037a47a57qa6) H
k=2

1— a1ap



which is equivalent to

(4.11) (elar,2)) = {ela, QH“‘“‘”“

1—arag

Remark. If we consider the substitution ag — ¢ 'ag for Proposition 4.5, then the

balancing condition changes as ajasasajasag = 1 — ajazazazas(q~tag) = 1, ie.,
ajazazasasag = q and (4.10) becomes (4.9). We prove Proposition 4.5 instead of
Proposition 4.4.

Proof. We will prove (4.11) in Lemma 4.6. Here we just confirm the equivalence
between (4.10) and (4.11). Since T}, P(2)/®(2) = are(ar, z) and Ty, 4, P(2)/P(2) =
ag *e(ag, ) by definition, we have

J(qay,az, a3, a4, as,a¢) = ar{e(a, 2)), J(ai,as,as,as,as,qas) = ag ‘{e(ag, 2)),
so that
J(qay,az,a3,a4,as,a6) (e(a,2))
J(a1, a2, a3, a1,a5,qa5) ° (e(ag, 2))°

On the other hand, under the condition ajasazasasag = 1, we have

(4.12)

5 5
1—ajag 1 1-— alak % — ajay

4.13 = = —_—

(413 ,};[2 1—ap'ag'  aia2a3a405a6 H 1—a;'ag! H 1—agas

(4.13) and (4.13) implies the equivalence between (4.10) and (4.11) O

Lemma 4.6. Suppose that |ag| <1 (k=1,...,5). Under the condition
a10203040506 = 1,

we have
Ci(e(ar, 2)) + Co{e(as, 2)) =0,

where the coefficients Cy and Cg are given as

5
ai
4.14 Cil=——r—— 1-— ,
( ) ! ag(ag — ay) kl;[?( akas)
ae o
4.15 Cg= ——"— 1— .
( ) 6 al(al — a6) g( a‘lak)

Proof. Taking ¢(z 7)) as p(z) =1, Vg .¢(2) is written as

(4
F_(2) + Fy(2)

) in
qz(P()
_ (e 1T, (- ar2)
T2 1—22 22 1—22
6
:z—z ( Hl—akz Hlfakz>
1

-(S02® = $122 4 Syz = Sy + 84z = 85272 o+ Sg2

z— 2

S0z 3+ 8,22 — Spz 4+ S5 — Syz+ Sez? — S6z3)



(416) = (SO — 56)(2’2 + 2_2) + (S5 — 51)(2 + Z_l) + (So + Sy — Sy — 56)7

where S, (r =0,1,...,6) is the rth elementary symmetric polynomial of aq,...,as.
The condition ajasaszasasas = 1 implies Sy — Sg = 0. From (4.16), we have

Vaep(z) = (S5 —S1)(z+ 271+ (So+ 82— Sy — S6) € C(z+ 271 @ Cl.

Since the set {e(ay, 2), e(ag, 2)} forms a C-basis of the space C(z+271) ®C 1, we can
expand Vg ,p(z) as

(4.17) V4.:0(2) = Cre(ar, 2) + Coe(as, 2),
where C and Cg are some constants independent of z. Thus we can write
(4.18) F_(2) + Fy(z) = Che(ay, 2) + Cse(ag, 2).
Since e(a1,a1) =0 and F_(a1) = 0, (4.18) with z = a1 implies
F,(a1) = Cse(ag, a1).

In the same way, (4.18) with z = ag implies F (ag) = C1e(a1, ag). Thus we obtain

Fy(a ) a 5
C = +1¢6 — 1 1_ axag),
' e(a’lv aﬁ) aﬁ(a6 - (],1) k];_IQ( k 6)

Fi(a1) ag :

Cs = = [T = awan).

e(ag,a1) ai(ar — ag) P

Applying Proposition 4.3 to (4.17), we obtain

Ci{e(ar,2)) + Cele(as, 2)) = (Vq,2(2)) =0,
which completes the proof. O
Proposition 4.7. Suppose that |ax| <1 (k=1,...,5). Under the condition

a1a2a30a4a50¢6 = ¢,

J(ai,...,ag) coincides with Q(ay,...,as) up to a multiplicative constant, i.e.,
(419) J(ala az,as, ay, as, a6) = CQ(alv asz,as, ay, as, a6)7
where ¢ is some constant independent of a1, ..., ag.

Proof. By the definition (4.4), Q(a1,...,as) satisfies the same g-difference equation
as (4.9), i.e.,

5

(420) Q(qala az, a3, a4, as, qila’ﬁ) = Q(ala a2, as, a4, as, aﬁ) H
k=2

1—ajaz

—1_—1°
1 —qa; "ag

Thus, under the condition ajasasasasas = g, considering the ratio of (4.9) and (4.20),

-1
J(alaa27a3va4va57a6) o J(q(117027a37a47a57q a‘ﬁ)

Q(a1,a2,a3,a4,a5,a6)  Q(qar,az,as,a4,a5,q 'ag)’




which is symmetric with respect to ai,--- ,a5. Therefore we obtain
-5
J(a1,as,a3,a4,0a5,a6)  J(qai,qaz,qas, qas, qas,q °ag)
Q(a'h a2, a3, a4, as, a‘ﬁ) qai, qa‘Qa qasz, qa‘4a qa5a q_5a6)
—5N

Q(
(4.21) J(Nar, Va2, ¢V az, ¢V as, ¢V a5, N ag)
Q( Nay, (JNCL2 qNad (JNCL47QNG5 (] SNGG)

_ 1 J(qNar, ¢ az, ¢V as, ¢Nas, ¢V as, g7 ag)
= m

NS5oo Q(qNar,qNaz, ¢Nasz, ¢Nag, ¢Vas, ¢ Nag)

From (4.4), we have

—5N

lim Q(¢"a1, ¢V az,q"as, ¢V as,q" as, ¢ "N ag)

N —oc0
(4.22) . HZ5 1(ql-§-4N . ’q)
= l1m N
N—oo H1<z<j<5(q aza]7q)oo

and putting ¢ as ¢ = I&im TN a1, ¢ az, ™ as, ¢ as, ¢~ as, ¢ N ag) we obtain
— 00
o / 272 N gL N gL ) de
c= lim ~ —
(423) N—oo 27TV 1 1(q a;z,q" a;z ;Q)oo
1 /( 9 9 ) dz
=—— [ (25,2775 —.
2/ —1 Jr Voo™,
Therefore, (4.21), (4.22) and (4.23) imply (4.19). a

Proof of proposition 4.1. Since we already knew that

e
omv/=1Jr 77 T 2 (6 0)e
from Lemma 3.7, the constant ¢ as (4.23) is equal to 2/(¢; ¢)oo- O

4.3. Special values of the Nassrallah—Rahman integral. We can find the special
values that are simply computed.

Lemma 4.8.
1

z
ZW\/le (1 7@52)(27@5) - 1 7a§7
Q(L*l,q%?—q%?a&agl): (Q;q)oo

J(1> _17q%7 _q%7a57a51) =

2(1 —a2)
Proof. When a; = 1, as = —1, a3z = q%, ay = —q%, the balancing condition
ajasasagsasag = g implies asag = 1Using ag = agl the integral J(aq,...,ag) is
computed as
J(1,-1 q% —q% as,az’)
/ (,22,2_2 qasz, qa5z_1;q) dz
27Tv ,—z,—21,q3z,q3z7Y, —q3z, —qza asz a5z Q)00 2

1 dz

- zmﬁ r(I—as2)(l—ase 1) 2 QW\/TI/E (1 —a5z)(z —as)




dz

= Res (by Cauchy’s residue theorem with |as| < 1)
z=as (1 — a5z)(z — as)
. 1 1
= lim

oas 1 — agz 1—a?’
On the other hand, from (4.4), Q(1, -1, q%,—q2,as, az ') is computed as

1 1
(qas, —qas,qzas, —q2as, ¢; q) o

1 1 1 1 1 1
(_17q2 y —42%,05,—q2,q2,—0as5, —q,q20as, _q2a5;q)oo

Q(17 _17q%a _q%7a57 a.5_1) =

_ (qaf’)a —qas, gq; Q)oo _ (qa’f)a —qas, q; Q)oo
(—1,q%,—q%,a5,—q%,q%, —as,~¢; @)oo 2(as, —a5;q)oc(—4, 47, —q%;9)%
(4 9)oo
= ,  (from (2.2
2(1—(15)(1+(15) ( ( ))
which completes the proof. O

The constant ¢ in Proposition 4.7 is also obtained from

_ J(ly_laq%7_q%7a57a5_1) _ 1/(1_(1%) _ 2

€= - - )
Q(17_17q%7_q%7a57a51) (Q7q)00/2(1 —a%) (qvq)oo

which also completes the proof of Proposition 4.1.

4.4. The relation between the Askey—Wilson and Nassrallah—Rahman inte-
grals. Since the Askey—Wilson integral I(ay, ..., a4) is obtained from the Nassrallah—
Rahman integral J(ai,...,,as) as a limiting case of a5 — 0, we can understand
I(ay,a9,a3,a4), is a special value of J(ay,...,,as). Conversely J(aq,...,as) is ob-
tained from I(ay,...,a4) using the following relation. (See [7] for the BC,, case.)

Proposition 4.9. Suppose that |ax| <1 (k=1,...,5) and the condition
10203040506 = (.
Then,
(429 J(a —1 T o 05 0)e
. 1,02, 03,44, 05,06) = (a17a27a3,a4)k1;[1m.
Proof. Using the recurrence relation (4.9) for J(as,...,as) repeatedly we obtain

4

_ —1
J(a17a27a37a4,a5,a6) - J(a17a27a37a47qa57q aG) | I
k=1

1- qa,:lagl
1—agas

4 —1 .
= J(a1,a2,a3,a1,¢" as,¢ Vae) [ | loay 65 Dy

P (aras; q)N
4 1 -1
. _ qa;, a5 5 q) oo
= lim J(ai,as,as,a4,q"a Ng %,
N—oo (1,02, a3, 04,4 a5, g 6)]};[1 (aras; q)oo

where we also have

. N -N
lim J(ay,az2,a3,a4,q" as,q" " ae)
N—oo



o % ¢ Nag'z, ¢ Vag 2 ) d2
= lim _
N—oo 27TV (@Nasz, ¢V asz71;q) Hk akz,ax271¢)0e 2
(22,27%¢) 00 dz
- = I(a15a2)a3ya4)7
v T e
which implies (4.24). O

5. ROOT SYSTEM OF TYPE Gy

5.1. Root system of type G2 and its Weyl group W. In this subsection, we
follow [10] for the basic terminology of the root system of type G5 and its Weyl group
w.

Let {e1,€2,e3} be the standard basis of R® with the inner product (-, -) satisfying
(€i,€5) = 0i5, and let V' be the hyperplane in R3 with equation &; + & + &3 =0, i.e.,
V={¢eR|({ e +e2+e3) =0}

a1+ 3o

WQ =a + 20&2

W1 =201 + 32
Yo + ao

aq

FIGURE 1. Root system R

Let R C V be the root system of type G5 given by
R = {4&,+&, £&83} U{£(51 — &2), (61 — &3), £(E2 — &3)},

where &; = ¢; — (g1 + €2 + £3)/3. We refer the setting of the root system of type G
to Macdonald’s book [12]. We fix the set of simple roots {a1, a2} C R given by

a) =& — &y = €1 — €9, g =&y = (—e1 + 263 —£3)/3.
The set of positive roots is given by
RY ={a,5, -5} U{a — 8.6 — 5,5 — &)
= {9, a1 + ag, a1 + 205} U{ag, a1 + 3as, 201 + 3as}.
We also fix the set of fundamental weights {w1,w>} by (o, @;) = d;j, where oV =
2a/(a, o). This implies that
wy = 20 + 3ao, wy = aq + 2.

Let P and @ be the weight lattice and root lattice defined by P = Zw; + Zw- and
Q = Zay + Zas, respectively. For the root system G, the root lattice ) coincides
with the weight lattice P.



Let W be the Weyl group of type G2 generated by orthogonal reflections s, (o € R)
with respect to the hyperplane perpendicular to @ € R, which are given by s,(§) =
E—(aY,&)a. The group W is generated by the reflections s; = s, : V =V (i = 1,2),
and is isomorphic to the dihedral group of order 12. Moreover, W is explicitly written
as

(5.1) W = {(s152)%, (5182)"s2 |k = 0,1,...,5},

The element wy = (s152)% is the longest element of W. Note also that the inner
product and the reflections are uniquely extended linearly to Ve = C Qg V.

We fix the set of fundamental coweights {wq, w2} by (w;, a;) = 65, so that w1 = wy,
wy = 3wy. Let PV be the coweight lattice defined by PV = Zw; + Zw,. For ¢ € C and
w € PY we denote by S, the c-shift operator with respect to w for functions f(¢)
on V¢ by

(5'2) Sc,wf(() = f((: + COJ)'
We also define action of the Weyl group W on f(¢) by
(5.3) w.f(¢) = f(w™'¢) (weW).

We consider the mapping from V¢ to (C*)? by
(5.4) (s z= (e%\/jl(C,oq), eQW\/jl(C’az))'
If we write ¢ € V¢ with the fundamental coweights by ¢ = (w1 + (owe, then the

above mapping is written as ¢ + z = (e2™V 714 2™Vl For \ € P, we write
2 = 2™V 1O | In particular, for A = Aoy + Aeas € Q = P we have the expression

2 = 222 where z; = 2%. Through (5.3) and (5.4), for w € W we can define
w.zt = 2% e,

A 2m/=1(C,N)

w.2 =w.e

6277\/71(11171(,)\) — 627r\/71((,w)\) Zw)\

9

and we can also define w.f(z) for functions f(z) = f(z1, 22) on (C*)? as

w.f(2) = f(w.z1,w.z9) = f(z%, 2¥9?),

so that, for instance, we have

(5.5) s1.f(21,22) = f(27 ' 2122),  s2.f(21,22) = fz125, 25 Y),
and
(5.6) wo.f(21,22) = (5182)%.f (21, 22) = fla1 'y 257").

We say that a function f(z) is W-symmetric if w.f(z) = f(z) for all w € W, and that
f(z) is W-skew symmetric if w.f(2) = (sgnw)f(z) for all w € W. By chain rule for
differential forms, we have

d(siz1) _ dzmi d(s122) dzi n dz

(5.7) 51.21 21 §1.29 21 29
. d(SQ.Zl) - le +3d22 d(SQ.ZQ) - dZQ
$9.21 - zZ1 Z9 ’ §92.29 o z9 '



We fix ¢ = 2™ ~17 where Im7 > 0. If we consider a function f(z) = f(z1, 22) on
(C*)? as the function on Vg through (5.4), then the g-shift operators for f(z) with
respect to z; (i =1,2)

Tgo f(2) = flaz1,22),  Tozf(2) = f21,422)
are induced by the 7-shift operators S ,,, with respect to w; € PV (i = 1,2), respec-
tively.

Using the notation z; = e2™V=1($8) (; = 1,2, 3), we have

T1ToT3 = e2TV—I(G e +ea+Es)

and the variable change (z1,22) — (21, 72) of (C*)?, where

dz dz dz dx dz
(5.8) Ty =272, @p=2 and — = L4422 T2 0%

T 21 22 T2 22
Though using the coordinates (x1,x2,23) with xj2023 = 1 instead of (z1,22) we
sometimes have simple expressions for functions on (C*)? in appearance, like the
integrand shown in the left-hand side of (1.6) for instance, we use the coordinates
(21, 22) of (C*)? associated with simple roots in the succeeding sections.

5.2. W invariant Laurent polynomials. For a function f(z) on (C*)? we define

Af(z) == Z (sgnw)w. f(z)

weWw

which we call the W-skew symmetrization of f(z). By definition Af(z) is W-skew
symmetric. The dominance ordering < on P is defined by

<A <<= A—p€ Qi =Nao + Nay,
for pu, A € P, where N=1{0,1,2,...}. We set
P+ = {)\EP|(Q1,)\) ZO,(OJQ,)\) ZO}:N’W1 + Nwoo,

whose elements are called the dominant weights.

FIGURE 2. Dominant weights in P,

For p := % EaeR+ a = 3ag + bay = wy + wa, A(2P) satisfies

(5.9)  A(2°) = 273255(1 — 22)(1 — 2120) (1 — 2122) (1 — 21)(1 — 2125)(1 — 2223),



which is called the Weyl denominator. For A € Py we set

Plane
sxa(z) == Lﬂ ma(z) := Z z*,

A(Zp) 7 pnEWX

where WA = {wA |w € W}. The functions sy (z) and my(z) are W-invariant Laurent
polynomials, and sy(z) are expanded as

sx(z) =ma(z) + Z cumy(z).

For instance, we see

2, -2, .22 -2 -2 24 -2 —4
Moy (2) =25 + 29"+ 2125 + 21 "2 " + 212 + 21 7%

and
mo(z) =1,
—1 1,1 2, 1,2
My (2) =20+ 29 + 2120+ 2] 25 + 2125 + 21 257,
—1 3, .,-1,-3, .23 -2 -3
My (2) =214+ 27 + 2125 + 21 25 ° + 2725 +21 25 °,

We denote by Clz1, 21 1 2, Zy 1]W the set of W-invariant Laurent polynomials, which

satisfies

Clz1, 21 b 22,25 )W = EB Csi(z) = @ Cmy(2).

AEPy AEP,

Lemma 5.1. Forn € N, let F,, be C vector space defined by

(5.10) Foi= P Cmila).

Then the dimension of F,, as a C-vector space is given as

dime For, = (m +1)%,  dimg Fopy1 = (m + 1)(m + 2) (m=0,1,2,...).

For any a € C* and any z = (21,22) € (C*)? we define g(a; 2) by

g(a; 2) := e(a, 20)e(a, z120)e(a, 21 23)
(5.11) =a3(1 —az)(1l —az')(1 —az )

x (1 —az; 25 ) (1 —az123)(1 — azy b2y %),



where the symbol e(u,v) is by (2.3). The expansion of g(a; z) by mx(z) (A € Py) is
given as

9(a; 2) = —maw, (2) + (a + a~me, (2)
— ((a +a ) —(a+ a_1)>me (z) + ((a +a 1) - 2>m0(z),

and the expansion of g(a;z) by sx(z) (A € Py) is given as

(5.12)

9(0:2) = =82, (2) + (@ + a7 4+ Vs, (2) = (@ + 072 = 1), (2)
+ ((a +a ¥ +(@+aH?-20a+at) - 2) s0(2)
(5.13) B (1—a®) (1—ab)
= —S20,(2) + mswl (2) — mswz(z)
(1—-a3)(1—ad)
T s RS

From (5.12), we see
g(a;2) € Fa,  g(a;2)g(b;z) € Fy
5.3. C-vector space Fy. By the definition (5.10) of F,,, we have
Faz = Cmgy(z) ® Cmig, (2) ® Cmig, (2) & Cmigw, (2),

so that dim¢ F2 = 4. Here we introduce two bases of the C-vector space F5. For this
purpose, we define two types of specific points as follows: Let p;;, p;; (1<i<j<6)
be points in (C*)? specified by

(5.14) pij := (ai/aj, a5) € (C*)?,

so that we have zo = a;, 2122 = a;, 2123 = a;a; if z = p;;) and
j 2 j J

(5.15) p;; = (a7 /aj, a;/a;) € (C*)?,

(so that we have 29 = a;j/a;, 2122 = a;, 2125 = a; if z = p;‘j).

5.3.1. The basis {eg(2), €w,(2), €w, (2), €2w,(2)}. We construct a basis of C-
vector space Fo. We first define

60(2) = ]-7
€, (2) 1= M, (2) — My (P12),
€2, (2) 1= —g(a1; 2) = Maw, (2) — (a1 + a7 )mg, (2) + -+

Moreover we define e, (2) as
(5.16) ew, (2) 1= My, (2) + CoyMuw, (2) + co,
where the coefficients ¢, and ¢y are uniquely determined to be satisfied as

€y (p12) =0 and €wy (pTZ) =0.

We remark that the coeflicients c, and ¢y are actually given as

c o _mwl (p12) — M,y (pTQ) co = My (p12)mw2(p9{2) — My (pTQ)mwz(pm)
oo R = .
: My (p12) — Mgy (pT2) My (p12) — Megy (pT2)

for e, (2).




Remark. The values of e, (p1;) and e, (pj;) are actually given
ew, (P15) = e(az, aj)e(az, a1a;), ew, (p7;) = e(az, a;)e(az, a1/a;),

respectively. (We do not use these explicit forms in this paper.)

By definition the set {eg(2), €w,(2), €w, (2), €2w,(2)} is linearly independent.

P12 DPiz P13 D23
eo(2) 1 1 1 1
ewy(2) || 0 * *
€w, (2) 0 0 *
€2m,(2) || O 0 0 *
In particular, since we have
(517> €y (Z) = Me, (Z) — My (p12) = Swy (Z) — Sy (plQ)

we can actually compute e, (p1;) and e, (p’{j) as

€, (P1j) = —(1+ a1)(1 — az/a;)(1 — araz2a;),

€, (P1;) = —a7 'ay (14 a1)(1 — araz/a;)(1 — azay),
which will be used in §6.3.

(5.18)

Proposition 5.2. The set {eg(2), €w,(2), €m, (2), €2w,(2)} forms a basis of C-vector
space Fo, i.e.,
Fa =Cey(z) ® Cewy (2) ® Cew, (2) ® Ceaw, (2).

In particular, dimc Fo = 4.
5.3.2. The basis {g(a1;2),g(az; z),g(as; 2), G(z)} of Fa.

Proposition 5.3. suppose that ai,...,as € C* satisfy a; # a; and a;a; # 1 for
1 <i<j<4. Then, the set {g(a1;z),...,9(as;2)} forms a basis of C-vector space
Fa, t.e.,

F2 = Cg(ar; z) & Cg(az; z) & Cy(as; z) @ Cy(ay; 2).
In particular, dimc Fo = 4.
Proof. Since we already know that g(a;z) € Fa, it suffices to prove that the set

{g(a1;2),...,9(as;2)} is linearly independent. From the expansion (5.12) of g(a; z)
in terms of my(z), we have

(a1 —|—af1)3—2 —(aq +af1
133

glas; 2) ( )? + ( ) ar+art =1 mo(z
glaz;2)| _|(az+a3')* =2 —(az+ay')? + (az+a3') az+ay' —1|| me,
glaz;2) | |(as+a3')* =2 —(as+a3z" )+ ( 51) aztazt —1|| M,
glas;2)] |(as+a;')? =2 —(aa+ag")? + (as+a;') as+ag’ —1][maw,(2)

The determinant of the above transition matrix is computed as

(a1 +a;' =2 —(a+a;)?+ (e +a7h) artart —1
(a2 +a;')® =2 —(a2+a3') + (a2 +a3}) az+ay —1
(a3 +a3' ) =2 —(az+a3')* + (a3 +a3') aztaz' —1
(e +a;')® =2 —(as+ay')?+(as+ay') astay’ —1



(a1 +a;")? (a1 +a7h)? a1 +a;t 1
—1\3 132 -1
= (a2 + a2_1)3 (a2 + 0y )2 Gz + a2_1 ! (by elementary row operations)
(as+a3)° (az+az)® as+a; 1
(as+a;")? (aa+azh)? as+a;t 1
= H (aj +a; ' —a; +a; ") (by Vandermonde determinant)
1<i<j<4
= H e(aia a’j)a
1<i<j<4

which is divisible by e(a;, a;) (1 < i < j < 4). This implies that the above determinant
does not vanish if and only if a; # a; and a;a; # 1 for 1 <14 < j < 4. Therefore we
obtain the fact that the set {g(a1;2),...,g(as;2)} is linearly independent. O

Let p;; € (C*)? be the point defined in (5.14). From the definition (5.11), g(ax; 2)
is evaluated as

9(ar; pij) = e(ay, a;)e(ax, aj)e(ar, aa;)
=a; (1 — aga;)(1 — aga; ') (1 — aga;)(1 — akaj_l)(l —aga;a;)(1 —aka; "a; -,
so that we have
(5.19) g(ai;pij) = g(a;j;pij) = 0.
We now define the function G(z) € F; as

L 9(aq; p23)
G(2) = g |9(as;2) = a.ig(auZ)
(5.20) [Ti=y e(as; ai) g(ay; plj( o glas; p12)
oo ) glagipra) @57

which will be used later.

Remark. The function G(z) seems to be very important for the integral of type Gs.
In fact the elliptic version of the function G(z) plays an essential role in research of
the elliptic Gustafson integral of type Ga. See [10].

Lemma 5.4. The function G(z) satisfies
(5.21) G(p12) = G(p13) = G(p23) = 0.
and
ovgr —1v/1 N .
(5.22) Glow) = (I—a7)(1—aga; )(1 agafl)(l alagaf)l(l a1asay) .
(1 —a1)(1 —aga3)(l —ajazas )(1 —ajasay )(1 — arazas)

Proof. By the definition (5.20) of G(z) we immediately have (5.21). (5.22) is due to
a direct calculation. O

Remark. For an arbitrary € C*, we can confirm
(1—a?)(1 —azx ) (1 —azz™ ) (1 — a1a22)(1 — a1a3w)
(1 —a1)(1 — azaz)(1 — ajagaz *)(1 — arazay ') (1 — arazaz)’

We see that (5.22) is only a special case corresponding to @ = a4 of (5.23). This is
something interesting since the definition of G(z) depends on ay.

(5.23) Gl(ay/z,x) =



Corollary 5.5. Let p}; € (C*)* be the point defined by (5.15). Then we have

(5.24) g(a1;p}y) = glaz; pjy) =0
and
(525 Glois) = Glppy) = ———za@) (el —a)

(1 —ajazasz ")(1 — ajazas)  aiage(aras,as)’

Proof. By the definition (5.11) we can immediately confirm (5.24). (5.25) is a special
case of (5.23) corresponding to x = as/a. O

From the arguments above the set {g(a1;2), g(az; 2), g(as; 2), G(z)} also forms a
basis of C-vector space Fa, i.e.,

Fo = Cg(ay; z) ® Cg(az; 2) & Cg(as; z) & CG(2).

P23 P13 P12 Pio
glar; z) || = 0 0 O
glaz;2) || O 0 0
glas;2) || O *
G(z) 0 0 =

5.4. C-vector space F;. By the definition of (5.10) of F,,, we have
Fu= (Cmo(z) D mez (Z) D (mel (Z) D Cm2w2 (Z) D (me1+w2 (Z) @ (Cmng (Z)
® Cm2w1 (Z) ® (me1+2w2 (z> @ C777’41712 (z>7

so that dim¢ F4 = 9. Here we construct a basis of the C-vector space Fy.

We use the abbreviation
(5.26) 9ij(2) = gl(ai; 2)g(ay; 2).

We denote by ijk(z) the function G(z) € F, substituting a1 — a;, a2 — a;, as — ax,
a4 — a; in its definition (5.20), i.e.,

i 1 .
G;]k(z) = glay; z) — wg(% 2)
(5.27) e iy €lass am) 9(ai; pjr)
| g(al;pik) g(al,p”)
— ——=9(a;;2) — ——=%g(ak; 2
g(aj;pik)g( %) g ak;pij)g( ki %)

As we saw in (5.21), we have
G (piy) = G (pin) = G (pj) = 0.

Moreover, if we set

G1(2) = g(a1; 2)G3* (2),
(5.28) Go(2) := glag; 2)GE3¥4(2),
Gs(2) := g(as; 2)G3*(2)
then G1(2),G2(z),Gs(z) € Fy, and by definition we have
G1(pij) = Ga(pij) = G3(pij) =0 (1<i<j<4).



From (5.24) and (5.25), we have

(1—a3)(1 - ad)

G * _ Lk G234 * _
1(p33) = g(a1:p33)G5>" (P33) e(al’as/@)e(al’@)e(al’%)a2a3e(a2a3,a4)’

Gl (pTB) = 07 Gl (pikg) =0.

P34 D24 D14 P23 P13 P12 P33 DPis DPia
g12 * 0 0 0 0 0 0 0 0
913 0 * 0 0 0 0 0 0 0
923 0 0 * 0 0 0 0 0 0
(5.29) gia | O 0 0 * 0 0 * 0 0
924 0 0 0 0 * 0 0 * 0
g34 || O 0 0 0 0 * 0 0 *
G 0 0 0 0 0 0 * 0 0
Go 0 0 0 0 0 0 0 * 0
Gs 0 0 0 0 0 0 0 0 *

From the argument above we have the following:

Lemma 5.6. The set {g;;(2)|1 <1i < j <4} U{G1(2),G2(2),G3(2)} forms a basis
of C-vector space Fy, i.e.,

3
Fi= @ Cyi(z) o @PCCi(2).
1<i<j<4 i=1

In particular, dimc Fy = 9.
6. GUSTAFSON INTEGRAL (ASKEY—WILSON INTEGRAL OF TYPE G2)

In this section we give an alternative proof of Proposition 1.1 for Gustafson’s g¢-
integral of type Gs.

6.1. Gustafson integral of type Gs. Let ®(2) be function of z = (z1,22) € (C*)?
defined by

(6.1) O(2) == Dy (2)® 1 (271),
where 271 = (271, 25 ') and
(I)+(Z) — (ZQa 2122, legv 21, le%? Z%Z%, q)oo
[Tz, (anz2, apz1 29, ax2122; @)oo

We define I(ay,as,as,aq) as

1 le dZQ
I(a1,a9,a3,a4) := ————— P(z)——,
(a1, a2, a3, a4) (2my/—1)2 //Tz ()21 22
and also define P(aq,as,a3,a4) as
P(ai,az,a3,a4)

222 2

(6.2)  (afa3a3ai; @)oo ﬁ (ai;q)oo H 1 H 1

(01020304 @)oo 13 (05 D)oo | i (0055 0)00 | 22 ) (@i05083 Q)0




Using (a1, as,as3,a4) and P(aq,as,as, ay) Proposition 1.1 is stated as the following

Theorem 6.1 (Gustafson [5, 6]). Suppose that ar, € C* (1 < k < 4) satisfy |ag| < 1.
Then,
12
(43 9)%
The aim of this section is to give an alternative proof for the above theorem. One
of key steps for our proof is the following.

I(a17a27a37a4) - P(a17a27a37a4)~

Proposition 6.2. I(a,as,as,aq) satisfy the following q-difference equation.

4
(6.3) I(qay,az,a3,a4) (14 a1)(1 — qa?) [Tiza(1 — a1ai) H2§j<k§4(1 — a1ajax)
’ I(a1,a2,a3,a4) (1+ arazazaq)(1 — qaiada3al) .

Proof. We state the detail later in §6.3 O

Remark. Proposition 6.2 is also obtained as a corollary of Theorem 7.2 for the
Nassrallah-Rahman integral of type G2 defined in §7.1. See Remark of Theorem 7.2.

Once we had the recurrence relation (6.3) of Proposition 6.2, by repeated use of
(6.3) we have the following.

Proposition 6.3. I(a,as,as,as) coincides with P(ay1,as2,as,as) up to a multiplica-
twe constant, 1.e.,

(64) I(a1,a2,a3,@4) :Cp(a17a27a37a4)-
where ¢ is some constant independent of a1, as,as, ay.

Proof. From (6.2), P(a1,as, a3, ay) satisfies the same ¢-difference equation as (6.3),
and (6.3) is symmetric with respect to a1, as, as, as. This implies
I(a17a27a37a4) I(qalaanaqa3aqa4) . I(qNa’lﬁqNa27qNa’3ana4)

6.5 = = lim
(6:5) P(ai,az,a3,as)  P(qai,qaz,qas,qas) N—oo P(qNai,qNaz, qNasz, qNay)

From (6.2) we have

(66) 1\/151100 P(qNah qNa27 qNa?n C]Na4) =1

On the other hand, if we set ¢ as

c= lim I(qNal,qNaquas,qNazl)
N—o0

1
= W//2(2272122;2123721721237Z%Z%Q)oo
- T

-2 ,_-3.

dz1 dz
-1 _-1,-1 ~1_-2 _—1 _—1_-3 1022
X (25 1321 29 2] Ry Sy 21 2] 2y 321 %5 1Q)eo— ——

2 2z

then, from (6.5) and (6.6), we obtain (6.4). O

It is necessary to compute a special value of I(a1,ag, as,aq) for proving that ¢ in
(6.4) is equal to 12/(q; q)%,. Here we compute 1(1,0,0,0).



Lemma 6.4.

1 — -1 _— _2 _ le dZQ
1(1,0,0,0) = (%7 /jl)g/\/er(Zlvzlzgvz%Zg);Q)oo(zl R o 3;q)007172
_ 6
(9%

Proof. We state the detail in §6.4. For its proof we use the triple product identity
(2.5) of Jacobi’s theta function. O

Proof of Theorem 6.1. From the definition (6.2) of P(aq,as,as,as) we have

1 1 1q) oo 1
P(].,0,0,0) = 1 = = (q’Q) =35

(—1,4%, 0% Q)00 2(=4,4%,—0%;@)00  2(¢,~4,47,—G7; Q)0 2

Combining this with Lemma 6.4, we can compute ¢ in Proposition 6.3 as

oo 10,0,0,0) _ 6/(g:9)5 _ 12

P(1,0,0,0) 1/2 (:9)%°

From (6.4) this concludes our proof of Theorem 6.1. O

6.2. g-Stokes’ theorem.

Lemma 6.5. Let Fi(z) and F_(z) be functions specified as

L (Z%ZS)_% Hi:l(l —arz122)(1 — apz123)
F ) = )T a0 - o) - 2 ) - 22

and

F_(z) = Fy (=)

©n  _ (2323)% [Ty (1 — arzy 25 ) (1 — akzi '25%)
(=22 (=2 2 )1 — 2 (A — 2 23 °) (1 — 27225 °)

Then, it follows that

Tyo®(z)  Fi(2)
(6.8) d(z) _Tq,sz— (2)




Proof. By the definition (6.1) of ®(z) we have
Ty ®(2) _(1—(g2123) (A — (qzi23) 1)1 — (¢°2123) ")
D(z) (1 —2123)(1 — 2§23) (1 — qzi23)
(1—(gz122) (A = (gz123) (A = (gz1) ")
(1 —2122)(1 — 2122)(1 — 21)
(1 — arz122)(1 — agz123)
(1 —ar(gz122) 7)1 — ak(qz123) )
1 (1= (gz122) (1 = (g2123) ")
(1= 2122)(1 — 2123)
(1—(gz1) (A = (gz123) (1 — (¢*2123) ")
(1= z1)(1 = 2123)(1 — 2723)
" ﬁ (1 — arz122)(1 — arz123)
o (1= ar(gzize) 1)1 - ap(gz122)~1)’

X

o P

X

k=1

= — (qz128)~

X

This implies (6.8). O

We denote by M((C*)?) the C-vector space of meromorphic functions on (C*)?2,
and by O((C*)?) the C-vector space of holomorphic functions on (C*)2. For each

function ¢(2) € 27 ./\/l(( *)?2) = {zéf(z) | f(2) € M((C*)?)} we define the function
Vp(z) b

(VO)(2) = Fi ()T 0(2) + F- ()T A p() € M((C)?),
and Vgymp(z) by the symmetrization of V(z):

(Vayme)(2) == Y w.(Vep(2))

weWw
= 3 w (P Tiaec) + F()Tide(2) € M(C)Y,
weW

where M ((C*)?)" denotes the C-vector space of W-invariant meromorphic functions
on (C*)2. For f(z) € M((C*)?) we use the notation

d21 d22

) = G [ e 22
In particular, we have (1) = I(ay, as, a3, aq) and <alg(a1; z)) = I(qay, a9, as3,a4).
Lemma 6.6 (g-Stokes’ theorem). Suppose that |ax| < 1 (k = 1,2,3,4). Then, for
o(z) € 22%(9((@*)2) we have

(Ve(z)) =0,
and
(Vsyme(2)) = 0.

Proof. From (6.8) we have

(6.9) Ty (B F()T0 5 0(2)) = —0 () Fe ()T p(2),



and from (6.7) we have

_1 3 _ 1
Q(2)F_(2)Tq,20(2) = 2125 Tg, 5, 0(2) P4 (2)
o i N L S N L e o L) I

4 —1 —-1_-1 —-1_-2,
Hk:l(akZQ , Qg2 29 ,0k4Zy 29 aQ)oo

(6.10)

Since we have zlzéTq_,Z%lap(z) € O((C*)?) from p(2) € 22%(’)(((:*)2)7 if |ag) < 1
(k = 1,2,3,4) and z, is fixed as |z2] = 1, then the right-hand side of (6.10) as a
function of z; has no poles in the annulus |g| < |z1| < 1. Thus, by Cauchy’s integral
theorem we have

<27r1F2 JL 7o (‘1><2>Ff<z>Tq—é@<z>) it
dzy > %

(ZWF 2 /|z2| 1 \Jjz1 = |q| F-(z )Tq’zlw( ) 21 ) 22

(from variable change 2] = qz1)

vl
( O(2)F- (Z)T;iso(z)dzl) dzs

|z1|=1 Z1 22

(6.11)
(271-\/72 |z2|=1

(from Cauchy’s integral theorem)

le dZQ
)Ty =
= o L pOr e 2

Combining (6.9) with (6.11), we obtain

1 le dZQ

(Ve(2)) = m //T <I>(z)(F+(z)Tq%21¢(z) + P () Tyl ))7172 =0

Moreover, since ®(z) and %dzﬁ are WW-symmetric, we compute

le dZQ
vs m sym -
Terno(2)) = s [ 200 Tapmpla) 22
le ng

e (X - (P Tt D+ P OT ) ) 2 E
=ﬁ2// . (#6) (PO ol0) + (o) T o)) 222

dz1 dzso
Fy( 2 F_(2)T,,2 ——=
- T }// (+ Thole) + P (T () 22

1 dzy dzo

17 F_(2)T,.7 —

(%FQE://W Thiole) + F-(ITiho()) T2

=0,
which completes the proof. O

We set Wy = (s2,wg) C W, where wg = (5152)% is the longest element of .



Lemma 6.7. Suppose that ¢(z) is a Wy-invariant function, i.e., s2.0(2) = ¢(z) and
wo.p(z) = p(z) Then, Vymp(z) is expressed as

(6.12) Veyme(2) = 4ZFk
where Fi(z) and oi(z) (k=0,1,...,5) are given as
1
(6.13) Fi(2) = (s152)" . Fi.(2),  9u(2) = (5152)" Tz, 0(2).
Proof. From the definition (6.7) of F_(z), we have
FL(2) = Fu(z7Y) = (3152)° Fi(2) = Fy(2),

Since ¢(z) is an invariant with respect to wy = (s182)% € W, i.e., p(z71) = ¢(2), we
have

_1 1 1 _ _ _
To20(2) = a2 21, 22) = @q%21 ', 251) = po(271) = (s152) 0o (2) = 3(2),
so that Vi(z) is expressed as

Vo(2) = ()T, (2) + F_(2) Ty o(2) = Fo(2)po(2) + Fa(2)¢s(2).

Thus we obtain

Vame(x) = 3 w.(Ve() = 3 w.(Fo(2)po(2) + Fa(2)¢a(2))

weWw weW
=2 > w.(F(2)po(2)).
weW

Then, using the expression (5.1) of W,

6.11)  Vemelz _zzm (Fo(2)e0(2) + s2-(Fol=)e0(2)))-

Since ¢(z) is an invariant with respect to so, i.e., (21, 22) = @(2123, 25 1), we have

1 1 _ 1

s2.00(2) = $2.0(q% 21, 22) = (a2 2123, 23 ') = p(a? 21, 22) = o (2).
Since Fy(z) = F4(z) is also an invariant with respect to sq, using this we see that
(6.14) implies Vgymep(z) = 422:0(5152)k.F0(z)ap0(2). O
6.3. g-Difference equations — Proof of Proposition 6.2.

Lemma 6.8. Fori=0,1 it follows that
_1 1 ,
Veym(zs * +25) (22 + 2 )’
4
The explicit expressions of (6.15) are given by

(6.15)

€ Cmo(z) ® Cmg, (2).

_1 1
VSyIn(ZQ 2+ 222)

(6.16) - = (Ey — Ey) [(Eo 4 E))sm,(2) — (By + o + E?,)} ,
and
(6a7) Yomlza T f)(@ 2 ) (p-my [(Bo+ E1)sw, (2) = (Ey + B + E)]



where E. (r = 0,1,...,4) is the rth elementary symmetric polynomial of a,..., a4
gien by

(6.18) E,= Y aia,a,
1<iy << <4
e, Bo=1, By =a1+az+as+ay, ..., By = ajasasay.
Proof. The proof follows by direct computation and we omit the details. |

Lemma 6.9. Let ey, (z) be the function given as (5.17). If we set

_1
(619) @(Z) =22 2(1+22)e(a1,z2),
then, we have
VS m
(6.20) Vom?l2) _ pre, () + B,
where the coefficients By and Bs are given as
(6.21) By = a7 (1 —ajaz)(1 — aras)(1 — a1aq) (1 + ajasazay),
and

(6.22) B, = af2a51(1 —a1a2)(1 — ara3)(1 — araq)
' X (1+a1)(1+a2)(1—alagag)(l—a1a2a4)

Proof. Since ¢(z) is written as

1 1 1 1 1
p(2) =25 * (1 + z2)e(ar, z2) = (2 * + 25 )ar +a7') = (20 ° +25) (22 + 23 ),

by (6.15) in Lemma 6.8, we have (6.20). Combining e, (2) = 8, (2) — Sw,(p12) With
(6.20), we have

VS%W(Z) = By (Sm (2) = Say (Plz)) + B1 = By, (2) + -

Comparing both sides of the above equation using (6.16) and (6.17), we obtain
By = (Eo + E4)(Eo — Ey)(a1 + a") — (Eo + E4)(Es — E1)
= (Eo+ E) |(Bo - Ex)(ar +a7") - (Bs — By)|.
From the factorization
(Eo — Ey)(a1 +a™ ') — (B3 — Ey) = a7 (1 — a1a2)(1 — ayaz)(1 — ayayq),

we therefore obtain (6.21).
On the other hand, since e, (p12) = 0, we have By = Vgym¢(p12)/4. Using Lemma
6.7 with Fy(p12) = F3(p12) = Fa(p12) = F5(p12) = 0 and ¢1(p12) = 0, we obtain

B = Vsy%%plz) = Fo(p12)#o(p12) = Fi(P12)p(p12)
_ap! 2_% az_%(l + ag)e(ar, az) [Ty (1 — arar)(1 — araraz)
(1 —a1)(1 —araz)(1 —ai/az)(l —ara3)(1 — a2as)
_ gr2gpt (L a2)(l— @)1~ a/ay) [Thy (1 — axar)(1 — agasas)
(1 —a1)(1 —aja)(l —ai/az)(1 —a1a)(1 — alasz) ’
which coincides with (6.22). O



Proposition 6.10. For e, (z) it follows that
(6.23) ba(ew, (2)) + b1(1) =0,
where the coefficients by and by are given as
by = (1 + a1azasay),
by =a;tay (14 a1)(1+ a2)(1 — arazaz)(1l — ajazay).

Proof. Applying Lemma 6.6 to Lemma 6.9, we immediately have (6.23). Dividing
both sides of (6.20) by a; (1 —ajaz)(1—aja3)(1—ajay), we obtain the explicit forms
of the coefficients b; and bs. O

Lemma 6.11. Fori = 0,1 it follows that
Veym((2323) 7% + (:223) ) (22 + 23 '

(6.24) € Fa,

which are expanded as

Veym((2828) "7 + (:3)?)

_1
(6.25) 1 =q 7 (Ey — qB})sm, (2) + -+,
_1 1 _
626 Vol + R+ 5
=q %(Eo — qFE?) 520, (2) — 8, (2)| + -+,
where E (r =0,1,...,4) is the rth elementary symmetric polynomial of ay, ..., a4

given by (6.18).
Proof. The proof follows by direct computation and we omit the details. |
Lemma 6.12. If we put

() = (1) H (L + 2f2d)elar, )

(6.27) N
= ((32) 72 + (:223)2) (@ + a7 ') — (21 + 2571),

then, we have

(6.28) Vs%go(z) = Csg(ay;2) + Caew, (2) + C1,

where the coefficients Cy, Cy and Cs are given as

(6.29) Cs = ¢ *(1 — ga}a3a3al),

(6.30) Cy=q" 2a 2(1 — a1az)(1 — araz)(1 — ayaq)(1 + qa’azazay),
(6.31) C, = qiiaf?’a; (1 —aqa2)(1 —ara3)(1 — ajay)

x (1 —ajasas)(l — arazaq)(l +aq)(1 + qa%ag).

Proof. Applying (6.25) and (6.26) of Lemma 6.11 to (6.27) we have Vyym(2)/4 € Fo.
Then, Veymp(z)/4 can be expanded in terms of the basis of F, defined in §5.3.1,

namely

VS%QO(Z) = C39(a1;2) + Cas5x, (2) + Caew, (2) + Ch,

where C1, Cy, Cy 5 and C3 are some constants independent of z.



We first evaluate C3 and show Cs 5 = 0. Using expansion (5.13) of g(a1; z) we have

vsmeO(Z)

(6.32) .

= C3( — S9ey (2) + (a1 + a7t + 1), (2) + - )

+Cas (Swl () +-- ) + Coem,(2) + C1
= —C352w,(2) + ((a1 +a;t +1)C3 + 025) Sey (2) 4+
On the other hand, from (6.25) and (6.26) we have an expansion

Vsym(p('z)

(6.33) L

= —q % (1—gatd3a3al) [Szm (2) - ((al +ayt+ 1))swl (z)} .

Comparing coefficients of s, (z) and s24,(2) in (6.32) and (6.33), we obtain Cy 5 =0
and Cs = ¢~ 2 (1 — qa2a2a2a?).

Next we evaluate C. Since eg,(p12) = 0 and g(ai;pi2) = 0, from (6.28) we have
C1 = Vym@(p12)/4. By Lemma 6.7 with Fy(p12) = F3(p12) = Fi(p12) = F5(p12) =0
and ¢1(p12) = 0, using

1
2

Fo(2)po(z) = Fy (2)T5z0(2)
(1+g2328) (1 — a122) (1 — a1/25) [Ty (1 — ak2120) (1 — ag 21 23)

1
=g 2
q a12323(1 — z122) (1 — 2123) (1 — 21) (1 — 2123) (1 — 2223) ’
we obtain
V m p l
0 = YomEPL) _ g1 ou(pra) = B (p12) T (p2)

(1 + ga?az)(1 — ajaz)(1 — ay/as) Hizl(l —agay)(1 — agajas)
ajas(1 —a1)(1 —araz)(l —ai/az)(1 — a1a3)(1 — a?as)

which coincides with (6.31).
Lastly we evaluate Cs. Since g(a1;pis) = 0, from (6.28) we obtain

=4q

S

Cy =

1 Veym®(P12)
€y (pfz) ( 4 Cl>.

By Lemma 6.7 with F(p3,) = Fa(pis) = F3(pis) = Fa(piy) = 0, we obtain

VsymSO(PTQ)

1 = Fo(p12)¥o(piz) + F5(pi2)ws(Pia)-

Thus we have

(6.34) Cy = (Folpia)eo(pla) + F(pla)es(piz) — C1).

€y (pTQ)

From the explicit form

(1+qz1)(1 — a12123) (1 — a1 /z123) [Ty (1 — ar/22) (1 — axz122)
arz1(1— 25 V) (1 — 2129) (1 — 1/2128) (1 — 2223)(1 — 21)

Y

Fs(2)ps(2) = ¢~ %



we have

F5(pi2)es(Pi2)
— gt (1+ ga}/az)(1 — ara)(1 — a1 /az) [T,_, (1 — aras /az)(1 — axas)
ajay (1 —ay/az)(1—a1)(1—a1/a3)(1 — ayaz)(1 — a?/az)

(6.35) .
q 2 (1 — alag)(l — alag)(l — a1a4)
L, A qai/az)(1 — a?)(1 — araz/az)(1 — ajaq/az)
atay (1 — a1 /a3) ’
and in the same manner we have
Fo(pT2)eo(pha) = =2 (1 + garaz) (1 + a1)(1 — a3)(1 — a1az)
(1 — alag)(l — &1@4)(1 — a2a3)(1 — (12&4)
X 51— 5 )
a1a3(1 — a1 /a3)
Using (6.31), (6.35) and (6.36), a factor Fy(pis)@o(pia) + F5(pis)@s(pis) — Ch in the
expression (6.34) of Cy is computed as
Fo(pi2)po(plz) + F5(piz)es(pia) — Ci
_q_% (1 + al)(l — alag)(l — G,lag)(l — a1a4)
ata3(l—ay/a3)

(6.36)

x |a2(14 qayas)(1 — a2)(1 — azas)(1 — agay)

—a3(1 +qa}/az)(1 — a1)(1 — ajaz/az)(1 — ajas/as)
+a3(1 — ayasaz)(1 — arasas)(1 + ga?as)(1 — a1 /a3)
(the sum of these three terms is factored into a product of binomials)
—1 (1 + al)(l — alag)(l — alag)(l — a1a4)
! afaj(1 —ar/a3)
x a3(1 —a1)(1 = a3)(1 - a1/a3)(1 + gajazazas)

= —q*%afgagl(l — a%)(l — a%)(l —ara2)(1 — araz)(l —ajaq) (1 + qa?a2a3a4).

Since e, (ply) = —ay tay (1 —a?)(1 — a3) by (5.18), using the above identity, (6.34)

is computed as

Cy = (—l)qféal_?’a;l(l —a))(1 —a2)(1 = araz)(1 — araz)(1 — araq)(1 + qa’asazay)

% —ai1a9
(1—a?)(1—a3)’
which coincides with (6.30). O

Proposition 6.13. For g(a1;2) and ey, (z) it follows that
(6.37) cs{g(ar;2)) + colew, (2)) + c1(1) =0,
where the coefficient c1, co and c3 are given as

c3 = (1 — ga?a3a?a?),

co = a7 (1 — araz)(1 — araz)(1 — ayaq)(1 + qatazazay),



c = al_3a2_1(1 —a1a2)(1 — ara3)(1 — ajay)

X (1 —ajazas3)(l — ajasaq)(l +a1)(1+ qa%ag).

Proof. Applying Lemma 6.6 to Lemma 6.12, we immediately have (6.37). Multiply-

ing both sides of (6.28) by q%, we obtain the explicit forms of the coefficients ¢y, co
and cs. O

We conclude this subsection by proving Proposition 6.2.

Proof of Proposition 6.2. Eliminating (e, (z)) from (6.23) and (6.37), i.e.,
(6.38) 0= baca(g(ai; 2))+baca(ew, (2)) +baci (1) = bacz(g(ar; 2)) +(—brca+baci)(1).

we obtain
bica — bacy

(glar; 2)) = —=-—=—(1)
The numerator of the coefficient is computed as
bica — bacy
=a;tay (14 a1)(1+ az)(1 — ajasaz)(1 — ajazay)
x a7 (1 — araz)(1 — araz)(1 — ayaq)(1 + ga’azazay)
— (1 + aragazay) x a;*ay (1 — araz)(1 — araz)(l — ajaq)
x (1 — arasas)(1 — ajazay)(1 + a1)(1 + qatas)

= afSagl(l +a1)(1 —ajaz)(1 —aras)(l — araq)(1 — ajagas) (1 — ajazay)
X [(1 +az)(1+ qa§a2a3a4) — (14 arazazaq) (1 + qa%aﬂ}

= a1_3a2_1(1 +a1)(1 —ara2)(l —ajaz)(l — araq)(1 — arasas)(l — ajasay)

x az(1 — ajazas)(1 — qa?)
4
:a1_3(1+a1)(17qaf)H(lfalak) H (1—a1a;a,),
k=2 2<i<j<<4
and the denominator of the coefficient is bacz = (1+ajazazas)(1—qa2a3a3aj). There-
fore we obtain
_ 4
ay *(14a1)(1 - qa?) [Ti—2(1 — aray) H2§i<j<§4(1 — a1aia;)

ay;z)) = 1).
{9(a1; 2)) (1+ arasasaq)(1 — gata3a3al) (D

Since we have I(qa1, as,as,as) = (a3g(ay; 2)) and I(ay,as, as,as) = (1) by definition
of the integral I(a1,as,as,as), the above relation between (g(aq;z)) and (1) implies
the g-difference equation (6.3) in Proposition 6.2. O
6.4. Special value of the integral — Proof of Lemma 6.4.

Lemma 6.14.
1 3 .2.3 1 _—1_-3 _—2_-3 dzy dzo
(Gry=1)2 //Tz(z1,Z1z2,z1z2,q)oo(z1 V21 25,2 23 i) 0o 5

1 -1 _ -2 dZ]_ dZQ

- - (Z 2129,21% 'q)oo(z ! z 1Z L) .Q)"C 2
= ( \/7)2 ) 2, #1%2, <1%2; 2 1”1 2 »~1 ’ Z1 = .



Proof. This is confirmed by variable change w = 23 for the left-hand side. O

The claim of Lemma 6.4 is that the left-hand side of (6.39) coincides with 6/(q; q)%,
Instead of this it suffices to prove that the right-hand side of (6.39) is equal to
6/(q; q)%,. Writing the right-hand side of (6.39) as an iterated integral, we have

1 _—1_-1 _—1_-2 dzy dzy

1
W/AQ(Z2721z2,Z1Z§;Q) (Zz VB Z9 521 % ,Q)mzz

1 —1.
(640) = 27(\/_71/’]1‘(22’22 vQ)OO

/ z129, 27tz Y 2, 27 2T 2 q) ﬁ %
121 R 2:%1 %2 34)oo .
27r\/ Z1 z2

We first compute the integral of z;-variable.
2
49 - dz
( )OO (2122721 122 legazl 122 2aq)oo

2mv/—1 Jp 21
zwr/ 1

The integrand as a function of z; has the unique essential singularity at z; = 0. Using
the triple product (2.5) of Jacobi’s theta function, the integrand is expanded as

(1 =21 22 )(1 — 2 252)2f119(2122; q)ﬁ(zlzi; q)dz.

(1= 27 "2y (1 = 27 P25 D)2 021225 0)9(21235 )

oo

= (- D st Y ()@ -,

m,n=—o0

so that the residue (the coefficient of zfl) is equal to the sum of A, B,C written
below.

A= Z Zg+2mq(3)+(?): i z2q +(2) Z -

n+m=0 m=—00 m=—oo
D I CUCE SF RS VENE
n+m=1 n+m=1
) i )
= Z (Z?+Z£n_1)q( 2 )+(2) = Z (Z;n_i_Z;m—l)qm(m—l)7
m=—0o0 m=—o0
C—z23 Z Z;+2mq(g)+(’;): Z n+2m 34 Z o 25 +(7)
n+m=2 n+m=2 m=—oo
> 2
_ Z Zgn—lq(mfl) )
m=—o00

Therefore we obtain
2
(CI%q)oo 2 —2 le
(21227,21 z5 ,2122721 z2 1q) 0o

27‘1’\/71 z1
oo 2 o0 B .
2 3 3 G

m=—0o0 m=—0o0

(6.41)



From (6.40) we have

1 ,-1,-1 ,—1,-2 dz1 dz
// 2272122,2122&) (237521 25,21 %3 @)oo
277\/ T2 21 %2

((1761)0o 1
- 22,29 ;4)cc
27_‘_\/_71 'JI‘( 2y <9 Q)
(¢:9)% 1,-1 12 dz \ dzo
(6.42) X (m (2122, 27 25 Y 2125, 27 P25 2 @) oo o

1 1 —2 .
= m/}y(@ 2y “)0(22;q)

(Q§Q)2 -1 -1 2 —1_-2 le
X <27r\/% T(zlzz,zl 2y, 2125,71 %3 3 q)oo = dzs.

From (6.41), the above integrand as a function of z3 is expanded as

(' ==7) Z (—22)nq(3) (2 Z zq" Z (29" + 25"~ qm(ml)>
& 00
= 3 (—2)"g) (2 D A ) VL Z 3)qm<m—1>))

whose residue (the coefficient of z; ') is computed as

) Z +m +2 Z n+1 +m2

n+m=0 n+m=1
+ Z +m(m 1) + Z (_1)n+1q(g)+m(m—1).
n+m=0 n+m=2

Using the triple product (2.5) again, we obtain

o oo

P A B G O S CR S

n+m=0 n=—oo n=—oo

=9q:¢*) = (0.4% 6% ¢*) 0 = (¢:0) 0>
DRGSO ST DR SR O

n+m=1 m=—00 m=—o0
= (¢ @) o0s
3 (g = 5T (gt = §T (g2)ngd)
n+m=0 n=-—oo n=—oo
=9(¢*¢*) = (*,0.6%:¢*) oo = (€5 @)oo
o0
Z (_1)n+1q(g)+m(m—1) _ Z ( 1)n+1q() (n—1)(n—2)
n+m=2 n=—oo
> n—1
=Y (0" =9 d) = (9



Consequently, the left-hand side of (6.42) is written as

_ — _ le dZQ
271_\/— // 2272122,2’12’;‘1)00(22 1721 1Z2 ! ) 21 122 Q’q)mzz = 6(¢;¢)oo>

which is our claim of this subsection.

7. NASSRALLAH-RAHMAN INTEGRAL OF TYPE G

In this section we define the Nassrallah—Rahman integral of type G2 extending the
Askey-Wilson integral of type Gy (Gustafson’s integral), and discuss two g-difference
equations for the Nassrallah-Rahman integral of type Gs.

7.1. Nassrallah—Rahman ¢-hypergeometric integral of type G5 — Definition
and Results. Let ®(z) be function of z = (21, 22) € (C*)? defined by

(7.1) B(2) = 1 (2)P4 (27,
=

2 3 .2.3.
P _ (22,2120, 2123, 21, 2125, 21251 Qoo , 1 —1 -1, 2.
+(Z)_ 5 5 (qas 22,4ag 2122,(0Gg 21227Q)oo
[I—:(anze, apzi22, 212353 q) oo

We define J(a1, as, a3, a4, as, ag) as

where 2z .25 1) and

1 le ng
J(alaQQaQSaa4aa5aa6) = m ‘//T2 @(3)7172

One of the main result is the following.
Theorem 7.1. Under the condition ajas---ag = —1, the integral J(ay,...,as) sat-
isfies
(7 2) Clj(qalv a2, a3, a4, a5, a’6) + C5J(a17 a2, a3, a4,qas, a’6)
. +CGJ(a17a27a3aa4va57qa6):0

where the coefficient Cy, Cs, Cg is given as

6 4
1
O — 2 1 _ 2 _ 2 1 _
1=0a1(1 —a1)(a5 — a5) H 1—apay H( akasas),
k=1 k=2
6 1 4
— 42 2 2
Cs = a3(1 —as)(ag — a1) H T apas H(l — aja1ag),
k=1 k=2
6 1 4
_ .8 2 2
Cs = ag(l —ag)(a7 — a3) H T aras H(l — agaias).
k=1 k=2
Proof. The proof will be given in §7.3. O
The other result of this paper is the following:
Theorem 7.2. Under the condition ayas---agq = —1, the integral J(aq,...,ap)
satisfies
(7.3) CseJ (a1, az,as, as, qas, qag) + Ci6J(qar, az, az, as, as, qas)

+ Ci15J(qai, az, a3, a4, qas, ag) = 0



where the coefficient Csg, Cig, Ci5 is given as

(1—a3)(1 —qa) (1 — qayas)(1 — qaiae)
(1—a1) (1 —ai/a2)(1 - ai/af)

(1—ajay) H (1 —aia,a;),

2<i<j<4
(1- a%)(l - qag) (1 —qasa1)(1 — qasag)

Cs6 = a1

X

-

kol
/|
N

Ci6 = as
(1—as)  (1—a3/a})(1—a3/a)
X H(l — a5ak) H (1 — a5aiaj),
k=2 2<i<j<4
Cps = (1 —ad)(1 - qa§) (1 — qagar)(1 — qagas)
ag(l—ag) (1 —ag/ai)(l—a/a?)
4
X H(l — aﬁak) H (1 — aﬁaiaj).
k=2 2<i<j<4
Proof. The proof will be given in §7.4. ]

Remark. As a corollary of Theorem 7.2, when we consider the limit as — 0
(ag' — 0), the g-difference equation (6.3) in Proposition 6.2 for Gustafson inte-
gral I(ay,as,as,aqs) can be obtained from (7.3). Here we confirm this fact. Under the
condition ajas - - -agqg = —1, if a5 — 0, then we have the limits

—1
J(a17a27a3aa4aqa5aqa6) = J(a17a27a37a47qa57 —Qy QA ) — I(a17a27a37a4),
—1 —1
J(qal,aQ,ag,a4,a5,qa6) = J(qa17a27a37a47qa57 —Qy 'a5 ) — I(qal,GQ,GS,(M)a
-1 -1 —1
J(qa17a27a37a47qa57a6) = J(qa17a27a370’47q0’57 7q al o 'CL5 ) — I(qal7027a37a4)7
so that we have
asCsel(ay, az, a3, as) + a(Cis + C15)I(qar, az, a3, as) = 0.

where the coefficients agCsg, agChg, agCrs are computed as follows.

(1 —a?)(1 —qga?) (1 - qaras)(1 — qarag)
(1—a1) (1 —ai/a?)(1 - ai/af)

asCs6 = a1ae

4
X H(l — ajay) H (1 - ara;a;)
k=2 2<i<j<4
oo (= a1~ ge?) (1 - quras)(1 —1/garac)
U —a) (- @)1= dad)
4
X H(l — ajay) H (1 —aia;a;)
k=2 2<i<j<4
4
2 2(1 - a%)(l - qa%)
— qazag a—a) H(l — ajag) H (1—ara;a;)
k=2 2<i<j<4



4

(1+a1)(1 — gai)

= a2a2a2a2 1 H(l — alak) H (1 — alaiaj)7
qa1aza3ty k=2 2<i<j<4

(1 —a2)(1 —qa?) (1 — qasar)(1 — qasag)

Cho = >
TN T e (U-a3/a])(1 - a¥/a})
4
X H(l — asay) H (1 —asa;a,)
k=2 2<i<j<4
qa2d? (1 —a2)(1 —qa) (1 — gasa1)(1 — 1/qasas)
(1 —as) (1 —az/a?)(1 — a3/a3)
4
X H(l — asag) H (1—asa;a,)
k=2 2<i<j<4
s —ga2a2(1 — 1/qusag) = — LT 91020304)
A T R T T ek aga3at

(1 —ag)(1 — gqag) (1 — gaga1)(1 — qagas)

C =
T a1 ae) (U af/af)(1~af/a})
4
X H(l — agag) H (1 — apa;a,)
k=2 2<i<j<4
_ Parasad (1—1/a2)(1 —1/qa?) (1 —1/qasa1)(1 — 1/qasas)
—ag/aia3 (1—1/ag) (1—a?/ad)(1 - a3/af)
4
x aSa3asal H 1—1/agayr) H (1—1/agaiay)
k=2 2<i<j<4
533333 3(1—1/ag)(1—1/qa3) (1 - 1/qasa1)(1 — 1/qasas)

= —(@~a7a5a30,050¢ (1 _ 1/06) (1 — al/a6)(1 — a5/a6)

4
< [ -1/asar) ] (1-1/asaia))
k=2

_ (1 1/ad)(1 ~ 1/ga3) (1~ 1/gasa)(1 — 1/qagas)
(1—1/as) (1- al/aﬁ)(l - as/%)
4
X H(l—l/agak) H (1—-1/asa;a;)
k=2 2<i<j<4

— (1 —1/qasas) = (1 + arazasay).

if a5 — 0, consequently we have

4
1+a1)(1— ga?
asCs — ( a2c)lga2a2 1) H(l - alak) H (1 - alaiaj)’
qayaszazay k—2 2<i<j<4

Therefore,

(1 + a1a2a3a4)
aGCIG - = 2 2 9 9 )
qajazazay

a6015 — (]. + a1a2a3a4),



ag(C1e + C15) — (1 — qaZa?)(1 — 1/qasag) = —qazai(1 — 1/qa2al)(1 — 1/qasag)

(1 + ala2ada4)(1 - qa1a2a§ai)

2
qa1a2a3a4

Therefore we had the following from

4
I(gay,as, a3, a4) (1+a1)(1 — qa?)
= (1—-aia;) (1—-aiajag),
I [T 0o

I(ay,as2,a3,a 1+ ajasasaq)(l — ga?a2a2a?
(132a334) (+1234)( Q1234i:2 9<jk<d

which coincides with the ¢-difference equation (6.3) in Proposition 6.2. O

Under the condition ajas---ag = —¢q, we want to find the system of g-difference
equations for J(a1,as,as,as,as,as). Since ag is written as ag = —q(ajas---as)~*
J(a1,a2,as,a4,a5,a6) is equal to

o o .
J = J(al, 42,03, 04, a5) = J(ala az, a3, aq,as, _Q(alaQ e a5) )7
which we regard J as a function of (a1, a2,a3,a4,as5). If we consider the result in

Theorem 7.1 under ag — ¢~ ‘ag, and that in Theorem 7.2 under ag — ¢~ 2ag, then we
immediately have the following:

Corollary 7.3. Under the condition ayas - - - ag = —q, the integral J (a1, as, a3, a4, as)
satisfies the system of first-order simultaneous q-difference equations of rank 2 as

Tq7a1 (ja Tq,ag, j) = (j, Tq7a5 j)A

where the 2 x 2 matriz A is given in terms of Gauss matriz decomposition as

(s 0)(61)

Here the entries a, B, v and § are given as o = =T Tl (Ce/Ch), B - T-L(C5/Ch),
v= T, a6(016/056) and § = a6(015/C'56), respectively.

Remark 1. The determinant of the coefficient matrix A is given as

q ag (CG/Cl)
(015/056).

Remark 2. Eliminating T}, aQJ from this system, the second order ¢-difference equa-
tion for J can be obtained.

det A=a/d =

7.2. g-Stokes formula.
Lemma 7.4. Let F(z) and F_(z) be functions specified as

) s 611—az1z2 1— apz123
(7'4) F_,_(Z) (leg) ’ (1 — 2’12’21)_([]1C (2122)(11 - Zig(l - 2122)()1 o leg)

Then, it follows that
T,.0() _ Fi(2)
P(z) Ty F(2)

F_(2)=Fy(z7h).



Proof. By the definition (7.1) of ®(z) we have
Ty ®(2) _ (1—(g2122) 1)1 — (g2123) 1) (1 — (qz1) )

d(z) (1= 2122)(1 — 2122)(1 — 21)
o (L= (g2128) 1) (1 — (g2723) 1) (1 = (¢°2223) ")
(1 —z123)(1 — 2£23)(1 — q2723)
% (1_‘1%‘ (gz122)” )(1—(1% (gz123)7")

(1 - qag ' z122)(1 — qag 'z123)

5
H 1 — ARp2122

(1 —ar(gz122)1

1 —apz123)
1 —ax(qz125)71)
3 (1= (gz122) (1 — (¢2123) ")
(1= 2122)(1 — 2123)
(1= (gz1) (A = (gz123)" (1 = (¢*2723)"")
(1= 21)(1 = 2125)(1 — 2725)
6 (1 —apz120)(1 — agz123)
% I£I1 1 —ar(qz122)~ 1) (1 — ar(qz123)~1)

\/\/
—_ | — |~

= —(qzi23)

X

This implies Lemma 7.4. |

We remark that if we change the definitions of ®(z) and F(z) in §6.2 to (7.1)
and (7.4) in this section, respectively, then the same arguments as g-Stokes’ theorem
(Lemma 6.6) and Lemma 6.7 hold.

7.3. g-Difference equation — Proof of Theorem 7.1. From the definition (7.1)
of ®(z), we have
T(I akq)( )

) Ty 0 ® _
i) =alolmss) (h=1.23.45) Taas®2) 53 g(ag: )

®(z)
so that

J(qa1, a2, a3, a4, as, ag) = ai(g(as; 2)),
2(g(as; 2)),
J(a1, a2, a3, a4, a5, qas) = ag *(g(as; 2))-

Taking account of symmetry of parameters, Theorem 7.1 is equivalent to the following;:

J(ala az,as, a4, qas, (16) =a

Proposition 7.5. Under the condition ajas---ag = —1, the integral J(aq,...,ap)
satisfies
(7.5) Ci(g(a1;2)) + Ca(g(az; 2)) + Cs(g(as; 2)) = 0,
where
(7.6) o — aj(1—ay)(a3 — a3) ﬁ 1 — apasaz

' (1 —a3as3)(1 — aza3) A 1—agar ’
(7.7) Cy = a3(1 — az)(a3 — a?) ﬁ 1—apayias

(1 —a2as)(1 —aja?) i 1—agas ’



(7.8) O a3(1 — az)(a? — a3) ﬁ 1 — agaias
' 8 (1 —a2az)(1 — ara3) 1—agas

k=1
The aim of this subsection is to prove Proposition 7.5. Before proving it we show
two lemmas.

Lemma 7.6. Fori=0,1,2 it follows that
o1 1
Veym(22 + 25 1) (25 7 + 23)
4
The explicit expressions of (7.9) are given by

(79) € F3

_1 1
Veym (29 * +23)

(710) 1 - (SO + SG)(SO - SG)SW1+W2 (Z) + - )
_1 1
) Yemat )t v
' 4
= (So + S6)(So — 56) 53w, (2) + 08y 4wy (2) + -+,
_1 1
(712) Yom(ztzm Pz )
' 4
= (S0 + S6) | (S1 = 58300 (=) + (S4 = Sz + S0 = 6) | sebema () -+
where Sy. (r = 0,1,...,6) is the rth elementary symmetric polynomial of ay,...,ag
given by
(713) Sr = Z gy Ay = * - Qg
1<i1 <+ <in<6
e, So=1, 8 =a1+ - -+ag, ..., S¢ =a1---ag. In particular, under the condition

0,1(12"'0,6:71

it follows that

1

RN 2
Vo t2 Mo 12) cp (20,1,9).

4
Proof. We can confirm (7.10)—(7.12) by direct calculation. Since all of the coefficients
of $30,(2) and S, 1w, (2) in the right-hand sides of (7.10)—(7.12) have the factor
So + Sg, under the condition ajas - --ag = —1, i.e., Sp + S¢ = 0, we obtain (7.14). O

(7.14)

Lemma 7.7. Suppose that ajas -+ -ag = —1. Put
_1
©(2) = 25 2(1 + z2)e(a; z2)e(az; z2)
=2, 2(14 22)(1 —a122)(1 — a125 ) (1 — apze) (1 — azzy Haj tay
Then, Vsymp(2)/4 is expressed as

vsym@(z)
4
where the coefficients c1, ca, c12 are given as

_ 2g—tg—2 (LT a2)(d +as)(1 — azas)
(716) ‘= 12 3 (1 - al/az)(l — al/agag)

(7.15) = c1g9(a1; z) + cag(ag; z) + c12G(2) € Fa,

6
H(l — akag)(l - ak:aQaS)a

k=4




6
_ _ 1+a1)(1+a3)(1—a1a3)
7.17 ey = ajtdla 2 1 —aga1)(1 —agaqiag),
( ) 2 1 23 (17012/&1)(17&2/011&3) Ig( k 1)( kA1 3)
(7.18) Cla = afzagg(l +as/a1)(1 —ara2)(l — ajasas)(l — araz/as)

6

X H(l —agay)(1 — agas).

k=3

Proof. We set ¢(2) = Vsymp(z)/4. Since ¢(z) is expanded as

~1 1
p(2) = (27 +25) (2 + 252 = (A1 + o) (za + 25 1) + M ds +2)|, Ai = ai o)t
From (7.14) of Lemma 7.7, under the condition ajas - - -ag = —1, we have ¢(z) € Fa,
namely we have the expansion as

P(z) = crg(ar; 2) + caglas; 2) + caglas; 2) + c12G(2),

where ¢, co, c3 and c15 are the constants independent of z. From the vanishing prop-
erties of g(a;, z) and G(z), we immediately have

¢(p23) ¢(p13) _ ¢(p12) _ #p(plp) — csg(as; pio)

G(pi2)

1 = , C2 = , C3 = , C12 =
g(a1;p23) g(az;p13) g(as;p12)

We first evaluate c¢1, co, c3. From Lemma 6.7 ¢(z) is written as

5
3() = Yt - S G,
k=0

If Z = pij (i.e., Z9 = aj, 2129 = G4, leg = aiaj), then Fg(pw) = Fg(pm) = F4(pzj) =
F5(psj) =0, so that we have
?(pij) = Fo(pij)po(pis) + F1(pij)e1(pij)-
Since ¢(z) does not include z;, we have
_1
Po(2) = @(2) = 25 * (1 + 22)e(ar1; 22)e(az; 22),
v1(2) = (2122)7%(1 + z129)e(ay; z122)e(ag; 21 22),

so that we have

-

2

¢o(pij) = a; * (1 + aj)e(ar; az)e(as; aj),

-

p1(pij) = a; * (1 + ai)e(as; a;)e(az; a;).
In particular ¢1(p1;) = 0 and

-

po(p1j) = a; > (1 +aj)e(ar; aj)e(as; a;)

— a; (1 +ay) (1 —aa;)(1 - al/aéiilz — 205)(1 — a2/a;)

-

Therefore we obtain
?(p1j) = Fo(p1j)wo(prs) = Fir(p1j)e(p1j)-
Since ¢(p12) = 0, we obtain

P(P12) _ Fy(p12)e(pi2)

=0.
9(a3;p12) 9(a3§p12)

C3 —



Moreover, we can calculate

o= PP13) _ Fi(p13)e(pis)

9(a2;P13) g(az;P13)
— (a2ag)~} [Tioy (1 — axar)(1 — ayasas)
=\

(1 —a1)(1 —azaz)(1 —ai/az)(l —a1a3)(1 — a2as3)
(1 —ajaz)(1 —ay/a3)(l — azas)(1 —az/a3)
ai1an
< L
(1 — agal)(l - ag/al)(l — a2a3)(1 — ag/ag,)(l — alagag)(l — ag/alag)
6
42 —o(l+a1)(l+a3)(1—aias)
=aj asa 1—agai)(l —agaias),
1 %203 (1_a2/a1)<1_a2/a1a3) g( k 1)( kW1 3)
which is (7.17). From symmetry of the equations c¢; is obtained from ¢y changing
a1 < as. Thus we have

_1
X asz 2 (1+as)

1 1 1-—
o = a%a2_4a3_2( +a2)(1 4+ a3z)(1 — azas)
(1—ai/a2)(1 —a1/asza3)

which coincides with (7.16).
We next evaluate cip. From Lemma 6.7, if z = pj; (e, 22 = aj/a;, 2122 = ai,
2125 = ay), then Fy(p};) = F3(p};) = Fia(pj;) = 0, so that we have

6
H(l — agaz)(1 — agagas),

k=4

@(p;;) = Fo(pi;)wo(pi;) + Fi(pi;)e1(pi;) + F5(055)es(D5;)-
Since ¢(z) does not include 21, we have
#o(2) = $(2) = 25 * (1 + 22)ela; z)elazi 20),
p1(2) =
¢s5(2) =

(2122)7% (14 z129)e(ar; z122)e(as; 21 22),
(2128) "2 (1 + z128)elar; 2128)elaz; 2153),
so that we have
eo(pi;) = (%/az)*%(l+aj/ai)e(al;aj/ai)e(az:aj/az'),
e1(pij)
<P5(Pzg)
From ¢1(piy) = ¢5(pi2

(1 + aj)e(ar;aq)e(as; ay),

(1 + aj)e(ar; aj)e(as; aj).

) = O we have

Nl

(1+ as/ay)e(ar;as/ar)e(as; as/ar)
(14 ag/a1)(1 — az)(1 — af/az)(1 — a3 /a1)(1 — ar)ay 'as ",

©o(pia) = (az/a1)”

= (az/a1)”

so that we have

Nl

@(pia2) = Fo(pia)wo(pia) = Fiy(pTa)®(Pi2)

= (aran) ! [Tiy (1~ axar)(1— aas)
(1—a1)(1 = a2)(1 - a?/az)(1 - a3/a1)(1 - aras)

% (az/a1) "2 (1 + az/a1)(1 — az)(1 — a}/as)(1 — a3/a1)(1 — ar)a; ‘ay*

— 46 —



— (1+as/a1) HZ 1 (I —agar)(1 — agaz)
aia3(l — ajas) '

Using the fact that c¢3 = 0, we obtain
P(pia) — csglas;pia) _ ©(pia)

T G(piz) ~ Gph)

_ (14+az/ay) HZ (I —agar)(1 —agaz)  ajaze(araz,as)
afa3(1l — aiaz) (1 —af)(1 - a3)

=a;%ay*(1+ az/a1)(1 — araz)(1 — ajasaz)(1 — ajaz/az)

6
X H(l —agayr)(l — agas),
k=3
which coincides with (7.18). O

Proof of Proposition 7.5. Using Lemma 6.6, (7.15) of Lemma 7.7 implies
(7.19) c1(g(ar; 2)) + c2(g(az; 2)) + c12(G(2)) = 0,

where ¢, ¢2, c12 are given as (7.16)—(7.18). If we consider (7.15) of Lemma 7.7 with
as <> a3, we obtain

(7.20) di(g(a1;2)) + dz(g(as; 2)) + di13(G(2)) =0

where, di,ds, d13 are given as (7.16)—(7.18) with as > as, i.e.,

6
—4,2 (11 a2)(1 + ag)(1 — azag) H — axaz)(1 — agazaz)

di = a®azta
! 173 2 (1—&1/@3)(1—&1/&2@3

ds = )(1— ,
3 =aj a3a2 0 —as/a)(1 — as/aras) —agay)( aia1as)

d13 = CLIQCLS (1 + a3/a1)(1 — a1as (1 — alag)(l — a2a3)(1 — alagag)(l — alag/ag)

4 2 (14 a1)(1+a2)(1—ajaz) ﬁ
=4

6
X H (1 —agar)(1l — agas).
k=4

Eliminating (G(z)) from (7.19) and (7.20), we have the relation (7.5). O

7.4. g-Difference equation — Proof of Theorem 7.2. By definition we have

J(ah ag,as, a4, qas, qaﬁ) = aga83<g(a5; Z)g((l67 Z)>u
J(qa1, a2, a3, as, qas, ag) = ajai(g(ay; 2)g(as; ),

J(qai, az, a3, a4, as,qag) = ai’ag?‘(g(al; z)g(as; 2)).

Taking account of symmetry of the parameters, Theorem 7.2 is equivalent to the
following.

Proposition 7.8. Under the condition ayas - --agq = —1, it follows that

(7.21)  Cas(g(az; 2)g(as; 2)) + Ciz(g(a; 2)g(as; 2)) + Cr2{g(as; z)g(az; z)) = 0,



Oy = (1 —af)(1 —qgai) (1 — garaz)(1 — gasas)

ai(1l— ax) (1 —af/a3)(1 - at/a3) (1= a1ax) H (1 = araia;),

4<i<j<6

ry = (=B = ) (1= )1~ gy

20 a1 aja)i—agjep L0 1l (-aaa)

—- T I

4<i<j<6
(1 —a3)(1 —ga3) (1 — qaga1)(1 — qazaz)
Cia2 = (1 — asag) (1 — aza;a;).
Bl—a) (= adfa)i—dfad Lk AL @mae

The aim of this subsection is to prove Proposition 7.8. Before proving it we show
four lemmas.

1

Lemma 7.9. Let a;(z), Bi(2), vi(2) be functions specified by
7vSym((Z2 + 2 )(355

a;(z) =

4
1 1 1
Bi(z) = szym((@ 22 T 4+ 25) ((122) T+ 21z + (2125) 7+ 2125))7
1 o1 1
%(2) = 7 Veum (22 + 27 (52 7 + ) (2122) ™+ 2122) (2128) ™) + m2) ).
Then, we have
(722) OZZ(Z) E-/_..4 (2:0717273)3 ﬁz(z) €~F4 (7’:03172)
and

ﬂ3(z)€f57 71(2)€f5 (1:0717233)
B3(z) € Fs and v;(z) € F5 (i =0,1,2,3) are expressed as

B3(2) = ¢~ %(So + ¢Ss)
(S6 — 50852 (2) + (S1 — S5)Se 480 (2) + (St — S2) S22, e (z>] T

+ (qS4 — 824 2(S0 — qS6) + (56 — qSo)> Seoy+30s (2)
+ ((1 —q)S3 +¢S1 — 55> Szleer(z)} +eee

where S,. (r = 0,1,...,6) is the rth elementary symmetric polynomial of ay, ..., ag
given by (7.13). In particular, under the condition

ajag---agq = —1



we have
(7.23) B3(z) € Fu, 7i(z) € Fs (1=0,1,2,3).
Proof. The proof follows by direct computation and we omit the details. O
Lemma 7.10. Suppose that ajas---agq = —1. Let p;(z) (i = 1,2,3) be functions
specified by
wi(z) = z;%(l + z9)e(ar, 20)e(ag, z2)e(as, z2)e(ci, z122)e(cq, 2122)
= z;%(l +2)(1 —a122)(1 — ar125 ) (1 — aszy)
x (1 —agzy V)(1 — azze)(1 — azzy ag tay tag!
x (1= ciz122)(1 — ¢i/z120) (1 — ¢ciz125) (1 — ¢/ 2123)c; 2,

and g;;(z), Gi(z) be the functions defined as (5.26), (5.28), respectively. If c; = qa;
(1=1,2,3), then Vgympi(2)/4 are expanded as

Veym@i(z
Vomf1®) _ Bgua(2) + R gna(z) + (),

Vayme2(2) _ 00 ) + @ gua(z) + 2 Gal2),

4 = Cy3 g23(%) + 15 g12(2

Veym@s(z
Vorm@o®) _ (0g,(2) + i ana ) + e Cs(2),

where the coefficients are given as

(7.24) cgl) = q_1a52a§2(a2 +a3)(1 — aza3)(1 — gajaz)(1l — gajas)e(azas, aq)

6
X H(l — agaz)(1l — agasz),
k=4
(2) =gq 1a1 2a3 (a1 +a3)(1 — ara3)(1 — garaz)(1 — qasas)e(aras, ay)
6
X H 1— akal 1 — akag),
k=4
c§3) g~ ay 24 as 2((11 + a2)(1 — araz)(1 — qarasz)(1 — qasas)e(ajas, ay)

.':]c:

(1 —agar)(l — agas),

ol
Il
=~

1+ a3)(1 + as)(1 — azaqas)(1 — azasae) [[o_, (1 — ayas)
(1 - a3a4/a1)(1 — a3a4/a2)(1 — 0,3/(11)(1 — ag/ag)
X e(q%aia q%a3)e(q%ai7q%a3a4)7
C(’L) _ C(’L) _ (1 + ag)(l + a4)(1 — a2a4a5)(1 — a2a4a6) H§:4(1 — akag)
13 31 (1—a2a4/a1)(1—a2a4/a3)(1—a2/a1)(1—ag/ag)
X 6(q%ai,q%ag)e(q%ai,q%agm),
C(’L) _ C(’L) _ (1 + al)(l + a4)(1 — a1a4a5)(1 — a1a4a6) H§:4(1 — akal)
23 32 (1—a1a4/a2)(1—a1a4/a3)(1—a1/a2)(1—al/ag)

—~

(7.25) ) =c) =




X e(q%@i, q%al)e(q%amq%alw)-

Proof. We set ¢;(z) = Vsymi(2)/4. From expansion of ¢;(z), ¢;(z) can be expressed
as a linear combination of a;(2), B;i(2), vi(2) (i = 0,1,2,3) in Lemma 7.9. This implies
i(z) € Fs. Under the condition ajas ---agg = —1, from (7.22) and (7.23) we have
©i(z) € F4. By Lemma 5.6, using basis {g;;(2) |1 <1 < j < 4}U{G1(2),G2(2),G3(2)}
of Fy, pi(2) can be expanded as

(7.26) Gilz)= D otz Zc,JG
1<j<k<4

We first show cg»il) =0 (j = 1,2,3) and evaluate cyk) 1<j<k< 3) From the
symmetry of parameters, without loss of generality, it suffices to show 014 = 0 and
the explicit form of 0512)

We consider (7.26) with z = po3. From (5.29) we see c&)gm(pgg) = ©i(p23)-
By Lemma 6.7 and Fy(p23) = F3(p2s) = Fi(p23) = F5(p2s) = 0 and (v;)o(pas) =
(¢i)1(p23) = 0, we have @;(pa2s) = 0. Thus we obtain

L) _ Pilpas)

4= g14(p23) B

We next consider (7.26) with z = p34. From (5.29) we have cggglg(pM) = $i(p34)-

On the other hand By Lemma 6.7 and Fg(p34) = F3(p34) = F4(p34) = F5(p34) =0
. 1
and (¢i)1(p3a) = 0, we obtain ¢;(psa) = Fo(p3a)(¥i)o(P3a) = F1(p3a)pi(q2az/as, aq).
Thus we can compute
F+(P34)90i(q%a3/a47 as)
912(P34)
(o2, )2 [Ti_y (1 — axas)(1 — axasas)
= (aza4)”2 2 2
(1 —a3)(1 —agas)(l —as/as)(1 —asaz)(l — azaq)

1
ay 2 (1+ aq)e(ar, aq)e(as, as)e(as, aqg)e(c;, q%ag)e(ci, q%a3a4)
6(01, 03)6((11,(14)6(@1,a36l4)6((12,a3)6(a2,a4)€(£127 a3a4)
I15_,(1 — aras)(1 — arazas)

1 —ag)age(as,aqs)(1 — aza?)(l — a2ay)

(127) )=

(a5a4)"2
(
as t (1 + are(ar, an)e(az, ar)e(as, as)e(ci, g ag)e(cs, ¢ asa)
e(ar,as)e(ar,aq)e(ar, agaq)e(as, az)e(as, as)e(as, azay)

4 (T az)(1+ as) (1 — azasas) (1 — azasas) [Th_y(1 — apas)

S (1 —azas/a1)(1 — azas/az)(1 — az/ar)(1 — az/az)az *ag?
x e(c;, q%ag)e(ci,q%agaél)

_ (1+a3z)(1 + aq)(1 — azasas)(1 — azasae) H2:4(1 — akas)

(1 —asaq/a1)(1 —azas/az)(1 —az/a1)(1l — as/asz)
% e(q2a;,q% as)e(q? ai, q* azay),

which coincides with (7.25).




We next evaluate c (k: = 1,2,3). From the symmetry of parameters, without
loss of generality, it suffices to compute cgl). We consider (7.26) with z = p35. From

(5.29) we have
(7.28) Zi(p3s) = ¢t G1(p3s) + 1) g14(p3s) = o G1 (p3s).
(We have already shown cﬁ) = 0.) On the other hand, by Lemma 6.7 and F5(p35) =
F3(p33) = Fu(p3s) = 0 and (¢:)1(p33) = (¢i)5(p33) = 0, we have
(7.29) Gi(p33) = Fo(p33)(0:)o(D33) = Fi(D33)pi(q? a5/as, as/az).
Comparing (7.28) with (7.29), ¢\’ is computed as
(7.30) o) = F+(D§3)<Pi(q5af/@37@3/a2)
Gl(P23)
- [Thoi (1 — agas)(1 — ayas)
= (agag) 2 3 3
(1 —a2)(1 —a3)(1 —a3/a3)(1 —a3/a2)(1 — azas)
X (0,3/0/2)_%(]. + as/az)e(ar, as/az)e(az, as/az)e(as, as/az)
X e(ci,q%az)e(ci,q%ag)
a20a3 6(026137(14)
(1 —a3)(1 —ad)e(ar,as/az)e(ar,az)e(ay, as)
_ _3 [T (1 — agas)(1 — ayas)
= (a2a3) 2
asase(az, as/as)e(as, as/az)(l — azas)

x (ag/as) ™% (1 + ag/az)e(az, az/as)e(az, az/as)

X e(ci,q%ag)e(ci,q%a;;)

" azaz e(azas, as)

(1 —a3)(1 —a3)e(ar, az)e(ar, az)

6
= a51a§2(1 —ara2)(1 — aja3)(l — agas H (1 —ara2)(1 — aras)

1

e(asas,a
X (1+a3/a2)€(q%ai,q%az)e(qmi,q e(a203, as)

e(ay,az)e(ar,az)’

1
2

as)

Therefore, we have 0(2) = cg?’) =0 and cgl) is evaluated as
6
(1) = a5 az?(1 — ajas)(1 — araz)(1 — azas) H(l —agaz)(1 — aras)
k=4

" (1+az/az)qg  ay az (1 — qaraz)(1 — az/ar)(1 — qaraz)(1 — az/a1)e(azas, as)
aytaz ' (1 —ajas)(1 —ag/ay)(1 — araz)(1 — az/ay)

=q a;1a§26(a2a3,a4)(1 +as/az)(1 — aza3)(l — qaraz)(1l — qajas)

6
X H(l —apaz2)(1 — agas),
k=4
which coincides with (7.24). O



Remark. Applying Lemma 6.6 to Lemma 7.10, we have

cgl) 0 0 (G1(2)) 0 c%) 6512) (923(2))
0 & o Ga(2)) | == &2 o0 & (g15(2))
0o 0 (Gs(2)) c@ ¢y 0 (g12(2))

In other words, (G;(z)) can be expressed as a linear combination of (g12(2)), (g13(2))
and (go3(2)), i.e.,

(G1(2)) 0 Ve (H/m (g25(2))
(7.31) (Ga(2)) | == 2/ 0 PP (g13(2))
(G(2)) e SE VoI S (g12(2))

Lemma 7.11. Let h;(z) be function specified by

hiz) = (Ve (2 + 5 ) (122) 7 + () D(21) 7 + (D)D),

Ifi = 0,1,2,3, then hi(z) € Fy. The explicit expressions of hy(z) (i =0,1,2,3) are
given as

ho(2) = 47 %(So + ¢ 86)(So — 4% S6)s2e, (2) + -+ € Fu,
hi(z) = g~ 2 (So + ¢ 86)(So — ¢* S6) [3w1+2wQ(2) — $20, (z)] + o€ Fu,
ha(2) = a (S + a3 86)(So — 4% 56) 102 (2) = Sy 42002 (2) + 282, ()] + -+ € F,

ha(z) = ¢~ 2 (So + ¢ S6) (q% 56—55—50)+(56+51—So))84w2(z)

w\»—A

_|_

(A= = 50+ 56— s
(a*(

35’6 — S35 — SQ) (S4 + S3 — 350))321711 (Z):| + - € Fy,
where S, (r = 0,1,...,6) is the rth elementary symmetric polynomial of ay,...,ag
given by (7.13).

Proof. The proof follows by direct computation and we omit the details. |

Lemma 7.12. Let ¢(z) be function specified by

$(2) = (2223) 72 (1 + 2122) (1 + 21.23)e(an, 22)e(as, 2)e(as, z2)
zg’) (1+2122)(1+212§)
X (1 —a1z9)(1 — alzgl)(l — ag29)

1 -1

2
1

= (22
(

x (1 —agzy ')(1 — azze)(1 —azzy ay tay taz?,

and g;;(2), Gi(2) be functions defined by (5.26), (5.28), respectively. Then Veym¢(2)/4
18 expanded as

Vsym ¢(Z)
4

(7.32) = da3923(2) +d13g13(2) + d12g12(2) + d1G1(2) + d2G2(2) +d3G3(z),



where the coefficients are given as

(14 q%a1)(1 + q%a1a4)(1 + a1)(1 — ayaqas5)(1 — ajaqag)

G2 = 0 T a1 Ja) (1 — ar/aa) (L — arasfaz)(1 — aras/as)
ﬁ 1 —agay),
dis = g~ (1+ qﬁag)(l + q2agas)(1 + az)(1 — asagas) (1 — asasag)
az(1 —as/ar)(1 —az/as)(1l — azas/ar)(l — asas/as)
X ﬁ(l — aiaz),

k=4
(1+ q% 3)(1+ q2a3a4)(1 + a3)(1 — agaqas)(1 — asagae)

(1 — ag/al)(l — a3/a2)(1 — a3a4/a1)(1 — a3a4/a2)
6

X H(l — axag).

~1 (1 + qéag)(l + q2a3)(1 — a2a3)(1 — a2a3a4)(1 — agag/a4)
(7.34) hi=q a3a%(1 —az/a1)(1 — as/ar)

(7.33) dio=q?

6

X H(l —apaz2)(1l — aras),

k=4
1 (T4q2a)(1 + q2as)(1 — aras)(1 — arasas)(1 — aras/as)
a2a2(1 — a1 /a2)(1 — as/asz)

6
X H(l — ara1)(1 — agas),
k=4

(1+ q%al)(l + q%ag)(l —a1a2)(1 — araza4)(1 — aras/ay)

d = q7%
3 a?a3(1l —ay/a3)(1 —az/a3)
6
X H(l —agar)(1l — agasz).
k=4
Remark. This lemma does not need the balancing condition like a; ---ag = —1 in
Lemma 7.7 or a1 ---agqg = —1 in Lemma 7.10.

Proof. We set ¢(z) = Veym®(2)/4. From expansion of ¢(z) ¢(2) can be expressed as
a linear combination of hi(z) (i = 0,1,2,3) in Lemma 7.11. This implies ¢(z) € F;.
By Lemma 5.6, using basis {g;;(2)|1 < i < j < 4} U {G1(2),G2(2),G3(z)} of Fu,
®;(z) can be expanded as

(7.35) Z djkgjk (2 +deGk

1<j<k<4

We first show that dju = 0 (j = 1,2,3) and that dj, (1 < j < k < 3) is given as
(7.33). From symmetry of parameters, without loss of generality, it suffices to show
dy14 = 0 and the explicit form of dy».



We consider (7.35) with z = pe3. From (5.29) we see that dy4g14(p23) = ¢(p23). By
Lemma 6.7 and F5(p23) = F3(p23) = Fu(p23) = F5(p23) = 0 and ¢o(p23) = ¢1(p23) =
0, we have ¢(p23) = 0. Thus we obtain di14 = ¢(p23)/g14(p23) = 0. B

We next consider (7.35) with z = pg4. From (5.29), we have di2912(p3a) = ¢(p3a).
On the other hand, By Lemma 6.7 and F5(pss) = F3(ps4) = Fu(psa) = F5(pss) =0

and ¢1(p34) = 0, we have g(P34) = Fo(p3a)do(psa) = Fyi(p3a)p(q?az/as, as). Thus
we can compute

(7.36) diy — Fy (p3s)p(q2 az/as, as)

g1z(p34)

which coincides with (7.33).

We next evaluate dj, (k = 1,2,3). From symmetry of parameters, without loss of
generality, it suffices to compute d;. We consider (7.35) with z = p35. From (5.29)
we have

(7.37) P(p33) = di1G1(p33) + d14g14(P33) = d1G1(P33)-

(We have already shown dy4 = 0.) On the other hand, by Lemma 6.7 and Fy(p33) =
F3(p33) = Fu(p3s) = 0 and ¢1(p33) = ¢5(p33) = 0, we have

(7.38) (p35) = Fo(P3s)00(pss) = Fi (p33)6(q2 a3 /a3, as/az).
Comparing (7.37) with (7.38), d; is computed as

(7.39) iy — F+(p§3)¢(q%a§/a3,a3/a2)’
G1(p33)
which coincides with (7.34). .

Proof of Proposition 7.8. Applying Lemma 6.6 to Lemma 7.12, we have

(923(2)) (G1(2))
(doz,diz,di2) | (g13(2)) | + (di,d2,d3) | (G2(2)) | =0.
(912(2)) (G3(2))
Combining this with (7.31), we can eliminate (G;(z)) (i = 1,2, 3), namely
0 c%)/cgl) c%)/cgl) (923(2))
(das, di3,di2) — (d,do,ds) | 52 /e 0 A2 e (913(2)) | =0,
ey e /e 0 (912(2)
so that
(g23(2))
dacky)  dac§y) dicly  dsely) dicly  docl
dys——r ——3 > ds——35 ——3 > di2——7, — (g13(2)) | =0.
FORE) F O E) O
2 3 1 3 1 2
(g12(2))
Therefore, putting
i) di ) dj .
(7.40) Clj = diy =l Noi Cg)CTj) (1<i<j<3),
i J



we obtain

(7.41) C33(g23(2)) + Ci3{915(2)) + Cla{g12(2)) = 0.

From direct calculation of (7.40), we have

(7.42) Cly = (1 - Z%)(l —qa?) [[hea(1 — arar) [lcicjcs(1 — alaiaj)7
q§a1a4a5a6(1 — al)(l — a%/ag)(l — a%/a%)(l — qa2a3)

(7.43) = (1 - Z%)(l —qa3) [Tp—s(1 — ara2) [Lcicjcs(1 — agaiaj)7
FBarasaa(l - az)(1 — /)1 — BJa3)(1 - garas)

(7.44) cl, = (1 - Z%)(l —qa3) [Th—a(1 — aras) [Lcicjcp(1 — agaiaj)7
qzadagazac(l — a3)(1 —a2/a?)(1 — a3/a2)(1 — qaras)

which will be confirmed just below. If we put

1
Cij = ng(q2a4a5a6)(1 —qaiaz)(1 — qaiaz)(1 — qasas),

then, from (7.41) we can obtain our conclusion (7.21).
Lastly, we confirm the explicit forms of Cj; in (7.42)—(7.44) Without loss of gen-

erality, we confirm (7.44) of C},. Since cgiQ), cgi), dy2, dy are given as (7.27), (7.30),

(7.36), (7.39), respectively, using

d _ #lg>d3/az,az/az)  ds _ d(q7ai/az,az/a)
cgl) @1(9‘{%&%/@3,&3/@2)’ c§2) (,02((]%&%/(13,(13/(11)

(7.40) of C1, is written as

W di (2 da

(7-45) Ciz =iz =13 7 ~ 2
&) Co
F+(P34) 1
7.46 — —T\Fed/ a3 /a, a
( ) g12(P34) ola 3/ 4,04)
342
(7.47) — or(qPas/as, as) ¢(Q21a22/113,a3/a2)
vi1(q2a3/az, az/az)
12
(748) _ @2(q§a3/a4,a4) ¢(q2a1/037 a3/a1)

¢2(q3d?/az,az/a1) ]

We first compute the first term of C{, corresponding to (7.46) as

(g7 as/as, az)
(7.49) = (ga3a4) "2 (1 + g2 a3)(1 + q*azar)e(ar, aa)e(a, as)e(as, )
= q*%agl(l + q%ag)(l + q%a3a4) a;%e(al, aqg)e(as, aq)e(as, ay).
We next compute the second term of C}, corresponding to (7.47). Using

o(z) (z%zg’)_% (14 2122)(1 + z123)e(ay, 22)e(as, 22)e(as, z2)

_1
0i(2) 277 (14 z)e(ar, 22)e(a, 22)elas, z2)e(qh ai, z120)e(qF as, 21 23)
zl_lzgl(l +z129)(1 + zlzg)

(1+ 22)€(q%ai, zlzg)e(q%ai, 2123) '




we can compute the second term as

d)(q%a%/ag,ag/ag)

¢1(q7a3/az, as/as)

—<p1(q%a3/a4,a4)

g tay'(1+q%az)(1 +qas)
(1+ag/az)e(q a1, g% az)e(q a1, g% az)
1 1 1 1
(7.50) x e(q2a1,q%as)e(q2 a1, g% azay)

_1
X ay ? (14 ag)e(ar, as)e(az, as)e(as, as)
(14 Q%CLQ)(l + q%ag)e(q%al, q%a3a4)
1 1 1
gzas(l+as/az)e(qza1,qzas)

_1
X ay 2(1+ag)e(ar, as)e(as, as)e(as, aq).

In the same manner, we obtain the third term of C7, corresponding to (7.48) as
$(q?a}/az, az/ar)

p2(q7al/az, az/ar)

(7.51) _ (1+q2a1)(1 + q2as)e(q? az, g* azas)

- 1 1 1
q7a1(1 +az/ar)e(qzaz, q%a1)

1
- 902((12@3/@4,@4)

_1
X ay 2 (1+ ag)e(ar,aq)e(as, as)e(as, aq).
Combining (7.45) with (7.49)—(7.51), we can compute C{, as follows.

Fy(psa) 1 -1

Cly = 912(p34)q*5a47§e(a1,a4)e(a2,a4)e(a3,a4)

X a;l(l + q%ag)(l + q%a3a4)

(1+ q%@)(l + q%ag)(l + a4)e(q%a1, q%a3a4)
az(1+ a3/02)€(q%alaq%a2)
(1+q2a1)(1+qZas)(1 + as)e(q? az, g2 azas)
ar(l+ a3/a1)e(q%a23q%a1)
_ Fy(ps3a) 1 -4 (1+ g7 az)e(ar, as)e(as, as)e(as, as)
=0 ay I I
g12(P34) aragas(l + as/a1)(1+ as/as)e(q2 a1, g2 as)

X (11(12(1 —+ q%a3a4)(1 “+ a3/a1)(1 —+ a3/a2)e(q%al7 q%a2)
— a1as(1+ as)(1+ ag/a1)(1 + g as)e(g? a1, g% agas)
+azas(1 + ag)(1+ az/az)(1 + g2 a1)e(q? az, g% azaq)

(7.52)
[[computation here, see the identity (A.1) of 4 terms in §A]]

Fi(psa) _1 —1  (1+q2as)e(ar,as)e(az,as)e(as, as)
q 2ay T 1
g12(P34) arazaz(l 4+ az/a1)(1+ as/az)e(qz a1, q2as)




X (—1)q_%a3(1 —ag/a1)(1 —asaqs/az)(1 — ay/azas)(1 — q%ag)(l + qajasay)

F _1
= M% 2e(ar,aq)e(ag,aq)e(as, ay)
912(P34)

(1 —azas/a1)(1 — azays/az)(1 — qa3)(1 + qaiazay)
q%a3a4(1 +asz/a1)(1+ as/a2)(1l — qajas)

3 I15_,(1 — aras)(1 — arasas)

(1 —a3)(1 —azas)(1 —az/as)(1 — aza?)(1 — a3aq)
azée(al,a4)e(a2,a4)e(a3,a4)

e(ar,as)e(ar, aq)e(ar, agaq)e(as, ag)e(as, aq)e(as, agay)

1 —agag/a1)(1 — asas/as)(1 — qa)(1 + qaiazay)
qzasas(1+ as/ar)(1+ as/az)(1 — qayas)

(1 —ayaz)(1 — azasz)(1 — a2)(1 — azagas)(1 — azaqae)

(1 — a3)ase(as, aq)

X

—~

_1)

= (a3a4)

< (-1

= (a3as) "3

a;%e(al, as)e(as, aq)e(as, ay) H2:4(1 — agas)
e(a1,as)e(ar,aq)e(ar, agaq)e(as, az)e(as, as)e(az, azay)
« (-1 a%aﬁel(agcu, ar)e(asaq, az)(1 — qa3)(1 + qarazay)
q2azas(l+az/ar)(1 +as/az)(1l — qayasz)

(1 —ara3)(1 — azaz)(1 — a?)(1 — azasas)(1 — azasae) H2:4(1 — akagz)

o (1 — a3)
aglagl (1—qa3)(1 —a3'az'ag")
e(ar,az)e(az, as) %(1 +az/a1)(1+ az/az)(1l — qaiasz)

[[used the balancing condition only here for 1+ gajasas = 1 — a3 ‘as ‘ag ']
(1 —aja3)(1 — azaz)(1 — a?)(1 — azasas)(1 — azasae) H2:4(1 — agas)
(1 - CL3)
aztaytaztagt " (1 — qa?)(1 — azasag)
e(ar,az)e(az, az) — q2(1+ as/ar)(1+ as/as)(1 — qarasz)

6
= (1 —aja3)(1 — asas H (1 — agas) H (1 - asa;ay)
=4 4<i<j<6
a;4azla51aal
a3 (1 — araz)(1 — az/a;)(1 — azasz)(1 — as/as)
(1 —a3)(1 — qa3)
q2(1—a3)(1 + as/a1)(1 + as/az)(1 — qayas)
. (1 —a3)(1 — ga3) H2:4(1 — agagz) H4§i<j§6(1 — aza;a;)

q?ajasasas(l — as)(1 — a3/a})(1 - a3/a3)(1 — qaraz)

which coincide with (7.44).



APPENDIX A. FOUR-TERM IDENTITY
In this appendix we show an identity of four terms, which is used in (7.52).
Lemma A.1. The following identity holds for x1,xs, 3, a:
21(1 —x1)(a — x2)(a — 23)(1 — xox3) (23 — T2)
+ x2(1 — 29)(a — 21)(a — x3)(1 — z123) (21 — x3)
+z3(1 —23)(a — 21)(a — x2)(1 — z122) (2 — 21)
= (x1 — x9) (22 — x3) (23 — 21)(1 — a)(a — x12273),
which is equivalent to
a(l —z1)(1 —x2/a)(1 — z3/a)e(xa, x3)
+a(l —x2)(1 —x1/a)(1 — x3/a)e(xs, 1)

Al
(A1) +a(l —x3)(1 —xz1/a)(1 — z2/a)e(xy, x2)
=(1—21/22)(1 — zo/x3)(1 — x3/21)(1 — a)(1 — x12923/a).
Proof. The proof follows by direct computation. O

Remark. In the computation (7.52) we used (A.1) with

1 1 1 1
ry = —q2a;, X2 = —¢%az, x3= —¢2azaq, a=4q2as.

Remark. The above identity is a special case (¢ — 0) of the following four-term
identity satisfied by ¥(z;q):
awlzsﬁ(*qéﬂfl;qw(*qéwl/a;Q)ﬁ(zl;Q)ﬂ(ﬂﬂz/a;Q)ﬁ(zs/a;qw($2$3;qw($2/x3;@
+ az1ws(—q7 023 q)0(—q7 w2 /a; @)V (ws; q)9 (w1 /a; @)D (ws /a; @)D (w13 @)D (s /71 )
+ azowsd (—q? w33 @)V (—q7 v /a; )0 (w35 )9 (w1 /a3 @) (wa /a; )0 (21725 )9 (w1 /725 @)

= 1122030(—q7 1 )0(—q% a; )9 (w1 /23 )0 (w2 /73; q)9 (w3 /w1 )0(a; )9 (w1223 a; q)
‘We omit the details.
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